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Abstract— We consider a cellular network where base stations
can cooperate to determine the signals to be transmitted on the
downlink. Using a particular downlink beamformer structure, we
recast our downlink beamforming problem as a virtual linear
minimum mean square error (LMMSE) estimation problem.
Based on this virtual set up, we remodel the network as a factor
graph with loops and present a simple distributed cooperative
scheme for base stations based on the sum-product algorithm. We
study the condition for convergence for the distributed algorithm
and demonstrate its performance via simulations.

I. I NTRODUCTION

Downlink beamforming for both single cell and multi-
cell environments has been extensively researched in recent
years [1]. A wide variety of optimality criteria have been
studied, and many transmit beamformers or linear precoders
derived from these various optimality criteria share a common
structure, which resembles the linear minimum mean square
error (LMMSE) estimator for a virtual model. These transmit
beamformers can all be recast as the solution to a simple
LMMSE estimation problem for a virtual model [2]. In this
estimation problem, the data vector is the observation vector in
the virtual model, and the vector of transmitted symbols (by
the beamformer) is the vector of LMMSE estimates. Since
this estimation problem has exactly the same structure as
the LMMSE receiver for an uplink scenario, we obtain an
uplink channel that is in some sense dual to the downlink
beamforming channel. (Note: this duality is distinct from the
recent and celebrated duality between uplink multiple access
channel and downlink broadcast channels).

In this paper, we use this duality result in an application to
beamforming in macrodiversity networks. These are networks
in which cell sites can cooperate to either jointly decode,
or jointly transmit to the mobiles in the network. Downlink
beamforming utilising multiple base stations (BSs) has been
considered in several works: [3], [4]. However, the proposed
solutions usually assume that there is a central processing
centre or controller to process information or coordinate infor-
mation exchange among BSs. The contribution in this paper is
to demonstrate a way to implement the downlink beamformer
in a truly distributed manner through message passing between
neighbouring BSs, by exploiting the local interference struc-
ture of the channel. In particular, we demonstrate how the
sum-product algorithm can be used to implement downlink

beamforming in macrodiversity networks.
The special case of a one dimensional network of base

stations was considered in [2]. In this special case, the as-
sociated graphical model is loop-free, and the sum-product
algorithm we apply in the present paper is equivalent to the
Kalman smoother that we obtained in [2]. Thus, the present
paper is a generalization of the beamforming method in [2] to
general cellular networks. To our knowledge, this is the first
paper to apply the sum product algorithm to the problem of
transmit beamforming. Our sum-product algorithm operates on
a Gaussian factor graph and the messages can be characterised
by only the means and the variances.

Our factor graph contains loops. It is well known that the
sum-product algorithm is not guaranteed to converge when a
graph is loopy [5]. Nevertheless, for a Gaussian factor graph,
the sum-product algorithm computes the means correctly if it
converges, as have been shown in [6], [7], but the variances
will be incorrect, although they have been shown to always
converge [6], [8], furthermore the convergence is monotonic
[8]. In this paper, we fix the variances to be the limiting values
and let the means update as per the sum-product algorithm.
This consideration is motivated in Section V-B. Based on this
assumption, we obtain a necessary and sufficient condition for
convergence of the means. Finally, we analyse the performance
of the algorithm via simulations.

II. SYSTEM MODEL

We consider the downlink communication of a cellular
network of N cells where mobile stations (MSs) within a
cell do not interfere with each other, for example through
time or frequency division multiplexing (i.e. TDMA or FDMA
within each cell). However, we allow intercell interference by
deploying full reuse in every cell. We assume interference
only comes from immediate neighbours. In addition, there are
dedicated communication links, free of interference, between
neighbouring BSs, thus enabling a cooperative sharing of
information between such BSs. Mathematically, our system
model can be expressed as

yn = hn,nxn +
∑

k∈A(n)

hn,kxk + wn, n = 1, ..., N

whereyn is the complex received signal at MSn and xn is
the transmitted signal from BSn which is also complex.{wn}



are i.i.d. circularly symmetric Gaussian random variables, with
zero mean and varianceE(wnw∗n) = σ2. A(n) is the set of
indices of the adjacent cells for celln. The complex path gain
from BSk to MS n is hn,k. The model in vector form is given
by

y = Hx + w

where we have definedy ∈ CN as the vector of received
signals,x ∈ CN as the vector of transmitted signals,H ∈
CN×N as the downlink channel matrix andw ∈ CN as the
noise vector.

