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ABSTRACT

The conditions under which turbulent mixing occurs as
an internal wave breaks on a slope have been studied in a
laboratory experiment. Mode one (in the vertical) internal
waves were generated by a centrally located wave paddle
and propagated toward parallel sloping endwalls. Measure-
ments were made of the vertical density profile and hori-
zontal velocity through the mixing layer that formed along
the slope as the waves broke. It was found that the min-
imum vertically averaged gradient Richardson number oc-
curred when the stratification was minimum and the shear
maximum. The association of high shear and low density
gradient contrasts with the more common situation in a
stratified low where shear instability ocenrs when there is
a high shear across a density interface.

INTRODUCTION

In a number of stratified lakes Iimberger (1989) found
that mean vertical diffusion rates could not be reconciled
with observations of vertical turbulent mixing in the inte-
rior. As a result, hie suggested that most mixing occurs
at the boundary and that changes in the interior density
profile result from the vertical advection of the mean den-
sity structure to balance the lateral buovancy gradients in-
duced by boundary mixing processes. This mixing may be
driven either by shear driven turbulence in the houndary
layer or by turbulence resulting from overturning motions
which may oceur as internal waves shoal along the sloping
boundaries of the water body.

Internal waves breaking on a slope have been modelled
in previous laboratory experiments in a continuous stratifi-
cation by Ivey and Nokes (1989) and Tavlor (1992). In the
second of these it was shown that the overtwrning length
scales and buoyancy anomalies in density inversions within
the mixing layer at the houndary varied strongly during
the period of the incident wave. To define the overturn
length scale measured density profiles were resorted so that
they inereased monotonically with depth (Thorpe, 1977).
The displacements of the density samples moved in the re-
ordering, [;, were recorded and the displacement scale. ;.
caleulated as the ras. value of [; through the depth of
the mixing laver. The buovancy anomaly, g'. was taken to
be the raws. buoyaney difference hetween the resorted and
original profiles (Imberger and Ivey, 1991) over the same
depth interval.

The measwrements of ¢ and I, veported in Tay-
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lor (1992) suggest that the turbulence grows and decays
during each wave period, however, they give little under-
standing of the conditions under which the transition to
turbulence (hence mixing) occurs. In the present work the
evolution of the velocity shear in the boundary layer dur-
ing the wave cycle is examined. Along with vertical profiles
of density gradient, shear measurements allow the dynamic
stability of the flow to be described in terms of the gradient
Richardson number (Turner, 1979),

2
Ri=N?/ (%)

where N2 = —(g/po)(0p/0z) is the local value of the buoy-
aney frequency squared (&p/dz is the vertical component
of the density gradient) and du/dz is the vertical gradient
of the horizontal velocity in the along-tank direction. The
measurements made during the experiments suggest that
initially the mixing is not driven purely by shear in the
boundary layer but that the overturning of the isopyenals
by the wave-induced mean flow is important as well. Thus,
the internal wave breaking in these laboratory experiments
is consistent with the observation of convective-like tem-
perature structure in the oceanic bottom boundary layer
on a continental slope by Thorpe ef al. (1991). However,
by contrasting the results of experiments at different. fore-
ing amplitudes, it appears that shear in the attached ups-
lope boundary layer flow is important in maintaining tur-
bulence and mixing after the initial period of mixing-layer
scale overturning,.

(1)

CXPERIMENTS

The experiments were performed in a tank 5900 mm
long by 535 mm wide filled with an approximately linear
salinity stratification nsing the two-tank method. The typ-
ical value of N? was 0.22572 and depth was 532 mm. At
cither end of the tank fixed acrylic beaches, set at an angle
of 207 (o the horizontal, were placed so that the enclosed
volume of the tank formed a parallelogram as in Ivey and
Nokes (1989). Vertical mode 1 internal waves were gener-
ated by a centrally hinged paddle which was located in the
middle of the tank and driven by a computer controlled
stepper motor.

Vertical profiles of conductivity and temperature were
aceired using a PME 4-clectrode micro conductivity cell
(Head, 1983) and a Thermometrics FPOT fast response
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Fig. 1. Velocity field derived from a pair of particle images
B ] 1

captured during a run with 10° paddle amplitude. The

solid vertical line in the vector plot shows the position of

the vertical profiles. The two lower panels show the sample
displacements, ;. and buoyancy anomalies, g/, computed
from the corresponding density profile.

thermistor. The profiles were recorded 0.46L (where L
is the length of the slope) from the point where the slope
intersected the bottom of the tank. Profiles were taken at
a time interval of 80s compared to the forced wave period,
T, of 39s (for all runs) so that there was a phase difference
(relative to the forced wave) of 0.32rvad (18.5°) between
the profiles. A series of 22 profiles were acquired in each
run so that the full phase of the flow on the slope was sam-
pled. The sensors were traversed vertically at 0.1 ms~' with
direct and differentiated outputs from the thermistor and
conduetivity probes being logged at 100 Hz.

