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ABSTRACT

|

The emerging area of control with limited data

rates incorporates ideas from both control and information
theory. The data rate constraint introduces quantization into
the feedback loop and gives the interconnected system a twofold nature, continuous and symbolic. In this paper, we review
the results available in the literature on data-rate-limited
control. For linear systems, we show how fundamental tradeoffs between the data rate and control goals, such as stability,
mean entry times, and asymptotic state norms, emerge
naturally. While many classical tools from both control and
information theory can still be used in this context, it turns out
that the deepest results necessitate a novel, integrated view of
both disciplines.
KEYWORDS

| Control under communication constraints; feed-

back data rate; fundamental performance bounds; quantized
control

I. INTRODUCTION
Communications and control have traditionally been areas
with little common ground. Communications theory is
mainly concerned with the reliable transmission of
information from one point to another, and is relatively
indifferent to the specific purpose of the transmitted
Manuscript received August 12, 2005; revised September 3, 2006. The work of
G. N. Nair was supported by the Australian Research Council under Grant DP0345044.
G. N. Nair is with the Department of Electrical and Electronic Engineering, University of
Melbourne, VIC 3010, Australia (e-mail: gnair@ee.unimelb.edu.au).
F. Fagnani is with the Department of Mathematics, Politecnico di Torino,
10129 Torino, Italy (e-mail: fabio.fagnani@polito.it).
S. Zampieri is with the Department of Information Engineering, Universita di Padova,
I-35131 Padova, Italy (e-mail: zampi@dei.unipd.it).
R. J. Evans is with the NICTA Victoria Research Laboratory, Department of Electrical
and Electronic Engineering, University of Melbourne, VIC 3010, Australia
(e-mail: rob.evans@nicta.com.au).
Digital Object Identifier: 10.1109/JPROC.2006.887294

108

Proceedings of the IEEE | Vol. 95, No. 1, January 2007

information and whether it is eventually fed back to the
source. Control theory, in contrast, is concerned mainly
with using information in a feedback loop to achieve some
performance objective, and usually assumes that limitations in the communication links do not affect performance significantly.
In engineering systems with large communication
bandwidth, it makes sense to treat communication and
control as independent functions, since the analysis and
design of the overall system is simplified. However, recent
emerging applications, such as sensor networks, microelectromechanical systems, mobile telephony, and industrial control networks, have begun to challenge the validity
of this modular approach. In these applications, the aim is
to control one or more dynamical systems, using multiple
sensors and actuators transmitting and receiving information over a digital communication network.
Although the total communication capacity in bits per
second may be large, each component is effectively
allocated only a small portion. This can introduce large
quantization errors that impinge on control performance,
due to the low resolution of the transmitted data.
Quantization errors are not a new topic in control
theory, and there exists a significant body of work in which
quantization is modeled as extra additive white noise,
thereby allowing the standard solutions of stochastic
control to still be applied; see, e.g., [16]. Though this
approach is reasonable if the quantizer resolution is high,
it is invalid if the resolution is coarse and the open-loop
dynamics are unstable. In particular, it fails to capture the
fact, discovered only recently in [5], [81], that there exists
a critical positive data rate below which there does not
exist any quantization and control scheme able to stabilize
an unstable plant. This phenomenon strongly implies that
low communication capacity has a significant negative
0018-9219/$25.00  2007 IEEE
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effect on the attainable control performance. Clearly, a
much more rigorous analysis is required, in which the
communication and control aspects are considered jointly
rather than in isolation.
Though large networked systems with multiple sensors
and actuators are the driving motivation for the results
described here, the first step towards understanding them
is to analyze the simplest possible network topology,
consisting of one controller and one dynamical system
connected by a feedback loop with a given data rate in bits
per unit time. Real digital communications channels of
course offer a variety of other challenges, such as bit
errors, random delays, erasures, etc., but in this paper we
focus exclusively on explaining the limitations imposed by
the constrained data rate.
Within this perimeter, the most fundamental question
which can be asked is: what is the smallest feedback data
rate above which a given dynamical system can somehow
be stabilized? This is analogous to Shannon’s source coding
theory, which seeks to determine the smallest data rate
above which a given random process can be reliably
communicated, i.e., with arbitrarily small probability of
error [14], [73]. The crucial difference however, is that in
control systems the data are not just transmitted from one
point to another, but are used in a feedback loop.
Moving beyond stability, the next question is: given a
dynamical system, how can one characterize the fundamental tradeoff that must exist between the communication rate and the optimal attainable control performance?
This is the control-theoretic version of Shannon’s ratedistortion theory for digital communications [7], [74]. The
main aim of this paper is to formulate these questions for
linear dynamical systems, and to explain some of the
answers offered in the literature. However, before doing
so, we first provide a brief overview of some of the major
contributions to data-rate-limited control in the literature.
We then sketch the contents of this paper in more detail.