Let d ∈ CN be the vector ofN scalar data symbols,
wheredn corresponds to the data symbol intended for MSn,
which is available initially at BSn. In addition,{dn} assumed
to be i.i.d. circularly symmetric complex Gaussian random
variables, with zero mean and varianceE(dnd∗n) = 1. How
does the network map the data vector,d into the vector of
transmitted symbols,x? If we allow base station cooperation,
or macrodiversity, then we can view theN base stations and
N mobiles as forming a MIMO system. Macroscopic beam-
forming can then be implemented via a transmit beamformer
T ∈ CN×N as expressed inx = Td. Thus, the overall system
is given by

y = HTd + w. (1)

In the next section, we look at a transmit beamformer with a
particular form.

III. T RANSMIT BEAMFORMER AND V IRTUAL LMMSE
ESTIMATION

We are interested in an optimal transmit beamformer with
the following general form.

T = KHH
(
HHH + βI

)−1

, (2)

whereK, β ∈ R are two free scalar parameters. By varying
the choice of these parameters, it has been found that opti-
mality can be achieved with respect to a variety of criteria
that have been considered in the literature. In general,K
is a normalisation constant used to comply with some total
transmit power constraintPt (averaged over data symbols).
The other parameter,β, is typically a regularization parameter.
We refer readers to [9]–[12] for many examples.

Using the transmit beamformer of the form (2), the trans-
mitted symbol vector is given by

x = KHH
(
HHH + βI

)−1

d. (3)

As mentioned in [2], (3) resembles a well-known result in
estimation theory:x can be seen as a simple scaling (byK)
of the LMMSE estimate of a vectoru, under the alternative
model:

d = Hu + z (4)

where u ∈ CN is a vector of i.i.d. circularly symmetric
random variables with zero mean and unit variance andz ∈
CN is a vector of i.i.d. circularly symmetric random variables
with zero mean and varianceβ, independent ofu. In (4), u

Fig. 1. Hexagonal cellular array of 7 cells

.

can be interpreted as a data vector,H as a channel matrix,d
as an observation data vector andz as the additive noise, in
a virtual communication model. Note thatu and z have no
physical meaning in terms of our original model (1). Without
loss of generality, we shall treat them as jointly Gaussian. For
the rest of this paper, we shall treat the downlink beamforming
problem as the LMMSE estimation problem under the virtual
signal model.

IV. D ISTRIBUTED DOWNLINK BEAMFORMING FOR

HEXAGONAL CELLULAR ARRAY

In this section, we present a distributed downlink beamform-
ing algorithm based on the sum-product algorithm that can be
applied to two-dimensional networks with local coupling. We
shall use the hexagonal cellular array model as an example.

A. Hexagonal Cellular Array and Factor Graph

In our hexagonal cell model, the structure ofH depends
on how the cells are ordered and indexed. For example, in
a network of 7 cells where cell 1 is surrounded by 6 cells
indexed 2 to 7 as shown in Fig. 1,H is given by

H =



h1,1 h1,2 h1,3 h1,4 h1,5 h1,6 h1,7

h2,1 h2,2 h2,3 0 0 0 h2,7

h3,1 h3,2 h3,3 h3,4 0 0 0
h4,1 0 h4,3 h4,4 h4,5 0 0
h5,1 0 0 h5,4 h5,5 h5,6 0
h6,1 0 0 0 h6,5 h6,6 h6,7

h7,1 h7,2 0 0 0 h7,6 h7,7


. (5)

Using the fact that LMMSE estimate is also the MAP
estimate when the underlying a priori random distributions are
Gaussian, our problem (with Gaussianu andz) can be stated
as finding the MAP estimate of individualun in the virtual
signal model:

xn = arg max
un

p(un|d), n = 1, ..., N

where p(un|d) is the conditional pdf ofun given d. This
problem can be approached using a factor graph representation
of the conditional joint pdfp(u|d) and the marginalised
conditional probability densitiesp(un|d) can be computed
using message-passing on the graph. When the graph is loopy,
the result of message-passing is only an estimate at best, more
on this issue will be discussed in the next section.
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Fig. 2. Factor graph corresponds to hexagonal cellular array of 7 cells.