Simultaneous with the profiling. wave hreaking was vi-
sualised by recording, with a CCD video canera, the jm-
ages of “pliolite” particles suspended in the water colmmn.
The particles were illmminated by an approximately 10 mm
thick vertical light sheet generated by a LOW argon-ion
laser. The microcomputer which controlled the acquisition
of the profile data was set up so that it wonld trigger the
acquisition of three frames of video. cach separated by two
video frane periods (0.08s) immediately before the probes
came into the field-of-view of the camera. Pairs of these
frames were later analysed to compute the two-dimensional
velocity ficld using the cross-correlation hetween windows
of 20 by 20 pixels (7 x Tuun) (Stevens and Coates, 1991;
Willert and Gharib, 1991) centred on a grid with spacing
cight pixels (31mm). The arca imaged was 251 x 177 mm.

Ruus were made at paddle amplitndes (defined by half

308

of the paddle’s total angular displacement) of 7°, 10° and
13°. Three runs were made at each amplitude. With the
incident wave period of 39s, the nominal angle of the wave
group velocity, defined by sin™(27/TN) (Turner, 1979),
was 20.1° to the horizontal, compared to the beach angle
of 20°. Tn the final run the stratification had weakened
so that the wave angle was 21.3°. As a result, the forcing
frequency was a maximum of 7% from the critical condition
where the wave group velocity vector and hottom slope are
parallel.

RESULTS

An overall description of the flow generated by a wave
breaking on the heach has been given in Taylor (1992).
Briefly, during each wave period the flow evolves in the fol-
lowing way. A previous wave leaves a strongly sheared,
although apparently laminar, downslope flow along the
boundary. The next incident wave is first seen as an ups-
lope flow which rides over the downslope boundary layer.
The interaction of the up and downslope flows sets up an
unstable density profile with associated displacements com-
parable with the thickness of the two regions (Fig. 1). After
the downslope flow is arrested the upslope flow becomes at-
tached to the boundary. It then decelerates and eventually
stagnates as the maximum up slope excursion is reached,
leaving a field of weakly overturning eddies. The downs-
lope boundary layer then reforms as the elevated heavy
fluid accelerates back towards its level of neutral buoyancy.

For each vertical density profile a snapshot of the a
(along tank) and z (vertical) components of velocity (in
the same plane as the density profiles) was calculated from
a pair of particle images. Since it took 1.8 s for the profiler
to traverse the field of view of the camera, at worst (at the
bottom of the profile) the velocity data was acquired at
least that length of time prior to the density data. Given
this delay, it seemed more sensible to compute the Richard-
son munber based on the average density and horizontal
shear through the depth of the mixing layer, rather than
vertical profiles of this parameter. The section of the pro-
files and velocity fields averaged was defined on the basis of
a threshold on the conductivity gradient signal. The choice
of the threshold value is discussed in Taylor (1992).
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Fig. 2. The average Gr, for cach profile as a function of

the phase (in fractions of a buovaney period) relative to the
forced wave. The results for each run have been offset to
a comnmon phase origin, Symbols: v paddle amplitude, 7°:
e 107: 0 13°. The horizontal bar shows the dimensionless
time for one period of the forced wave at an average value
of N.




As background to the Richardson number results the
variation in mixing layer averaged overturn Grashof num-
ber, Gr,, during a wave cycle is shown on Fig. 2. This
parameter (Taylor, 1992) is defined by

4 3\ 1/2
-
1%

where v is the kinematic viscosity. The overturn Grashof
number relates the timescale for restratification of over-
turned fluid, (¢'/15)~"/2, to the timescale for viscosity to
diffuse momentum over the displacement scale, lﬁ /v. Thus
if G'r, is small viscosity inhibits buoyancy driven restratifi-
cation. If it is large then restratification may be rapid and
it is possible that some of the available potential energy in
the density overturns will be utilised in mixing,

(2)

Over a wave cycle, and at each amplitude of the inci-
dent wave, G7, increases to a peak value greater than 100
then decays. For times less than that of the maximum in
Gr, the points for each forcing amplitude tend to overlay,
while after the maximum, values are generally ordered as
the forcing amplitude. Note that the velocity field and pro-
file shown in Fig. 1 were taken at a dimensionless time of
1.16, just prior to the maximum Gr,.
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Fig. 3. The average squarcd buoyaney frequency for each
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profile. The time axis and symbols are as for Fig. 2. Neg-
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ative values of N2 have heen set equal to 0.0125 2.

