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SUMMARY

Centrifugal pumps have an optimum (best efficiency)
specific speed at which maximum energy transfer takes place.
From this it is possible to determine impeller efficiency and
optimum values of design coefficients which may be used to
determine impeller dimensions at the design specific speed.
These theoretically determined coefficients agree with with
values generated by Stepanoff and others.

When the optimum specific speed is the same as the
reference specific speed the impeller is designed for maximum
impeller efficiency. There is an efficiency penalty associated
with selection of an optimal specfic speed other than the refer-
ence specific speed. This takes place if a design criterion such
as pump rangeability is used instead of maximum efficiency.

NOTATION AND DEFINITIONS

area (m?)

diameter (m)

pump head (m)

rotational speed (rev/s)

fluid power (kW) = pQgH

volume flow rate (m3/s)

number of impeller blades

tangential velocity of impeller

absolute fluid velocity

fluid velocity relative to impeller

tangential component of fluid absolute velocity
meridional velocity; normal to area

impeller blade height (m)

constant

blade angle measured from tangent to impeller
inlet fluid swirl angle measured radially

fluid density (kg/m3)

efficiency

Subscripts

pump impeller inlet

pump impeller outlet

design

design based on recirculation
euler

hydraulic

input or ideal

inlet pipe

leakage

mechanical

specific speed

optimum for maximum efficiency
relative or ratio

recirculation

shaft

tangential direction or uncoupled
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Superscripts

! optimum energy transfer

* optimum for turbo-machine type
< effective

Definitions

Ny  blade efficiency = HyH,

Mo  overall efficiency =np My, Nyor = P/Ps

My uncoupling efficiency = P'/P*

Nyop volumetric efficiency = Q/(Q + QE)

Tyisc Viscous efficiency = 1-0.075/Q-%

Ne efficiency of infinite capacity pump = Py/P'
o] flow parameter = V /U

v head parameter = gH/U?2

3 fluid power ratio = P/P;

N,  specific speed = 2nN [rad/s] VQ[m?/sl/(g H)34
S stodola slip factor =k sin Bo/z

il =1-8

Following Stepanoff  up =k, V2gH

sz = kmz Vng

1. INTRODUCTION
Historically a body of design theory and practice has been
developed to facilitate centrifugal pump design. This paper
provides a theoretical insight into the parameters employed by
Stepanoff and others, and develops an equation relating the
maximum pump efficiency to the best efficiency specific speed.
The paper commences with a brief resume of pump
impeller theory and design practice. This is followed by an
outline of the theory and derivation of pump design coeffici-
ents based on maximum impeller efficiency, which until now,
have been essentially empirically based. The paper concludes
with a study of the effects of selection of design criterion
other than maximum efficiency. Such requirements produce
an uncoupling of reference and optimum specific speeds.

2. FUNDAMENTALS

If the flow through a centrifugal pump impeller conformed
exactly to the geometry the head produced across the pump
could be calculated from the Euler equation

HC=(U2 Vuszl Vul)fg (1)

When there is no inlet swirl, as will be assumed here, then
V1 =0.

Because the flow does not conform to impeller geometry
then the theoretical input head (H;) is much less than the Euler
head. There is an effective V), which dilfers from the ideal by a
slip component such that

H;=U, V','leg =Up (Vy, - SUp/e. ¥



or Y=} (0 -0y / Tan By) (2a)
or
1=2n,k2 (o - ki, fkm, Tan By). (2b)
SU,
L
v;)
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2oy
& = Uz

Figure 1. Ideal velocity triangle at impeller outlet.

There are various estimates of the slip velocity (S), but the
one used here, for simplicity, is due to Stodola. From these
results it is possible to construct a non-dimensional pump
characteristic curve (Fig. 2). Note that it is assumed that s # f(¢).

Stepanoff provides guidelines for values of the constants
K Ky kp, and the Pump Handbook gives values for ¢. These
design values are only guidelines to provide efficient design
and must be adjusted to achieve the actual design specification.

Estimates of overall efficiency have been obtained from
tests on a range of pumps to provide a correlation between
specific speed at the best efficiency point and the overall
efficiency (Fig. 3).

The values of the design constants have been obtained from
experience. The objective of this paper is to give theoretical
insight into the reasons behind that experience.

3. DESIGN COEFFICIENTS AND EFFICIENCY
VERSUS Ns

The function of the impeller is to transfer energy. An optimal
design would transfer power as efficiently as possible.