The representation of the conditional joint pdfp(u|d) as
a factor graph can be obtained by factoring the function as
follows:

p(u|d) ∝ p(d|u)p(u)
= p(d1|u1, un, n ∈ A(1))p(d2|u2, un, n ∈ A(2))

...p(dN |uN , un, n ∈ A(N))p(u1)p(u2)...p(uN ).

whereA(n) are the cells adjacent to celln. For our example
of 7 cells, we obtain

p(u1, ..., u7|d1, ..., d7)
∝ p(d1, ..., d7|u1, ..., u7)p(u1, ..., u7)
= p(d1|u1, ..., u7)p(d2|u1, u2, u3, u7)

p(d3|u1, u2, u3, u4)p(d4|u1, u3, u4, u5)
p(d5|u1, u4, u5, u6)p(d6|u1, u5, u6, u7)
p(d7|u1, u2, u6, u7)p(u1)p(u2)...p(u7).

The corresponding factor graph is shown in Fig. 2, where
fd1 is the factor node that corresponds to the local function
p(d1|u1, ..., u7), fd2 corresponds top(d2|u1, u2, u3, u7) and so
on, while fu1 , ..., fu7 corresponds top(u1), p(u2), ..., p(uN )
respectively. Note that the factor graph is not loop-free.

As mentioned, the conditional pdfsp(un|d), n = 1, ..., N ,
can be calculated in a distributed manner using the sum-
product algorithm which is described next.

B. Distributed Beamforming using the Sum-Product Algorithm

Since{un} and{dn} are jointly Gaussian, the sum-product
algorithm can be simplified considerably which gives the so-
called Gaussian factor graph. In this case, the messages are
Gaussian pdfs and can be completely characterised by their
means and variances.

We denoteM (i)
u→f andV

(i)
u→f as the mean and the variance

of the message passed from variable nodeu to factor nodef ,
respectively, for theith iteration. Similarly, we denoteM (i)

f→u

andV
(i)
f→u as the mean and the variance of the message passed

from factor nodef to variable nodeu, respectively, forith
iteration. We also defineA(u) as the set of neighbours of node

u (note that the neighbours of a variable node must be factor
nodes and vice versa) andA(u)\f as the set of neighbours of
nodeu excluding the nodef .

Considering theflooding schedule [5], the sum-product
update equations for Gaussian factor graphs are given in [13].
For our problem, these are:

Factor node to variable node:

M
(i)
fd→u =

1
h(fd, u)

d−
∑

u′∈A(fd)\u

h(fd, u
′)M (i)

u′→fd

 (6)

V
(i)
fd→u =

1
|h(fd, u)|2

β +
∑

u′∈A(fd)\u

|h(fd, u
′)|2V (i)

u′→fd


(7)

for i ≥ 0, whereh(fd, u) represents the path gain from node
u to nodefd in the virtual model.

Variable node to factor node:

M
(i)
u→fd

= V
(i)
u→fd

 ∑
f∈A(u)\fd

M
(i−1)
f→u

V
(i−1)
f→u

 (8)

V
(i)
u→fd

=

 ∑
f∈A(u)\fd

1

V
(i−1)
f→u

−1

(9)

for i > 0. Note that there is no need to construct the messages
M

(i)
u→fu

andV
(i)
u→fu

as the factor nodesfu are not connected
to any other nodes and that the factor nodesfu are perpetually
transmittingM

(i)
fu→u = 0 andV

(i)
fu→u = 1.

The algorithm is initialised by having each nodeu broad-
casting to all factor nodesfd the messages:

M
(0)
u→fd

= 0; V
(0)
u→fd

= 1

and can be terminated afteri iterations to produce

E(i)(u|d) = Var(i)(u|d)

 ∑
f∈A(u)

M
(i)
f→u

V
(i)
f→u

 (10)

Var(i)(u|d) =

 ∑
f∈A(u)

1

V
(i)
f→u

−1

. (11)

These values should be interpreted as estimates, not true
values. By settingx to be the valueE(i)(u|d) that is computed
after i iterations, we obtain an approximation to the global
estimator.