Since it is based on ¢'. which is the huovaney in over-
turn events, Gr, scales only the destabilising effects of
buoyancy. On the other hand. for positive Richardson num-
ber (Eq. 1), buoyaucy is stabilising since it counters the
torque applied to a (perturbed) Huid clement by a verti-
cal gradient of horizontal velocity. Fig. 3 shows N2 plot-
ted against the phase of the foreced wave. Vertical profiles
of N? were caleulated from density profiles using central
differences. The resulting vertical gradients were low-pass
filtered with a cut-off at the Nyquist frequency of the ve-
locity data, determined by the grid spacing nsed in the
correlation computations. As for Gr, the N? values pro-
sented are averages through the depth of the mixing laver.
During the wave cycle the mean stabilising gradient in the
mixing layer varies by about a decade. Mininnn stability
oceurs arowd the time of the maximum in Gr, (Fig. 2)
at 7% and 13° paddle amplitudes. slightly before for the
runs at a paddle amplitude of 107, In the runs at the low-
est paddle amplitude the mean gradient was unstable in a
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Fig. 4. (0u/dz)? for each profile. The time axis and

symbols are as for Fig. 2. The horizontal dotted line is an
estimate of the minimum resolvable shear computed from
images of quiescent conditions.

number of cases (for these points N2 was set to 0.012s2
on Fig. 3).

The mean squared shear (Fig. 4) was calculated from
velocity profiles at the four vertical grid lines closest to
the position of the density profiles. The calculated velocity
profiles were first differenced to compute shear then inter-
polated on to the same depth axis as the density profiles
using splines. These interpolated profiles were low pass fil-
tered using the same filter as used on the density profiles.
Given the wavenumber response of the low-pass filter no
amplitude correction for the first differencing operation was
required. For each profile (u/dz)% was computed by av-
eraging (u/0z)? over the same depth range as used in the
caleulation of N2 and Gr,. The data on Fig. 4 are the aver-
age of (Ju/dz)? from the four grid lines and the error bars
are the standard deviation about this mean. Ouly points
from profiles with more than 85% valid velocity points in
the depth interval over which the average was calculated
were used in the plots.

The variation in mean shear during the wave cycle is far
less obvious than is that in the density gradient. Initially
(in the downslope phase of the flow) the shear increases and
there is no clear trend with incident wave amplitude. There
is a decrease in the shear amplitude just later than the
time of the mininmm density gradient and maximum Gr,.
After the shear minimum the values are somewhat scat-
tered, although they tend to be ordered with forcing am-
plitude. There is a further weak minimumn in shear around
1/(2eN 1) = 2.5, the time when the upslope excursion of
fliid is greatest. Following this, shear values tend to coa-
lesce and trend upward as the downslope boundary layer
flow is established leading into the next wave cycle,

Although there is some scatter in the points due to
variability in the mean shear, a systematic variation in Ri
during a wave period is present at each forcing amplitude
(Fig. 5). For instance, at all amplitndes, Ri is small or
negative as the density gradient approaches its minimum
value and the shear its maximum. Soon after the decrease
in (Ju/dz)? and increase in N2 combine so that Ri in-
creases.  In the period when Gr, is high, when mixing
would be expected. i tended to be ordered inversely with
the forcing amplitude, with the runs at 13° paddle displace-
ment having the lowest 27 (Fig. 5¢). Finally, at all ampli-
tudes 117 is maxinnun around the time when the upslope
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Fig. 5. The average gradient Richardson nmumber for each

profile. The time axis is as for Fig. 2. (a) is for paddle
amplitude 77, (b) 10°, and (¢) 13°. Ri < 0 have been
set equal to 0.012. For reference the horizontal dashed line

shows i = (.25.

flow stagnates prior to decreasing again in the accelerating
downslope boundary layer.

The observed ordering of 7/ with forcing amplitude in
the middle portion of the wave cyele may help to explain
the large difference in overall mixing efficicucy observed
at different forcing amplitudes (Tayvlor. 1992) compared to
the relatively small difference in peak Gr, (Fig. 2). Thus.
shear in the attached up-slope boundary layer flow appears
to help maintain turbulence and mixing at the two higher
foreing amplitudes.
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Discussion

As internal waves broke on a slope the minimum Ri
occurred when the stabilising density gradient was mini-
mum and the velocity shear maximum. At this time in the
wave cycle there were large scale overturns generated by the
wave-induced mean flow. Thus, the evolution of the flow
is rather different from that of a conventional shear driven
instability. However, the fact that the shear is maximum
at the same time suggests that the instability which follows
these overturns and drives mixing is not purely convective
but is aided by the presence of shear. It was somewhat sur-
prising that there was a much greater contrast in mixing
rates at the three forcing amplitudes studied than there
was in the magnitudes of the peak values of Gr,. The
present results for Ri suggest that this discrepancy may
be explained by additional shear-induced mixing in the at-
tached up slope boundary layer flow which follows the pe-
riod of largest scale overturning. To test this hypothesis
the small scales of the velocity and density fields are being
investigated further.
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