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ABSTRACT

A study of the errors in out-of-plane vorticity cal-
culated from in-plane velocity measurements has been
undertaken. The primary factors of spatial velocity
sampling separation and velocity measurement error
have been investigated. The simulated velocity field
of the Oseen vortex which is representative of a typi-
cal vortex structure has been used in this study. Dif-
ferent data quality has been considered in order to
isolate the different sources of error and their effect
on the accuracy of the vorticity measurement. The
spatial velocity sampling separation is found to have
a significant effect on accurate vorticity distribution
measurements, resulting in a bias error which tends
to underestimate the vorticity. The velocity measure-
ment error results in the scatter of the vorticity mea-
surements about the biased vorticity measurement
obtained from velocity data without error.

INTRODUCTION

Optical instantaneous in-plane velocity vector field
measurement methods are beginning to become stan-
dard experimental tools in many fundamental and
applied fluid mechanics investigations. A variety of
methods are available. Some of these methods have
evolved directly out of flow visualisation methods,
e.g. streak measurement techniques (or streak pho-
tography) (Dimotakis ef al. 1981 and Imaichi &
Ohmi 1983) and particle tracking methods (Agui &
Jimenez 1987), while some have their origins in solid
surface motion measurement techniques, e.g. laser
speckle velocimetry (LSV) (Barker & Fourney 1977
and Simpkins & Dudderar 1978). A derivative of LSV
is particle image velocimetry (PIV). In PIV distinct
seed particle images are photographically recorded

rather than their speckle interference pattern (Adrian
1986).

PIV is rapidly becoming the method of choice
for experimental investigations which require velocity
vector field data. Multi-exposed image acquisitions of
flow planes with auto-spectrum /auto-correlation PIV
analysis have been used for more than a decade in
many fundamental fluid mechanics investigations, e.g.
Simpkins & Dudderar (1978), Shepherd et al. (1991),
Arroyo & Saviron (1992) and Wu et al. (1994). A
more recent PIV method uses single-exposed sequen-
tial frames in conjunction with cross-correlation PIV
analysis. Some examples of experimental hardware
implementations and applications of cross-correlation
digital PIV (DPIV) to instantaneous in-plane velocity
vector field measurements in unsteady fluid Aow are
found in Willert & Gharib (1991), Graham & Soria
(1994) and Soria (1995).

The availability of in-plane velocity vector field
data permits the computation of the out-of-plane vor-
ticity component field. The aim of this study is to in-
vestigate the accuracy of the out-of-plane vorticity
component measurement derived from in-plane ve-
locity vector field data. The emphasis being on the
correct vorticity distribution and accurate peak vor-
ticity measurement. The effect of the two primary
factors: (i) spatial separation between the sampled
velocity vector measurements, A, and (ii) the error
of the velocity vector measurements have been con-
sidered. Computer simulations have been performed
to investigate the effect of these two factors on the
out-of-plane vorticity component measurement.

THE OSEEN VORTEX
The accuracy of out-of-plane vorticity measure-
ments is examined at several levels of data quality,
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i.e. from exact velocity field data to exact velocity
data with superimposed random noise of a given peak
amplitude to velocity data determined using cross-
correlation DPIV analysis of computer generated par-
ticle image frames. The simulated axis-symmetric Os-
een vortex velocity field is used as a model for a typ-
ical vorticity distribution of a vortex structure. The
in-plane tangential velocity and out-of-plane vorticity
component for the Oseen vortex are given in polar co-
ordinates as

it = 2 [1-eon (22)] o
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where 72 = z2 4+ y? and x and y are in-plane
Cartesian coordinates, ' is the circulation, v is the
kinematic viscosity and t is time. An instantaneous
length scale L characterising the instantaneous size
of the Oseen vortex can be defined as

L =+2ut. (3)

The results for two length scales L = 130 pz
(pizel) and 280 pz are presented here.