In practice, a transmission from BSn to BSm is required if
the messagesM (i)

un→fdm
, V

(i)
un→fdm

, M
(i)
fdn→um

andV
(i)
fdn→um

,
where n 6= m, are needed. The operations for all BSs are
identical and are carried out in a parallel and synchronous
manner.

Due to the loops in the graph, the algorithm may not
converge. However, it has been found that ifun and zn are
Gaussian distributed, as in our case, and if convergence occurs,



the limiting value ofE(i)(un|d), as i → ∞, is the true con-
ditional mean,E(un|d), even though the conditional variance
of un may not be correct [6], [7]. Correctness ofE(un|d) is
sufficient for our problem since it is in fact the transmitted
signal that we desire to compute. The limiting conditional
variance ofun is not actually used by the beamformer, so
its incorrectness is not an issue in our problem.

Next, we study the condition for convergence for the algo-
rithm.

V. CONDITION FOR CONVERGENCE

A. Convergence of the Variances

Equations (9) and (7) show that the evolution of the vari-
ances is independent of the means or the observed data. For
ease of notation,hn,m 6= 0, ∀ n, m is assumed. Substituting
(9) in (7), it can be verified that the set of iterative equations
is equivalent to the following vector iterative equation

v
(i)
fd→u = F (V (i−1)

fd→u) (12)

where

v
(i)
fd→u = [V (i)

11 ... V
(i)
1N V

(i)
21 ... V

(i)
2N ... V

(i)
N1 ... V

(i)
NN ]T

V
(i)
fd→u = diag{v(i)

fd→u}.

Note that to simplify notation, we useV (i)
nm to denoteV (i)

fdn→um

and diag{.} is an operator that produces a diagonal matrix
with the arguments as diagonal entries. The functionF (V ) is
given by

F (V )

=
[
H̃
−2

(Σu − I)H̃
2
(I + D(ΣfV −1Σf )− V −1)−1

+βH̃
−2

]
1 (13)

where

H̃ = diag{h1,1, ..., h1,N , h2,1, ..., h2,N , ..., hN,1, ..., hN,N}
Σu = diag{1N×N ,1N×N , ...,1N×N}

Σf =


IN IN ... IN

IN IN ... IN

...
...

IN IN ... IN


1 = [1...1]T .

Note that D(.) is an operator defined asD(A) ≡
diag{A11, A22, ..., AKK} for a K ×K matrix A whereAkk

is thekth diagonal entry of the matrix. We also denote1N×N

asN×N block of ones andIN as theN×N identity matrix.
We now state the result on the convergence of the variances

as the following theorem.
Theorem 5.1:The sequence of vectorsv(i)

fd→u in (12) al-

ways converges to a unique fixed point for anyv
(0)
fd→u, i.e.

there is a uniquev∗fd→u such that

lim
i→∞

v
(i)
fd→u = v∗fd→u

Moreover, the sequence is monotonically decreasing under the
initialisation V

(0)
un→fdm

= 1, m ∈ A(n), n = 1, ..., N .
The above result can be proved by showing thatF (V ) is
satisfies the conditions of the so-called standard function [14]
(i.e. positivity, monotonicity and scalability). Due to space
limitation, we do not present it here. The convergence of
variances greatly simplifies the analysis of the evolution of
the means, as shown next.