From Fig. 3 it is evident that energy transfer is most
efficient, at least for pumps where viscous effects are minimal, at
N, = 1. This is here defined as the reference specific speed N¥,
and it indicates another aspect of specific speed.

ing of ifi
From the definition of Ns it follows that

N =k Py
P, =UZKk2gH
kNS = f(T]h, k. a, Bz) (DlijZ) JVip./ Uz.

3
4
(3

where

and

Euler Head

Ideal Input Head
Characleristic

Design poirV

Pump

Characleristic C, dmax

Figure 2. Non-dimensional pump characteristic curve.
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In this partition, which has to be validated, Py is an energy
ratio, and ky relates geometry and dynamics. The correlation
between specific speed at the best efficiency point and the pump
geometry is well known.

Anticipating the results of the ensuing discussion, it appears
that three specific speeds can be identified; namely the reference,
optimum (the N selected to optimise the design) and the design
specific speed. An essential condition, established below, to
delineate these three speeds is the requirement that

Pi=Ft=1, 6)

The following conditions apply at each of the three specific

speeds.

Reference specific speed N* P¥ = Pp=1 and ki = N¥ = 1
since N}¥ = Ng= 1. This is unique condition which, if satisfied,
maximises impeller efficiency.

timum_specifi N P,=1 and ky, = Ng # 1. This
condition arises when a design criterion other than maximum
efficiency is selected. It results in an efficiency penalty, as
will be discussed later.

Design specific speed. P, # 1 while Ny =ky; P;.

If a pump is to be designed for maximum efficiency then the
optimum specific speed is set equal to the reference specific
speed. If another criterion is used then N' is selected for that,
but there is an efficiency penalty by virtue of the uncoupling
from Ng*.

Design Coefficients at N

At the optimum specific speed the energy transfer is
maximum. Combining the equation for fluid power and equation
(2), and assuming that ny, # f(¢,), then it follows that

k), = 1ndn, M

ki, = Vo/ny (Tan By)/2 ®)
& = o (Tan By)/2 ©)

Y =on2 a0

These are optimal design coefficients which will give
maximum energy transfer and maximum impeller efficiency.
Reference to previously cited Stepanoff literature shows
that coefficient values derived from these equations for typical
values of B, o and ny, agree with values used in practice at
NZ¥ (Fig. 4).
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Figure 3. Overall efficiency versus specific speed ar best
efficiency point (based on Pump Hardbook and other public
domain sources).
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Figure 4. Comparison of theoretically derived ratios with those
quoted by Stepanoff and Pump Handbook based on Ns*=1.0.

For all values of H' along the line ¢ = ¢' it follows, from
equation (1), that

2 2
v UZ Uzk
P = = (11)
2gH, 2gH;

Thus the condition stated in equation (6) is established. Note
that, {rom the definition of blade efficiency, when H; = H¥ then
k= ﬂh.

Variati i .- In practice the optimum
values for the design coefficients cannot be used at all N,

With reference to the non-dimensional pump characteristic
curve (Fig. 2), it is possible to determine a relationship between
N, and ¢ along the ideal input head line. Along that line N and
U, are constant, so that

uy =k, VZgH=k}, V2g H

it follows that

(12)

%2 _(N
$h

32
P22
N'S o

This equation predicts values of ¢, which agree, for
realistic values of blade angle, hydraulic efficiency and slip,
with ranges and values derived from the Pump Handbook and
Stepanoff (Fig. 4).

Variati f efficiency with N.. With the above result it is
possible to obtain the variation of efficiency for an infinite
capacity pump, in which the viscous effects are negligible. The
efficiency will be zero at points A and C (Fig. 2), and will be
100% at B.

From the ratio of power at the actual design point to that
of the optimum design point,

€ = P/P'=QH/(QH")

and introducing N again, it can be shown that
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:E%zﬁz
N? ¢,‘ (13)
Dimensional analysis shows that
P=p N3 D5 f(n..) (14)

Changing the frame of reference from a particular pump
to a general pump in which rotational speed is allowed to vary,
then, while there is no a priori justification for so doing, assume
that for large pumps that N and D are functions of 1, then

E=ni.

Thus from equations (13) and (15) the efficiency of an infinite

capacity pump is
43 [, \33]18
T
()

When this result is compared with the generalised pump
data for infinite capacity pumps (Fig. 5) there is close (x 1%)
agreement in the range 0.2 < N¢/Ng < 0.6. For N¢/N; < (.2 actual
pumps are influenced by flow recirculation at impeller inlet and
outlet and the maximum efficiency design criterion no longer
applies. Above 0.6 there is also a deviation but this is possibly
due to assumptions about the data.