DIGITAL IMAGE FRAME GENERATION

The digital image frames used in this investigation
are 780 x 780 pz?. The first frame consist of ran-
domly positioned particle images with a Gaussian in-
tensity distribution of typical diameter 1.75 +0.5 pz
(ie. 0.005 < dp/L < 0.015). The digital image
frames contain approximately 5 non-overlapping par-
ticle images per sampling window. The sampling win-
dow size was chosen to be square with L, = L, = 24
px. Subsequent frames are generated by advancing
the centres of the particle images in time using the
Oseen velocity field with a 5th order Runge-Kutta
integration scheme and 100 sub-steps over the At be-
tween the two frames. The new frame is then gen-
erated using the stored characteristic of each particle
image and its new position. All digital frames have
an 8 bit dynamic intensity range to simulate the dy-
namic range of commonly available digital cameras.

CROSS-CORRELATION PIV, VELOCITY INTER-

POLATION AND VORTICITY CALCULATION
Cross-correlation PIV uses the normalised spatial

cross-correlation function, defined as
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to calculate the local velocity within a sampling
window. I; and I;» represent the sampling win-
dows of size Ly X L, pz? which are extracted from
two sequential digital image frames. ( ) represents
the discrete correlation operator. The location of the
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maximum in the normalised spatial cross-correlation
function represents the average displacement of the
particles within the sampling window. The complete
velocity field is determined by sweeping the sampling
window through the image frame. This type of PIV
algorithm can resolve displacements of 0.1 + 0.06 pz
at the 95 % confidence level (Soria 1995). A more
detailed discussion of the cross-correlation PIV tech-
nique can be found in Soria (1995) and references
therein.

The out-of-plane vorticity measurement accuracy
is dependent on the computational method used to
determine it from the measured in-plane velocity vec-
tor field. Sinha & Kuhlman (1992) in considering
this question have investigated the relative accuracy
of using: (i) the adaptive Gaussian window interpo-
lator based on the work of Agui & Jimenez (1987)
with finite differencing to calculate the in-plane ve-
locity gradients and hence, vorticity and (ii) a multi-
quadratic interpolator with analytic differentiation to
obtain the vorticity. Their study found that the lat-
ter method provided the most accurate estimate of
the vorticity. Hence, for this study a variation of this
latter method was adopted. The out-of-plane vortic-
ity component is computed by interpolating the local
in-plane velocity vector field using a X2 2nd order
polynomial fit of the form:

8
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k=0

v(z,y) = > v Xi(@) Ve(y), (5)
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where X (z) and Y% (y) are polynomial basis func-
tions (see Soria 1995). The coefficients uy and vy, for
k=0, 2, .., 8, are calculated by minimising a ?
merit function (see Press et al. 1987). Direct differ-
entiation of the local polynomial velocity expansion
given by Eq. (5) allows the calculation of the in-plane
velocity gradient tensor components u/dz, du/dy,
Ov/0zx and Ju/Qy and hence, the out-of-plane vor-
ticity component:

v Ou '

Wy = 3% - é; (6)

The x? interpolation process used to calculate the
vorticity w, uses a minimum of 12 data points.

RESULTS AND DISCUSSION

Figure 1 shows the effect of the spatial sampling
separation of velocity data, A, on the vorticity cal-
culation. These results show that A has a profound
effect on accurate vorticity calculations. The exact
vorticity is represented in in this graph by a horizon-
tal line crossing 0.0 on the vertical axis. The principal
effect of A is to bias the vorticity measurement by un-
derestimating it over 0 < r/L < 1.5 and by slightly
overestimating w, for /L > 1.5.
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Figure 1: ERROR IN w, COMPUTED USING EXACT
VELOCITY DATA FOR DIFFERENT A/L.