B. Convergence of the Means

The mean update rules (8) and (6) depend on the variances
as well as the the observed data. To simplify our analysis,
let the variances be fixed at the limiting values, and let the
means update as in (8) and (6), but with the fixed values for
the variances. This consideration is motivated by the fact that
the “converged” values for the variances only change when
the channel changes. If the channel remains constant over a
block of symbols, the variances iteration needs only be done
once and the means iterations can be performed with the
“converged” variances. In this case, the mean update equations
become a set of linear equations. We further define

m
(i)
fd→u = [M (i)

11 ... M
(i)
1N M

(i)
21 ... M

(i)
2N ... M

(i)
N1 ... M

(i)
NN ]T

V ∗ = lim
i→∞

V
(i)
fd→u

d = [d1 ... d1 d2 ... d2 ... dN ... dN ]T

where eachdn in d is repeatedN times. Again, to simplify
notation, we useM (i)

nm to denoteM (i)
fdn→um

. Then, the evolu-

tion of m
(i)
fd→u can be obtained from [13] but with different

use of notation:

m
(i)
fd→u = H̃

−1
d−Ωm

(i−1)
fd→u (14)

whereΩ is referred to as theiteration matrix and it can be
expressed as

Ω = H̃
−1

(Σu − I)H̃

.(I + D(ΣfV ∗−1Σf )− V ∗−1)−1(Σf − I)V ∗−1.
(15)

A necessary and sufficient condition for the convergence of
(14) is given in the following theorem.

Theorem 5.2:The sequence of vectorm(i)
fd→u in (14) con-

verges to the fixed point

m∗
fd→u = (I + Ω)−1H̃

−1
d (16)

for any m
(0)
fd→u if and only if the spectral radiusρ(Ω) < 1.

Proof: See Theorem 5.3 in [15].
It should be clear that sinceE(i)(u|d) is simply m

(i)
fd→u

multiplied by a constant matrix (as can be seen from (10),
assuming the variances have converged), the necessary and
sufficient condition for convergence,ρ(Ω) < 1, also applies to
the convergence ofE(i)(u|d). Therefore,E(i)(u|d) converges
to the true conditional meanE(u|d) asi →∞, if and only if
ρ(Ω) < 1.



−30 −25 −20 −15 −10 −5 0
0

2

4

6

8

10

R
at

e 
of

 u
se

r 1
 (b

its
/s

/H
z)

σ2 (dB)

SP−SC
global beamformer
single−cell processing

Fig. 3. Achievable rate for user 1 versusσ2.

VI. PERFORMANCEANALYSIS AND DISCUSSIONS

We consider a simulation scenario with 19 BSs, path loss
exponent 3, flat Rayleigh fading, and mobiles uniformly dis-
tributed in their cells. We also adopt a heuristic power control
policy so that the received power of the strongest signal is
always a unit constant. Thus, the effective channel matrixĤ
seen by the transmit beamformer also includes the power con-
trol matrix, i.e.Ĥ = HP whereP = diag{P1, P2, ..., PN} is
the power control matrix. For purpose of exposition, our sum-
product algorithm implements the following transmit beam-
former introduced in [10], [11]

T = KĤ
H

(
ĤĤ

H
+

Nσ2

Pt
I

)−1

, (17)

which is shown in [10], [11] to minimise the sum of the MSE
between the individual received signal and the data symbol.
Here, β = Nσ2

Pt
. Recall thatK is the normalising constant

used to satisfy the total power constraintPt and σ2 is the
MS receiver noise. Note thatPt should be interpreted as the
power constraint imposed on the transmit beamformer and not
the total transmit power of all BSs (which would also include
the power used to scale the signal to be transmitted according
to our power control policy) and it is assumed to be 19 units.

We consider a scheme whereby we revert to the single-
cell processing whenever the algorithm fails to converge, as
indicated by condition in Theorem 5.2. We shall refer to this
scheme as the SP-SC scheme. Fig. 3 shows the achievable rate
in the Shannon-theoretic sense for user 1 (user in the middle
of the network) for the SP-SC scheme, averaged over 10000
channel realisations. For comparison purpose, we also plot
the average achievable rates for the centralised scheme and
the single-cell processing scheme. We observe that the SP-
SC scheme achieves a performance close to the centralised
scheme.

VII. C ONCLUSION

Multicell processing with cooperative BSs has tremendous
potential to meet the ever increasing demand for higher data
rates in cellular networks. In the downlink scenario, we show
how that gain can be realised by utilising multiple BSs in

a distributed version of downlink beamforming in which
information is shared only between adjacent BSs. A simple
and efficient distributed downlink beamforming algorithm is
designed based on the sum-product algorithm. We provide the
condition for convergence and show that the performance is
close to the performance achieved the centralised solution.
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