4. CONSEQUENCES OF CHANGES TO DESIGN
CRITERIA

(15)

(16)

Under certain conditions an impeller, which is designed for
maximum efficiency, may exhibit poor performance according
to other criteria. For example, a pump may exhibit significant
impeller inlet or discharge recirculatory back flows at larger than
normal partial flow rates. This may reduce the rangeability of
the pump because such back flows increase the magnitude of
pumn discharge flnematione

Effect on dfficiency of uncoupling Ny and N¥. Uncoupling of
N;and N¥ causes a decrease in overall efficiency. This can be
demonstrated as follows. N and U, remain constant, but there is
also the constraint that ¢' = ¢* so that y' moves along line BD
(Fig. 2), and also Q4 = Q. From the definitions of uncoupling
efficiency and specific speed then

5/2
2 ’- E
N = (&) b amn
N |,
o

This equation yields 1, < 1 for Ng< N¥ and ¢4 <¢'. This
indicates a lack of generality, smce My must always be less
than unity, but the constraints may be a mathematical rather
than physical difficulty.

The adoption of another design criterion, such as discharge
recirculation, will require a uncoupling of N} and Ny Consider,
an example, discharge recirculation. Fraser proposed a model
which predicts that recirculation occurs when

Qe = 0.26 B2(radians) =

When a design margin is required so that recirculation
commences at less than a specified percentage of design flow,
then if

1 (18)

b = 3}:& > 0, for maximum efficiency

recirculation becomes a design consideration. ¢y at design
N, will give, from equation (12), the required value of Ng,
whlch in all cases, is less than N#. From that the efficiency
penalty can be calculated.

The effect of the Fraser model is to produce a fixed ¢y
for particular z, B, and x with a corresponding critical Nsgy



Efficiency
1.0 ‘//
0.9 |—
08 Theoretical Efficlency Curve
0.7 v/
0.8 / Recirculation Model
05 |— /4
/
04 |— /
e A
Emplrical Efficlency at
0.2 // Best Efficlency Point
= Vi (Low confidence Ns<,15)
-~
04 |— -
0.0 1 \ll;rlﬂ 1 SN N O
01 Ns/Ns* Kl 1

Figure 5. Comparison of theoretically derived efficiency
verses Ny/NFcurve to empirically derived result for infinite

capacity pump.

(typically 0.5 to 0.8) which leads to unrealistically large
efficiency penalties for low Ns pumps. This may result from
the interaction of two simple models; the Stodola model which
produces poor estimates of slip under many circumstances, and
the Fraser model in which ¢, is not, as may be expected, an
explicit function of Ns. In an arbitrary step, if the prediced ¢y
from the Fraser model is retained, with the consequence that
critical Ns,4 is constant, and ¢p,4 is referenced to that value
then it follows that

Do/ Org = (NS/Ns )43, (19)
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When this model is used and Ns,4 is set equal to 0.16 the
result is close to the limiting efficiency for an infinite capacity
pump (Fig. 5). This correspondence should not be taken as
giving credence to the recirculation model for obvious reasons.

Hydraulic efficiency. As a consequence of this analysis, hydraulic
efficiency can be seen to have three components such that

Nh = Nyisc My Neo- (20)

5. CONCLUSION

This paper has extended the classical pump impeller design
approach and has provided a systematic basis for existing
practice.

When a pump is designed for maximum impeller efficiency
the optimum specific speed and the reference specific speed
are required to be the same. The impeller design coefficients
for the design specific speed can be calculated on the basis of
the theory outlined here rather than employing coefficients
based on empirical results.

An efficiency penalty is incurred if the reference and
optimum specific speeds are uncoupled. This may be required
if a design criterion other than maximum efficiency is
dominant. These theoretical results are based on significant
assumptions which indicate directions for further research
and which must not be forgotten.

6. REFERENCES

FRASER, WH (1981) Recirculation in pumps. Materials
of Construction of Fluid Machines and their Relationship to
Design and Performance, ASME, Nov. 1981, pp. 65-86).

PUMP HANDBOOK (1986), Karassik et al., Eds, NY,
McGraw Hill, 2nd Edition.

STEPANOFF, AJ (1957) Centrifugal and Axial Flow
Pumps. John Wiley & Son, Inc.