Although, the bias error for these ideal cases ap-
pears encouraging, it must be kept in mind that these
cases represent a requirement for a large number of
highly resolved velocity measurements across a vortex
structure. For example in an ideal case with A/L =
0.185 at least 35 velocity measurements are required
across a vortex structure to keep the maximum rela-
tive vorticity error due to this bias below 3%. This
represents 1225 velocity measurements on a regular
grid covering the area of a typical axis-symmetric vor-
tex structure — a stringent requirement for many prac-
tical vorticity measurements in turbulent flows. The
correlation of the |(W: — W ezact)/wz(0)ezact| with
A/L indicates that it scales linearly with A/L and
furthermore, that the gradient of this linear correla-
tion is approximately 0.55.

Figures 2 (a) and (b) show the result of veloc-
ity measurement error on vorticity measurements for
A/L = 0.185. The simulated velocity field data in
this case comprised the exact velocity with superim-
posed uniformly distributed random noise of a given
maximum amplitude. At each 7/L station a local ve-
locity field was established with the required A. Noise
was then added to each velocity component prior to
the vorticity calculation. The results presented in
Fig. 2 represent 5000 such vorticity measurements
per 7/ L station. The effect of velocity measurement
error is clearly observable, resulting in the scatter of
the vorticity measurements around the biased vortic-
ity which was derived using exact velocity field data.

Figure 3 (a) shows that the error introduced by the
DPIV analysis also results in the scatter of the vortic-
ity measurements around the vorticity derived using
exact velocity field data, with the tendency for the
vorticity measurements to have the same bias due to
A. The bounds of the scatter of the vorticity mea-
surements in Figure 3 (a) are similar to those in Fig.
2 (b) for simulated 10 % peak noise level. An analysis
of the distribution of the error in the raw DPIV ve-
locity data for the case shown in Figure 3 (a) revealed
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Figure 2: ERROR IN w, COMPUTED USING

EXACT VELOCITY DATA WITH SUPERIMPOSED
UNIFORMLY DISTRIBUTED RANDOM NOISE FOR
A/L =0.185.

that this error is also of the order of 10 %. Hence, the
scatter of the vorticity measurements shown in Figure
3 (a) is predominantly due to velocity measurement
error.

Figure 3 (b) shows how the effect of velocity mea-
surement error on vorticity measurement error can be
reduced by calculating a x? interpolated velocity field
using a minimum of 9 data points from the raw DPIV
velocity field prior to the vorticity calculation. The
interpolated velocity field has the same A as the raw
DPIV velocity field data. The scatter of the vortic-
ity measurements is smaller than the scatter observed
in the vorticity derived using the raw DPIV velocity
data (Fig. 3 (a)). However, the smoothing process
due to the x? interpolation of the DPIV velocity field
introduces an additional bias error in the vorticity
near the vortex core, resulting in further underesti-
mation of the peak vorticity. It is noted that over
most of the vortex domain the bias underestimation
of the vorticity is still present and thus, not affected
by the x? interpolation process (i.e. smoothing pro-
cess) of the DPIV velocity field.
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Figure 3: COMPARISON BETWEEN ERROR IN
w; CALCULATED: (a) DIRECTLY USING RAW DPIV
DATA AND (b) USING x2 INTERPOLATED DPIV
DATA, FOR A/L = 0.185.

CONCLUSION

This study has quantitatively shown the effects of
velocity spatial sampling resolution and velocity mea-
surement error on vorticity measurements in axis-
symmetric vortex structures. The effect of the ve-
locity spatial sampling resolution is to introduce a
bias error, resulting in an underestimation of the vor-
ticity. The maximum bias error is found to occur at
the vortex core. The effect of velocity measurement
error is to scatter the vorticity measurements around
the corresponding biased vorticity determined using
error-free velocity data. The bounds of scatter are de-
pendent on the magnitude of the error in the velocity
measurements. X2 interpolation of the local veloc-
ity prior to vorticity calculation reduces the vorticity
scatter at the expense of additional underestimation
of vorticity near the vortex core.
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