A. Overview of the Literature
As discussed above, there are striking analogies
between the goals of data-rate-limited control, and those
of source coding and rate-distortion in information theory
[7], [73]. Despite this, information theory has been of
limited value in real-time networked control systems,
since the bounds it yields rely on coders with arbitrarily
long block lengths and delays. This can have a particularly
severe effect if the system has unstable dynamics.
Somewhat more progress on this topic has been made
in the control literature, especially in recent years. As
mentioned above, quantizers in control systems were
traditionally modeled as sources of extra additive white
noise. The shortcomings of this approach were made very
clear in the seminal paper [20], in which it was shown that
a noiseless and unstable linear plant with eigenvalues less
than 2 in magnitude could still be asymptotically controlled to the origin using memoryless quantization of the

state, but if an eigenvalue magnitude was larger than 2
then chaotic trajectories resulted. This result was completely beyond the reach of the white noise model, and
underlined the importance of a pursuing a rigorous
analysis of coding and quantization in feedback systems.
Subsequently, the first results on minimum data rates
for stabilizability appeared in [4], [81], where it was shown
that a noiseless scalar plant with parameter jaj 9 1 can be
kept bounded by memoryless quantized control if and only
if the available data rate exceeds log2 jaj bits per sample.
These results were the first instances of the Data Rate
Theorem. Similar tight bounds were subsequently obtained
for the asymptotic stabilizability of noiseless autoregressive moving average systems [58], and linear state-space
systems [34], [59], [77], using different formulations and
techniques.
The improvement from boundedness to asymptotic
stability above becomes possible by permitting the
quantizer or encoder to possess memory, and follow an
adaptive zooming-in/zooming out strategy [12], [44], [65].
This is based on dynamically adjusting the range of the
quantizer so that it increases as the plant state approaches
the target (zooming-in phase), and decreases if the state
diverges from the target (zooming-out phase). The
underlying intuition is that, in order to drive the state to
the target, the quantizer resolution should be high close to
the target but coarse far from it. We remark that these
techniques can be easily adapted to synthesize controllers
yielding guaranteed rates of state convergence. Indeed,
with encoder memory the infinite-horizon quadratic
regulation cost for a noiseless linear plant may be brought
as close as pleased to the to the classical optimal linear
quadratic regulation (LQR) cost, provided that the average
data rate exceeds the intrinsic entropy rate H (defined in
Section II) of the plant [72]. The same problem but with a
limited instantaneous data rate is explicitly solved for scalar
plants in [63]. In this case, the optimal cost is, as expected,
strictly greater than the classical cost, but approaches it
asymptotically with increasing rate.
The idea of increasing quantizer resolution close to the
origin can also be applied to memoryless quantizers. It has
been shown that, if the number of quantization levels is
not constrained a priori, then the most efficient quantizer
for obtaining stability with respect to a quadratic Lyapunov
function is logarithmic [22]. The design of logarithmically
and uniformly quantized controllers that achieve specifed
levels of quadratic attractivity is considered in [35]–[37]. In
the recent article [30] a sector bound approach is used to
study logarithmically quantized systems, in terms of
quadratic stability as well as H2 and H1 performance
criteria.
The issue of robustness has also been considered, both
with respect to variations in the plant [66], and in the
effective data rate of the channel [42]. In the latter article,
it is proved that if a noiseless linear plant in continuous
time is quantized and controlled without memory, then
Vol. 95, No. 1, January 2007 | Proceedings of the IEEE
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the strategy which is most robust to changes in the data
packet transfer time is binary quantization with short
sampling intervals. We also remark that stability in the
presence of additive disturbances with known bound is
considered in [34], [46], and [77]. In particular, the lastmentioned article presents a zooming quantized control
policy which achieves input-to-state stability for linear
systems, without knowledge of a disturbance bound.
Various extensions of the techniques above have been
proposed for nonlinear systems [6], [9], [18], [19], [45],
[48], [62]. The article [45] applies the zooming strategy to
input-to-state-stable nonlinear systems to guarantee asymptotic stability. The same techniques are
used in [18], but with the ISS assumption on the
plant relaxed to asymptotic stabilizability. In [62],
the data rate necessary to stabilize a nonlinear
system is connected to the concept of the
topological feedback entropy of a nonlinear plant.
This notion generalizes the well-known topological entropy of a nonlinear system without inputs
[1], [41], [68]. The article [48] extends the
logarithmic quantization strategy to affine nonlinear systems, and in [19] bit-rate bounds for
stabilizing nonlinear systems with a feedforward
structure are derived. See also the papers [33], [83] for
related results on the adaptive stabilization of uncertain
plants.
All the results above concern plants that are deterministic apart from a possibly random initial condition. With
regard to stochastic plants, the major contributions have
been in [10], [50], [52], [57], [60], [79], [80]. In [10], datarate-limited control of partially observed linear Gaussian
systems is considered under a quadratic cost. It is shown
there that if the measurements are passed through a
minimum variance filter, and the input to the quantizer is
chosen to be the innovations of the filter process, then the
design of the coding and control laws can be performed
separately. Separation and certainty equivalence for linear
Gaussian plants are addressed in a more general setting in
[79], which also presents rate-distortion-theoretic lower
bounds on performance over additive white Gaussian noise
channels and high rate noiseless digital channels. The
article [80] gives necessary and sufficient conditions
for stabilizing single-input, single-output, linear timeinvariant (LTI) Gaussian plants, using uniform quantizers
and variable length coding, under the restriction that the
controller must also be LTI. In the paper [60], the mean
square stabilizability of linear plants with possibly nonGaussian noise is considered. By exploiting the properties
of differential entropy power, a universal lower bound is
obtained on the time-asymptotic mean square state norm.
In particular, this bound implies that as the data rate
approaches the intrinsic entropy rate H of the plant, the
mean square state becomes arbitrarily large, regardless of
the coding and control scheme. The recent article [50] also
has the same flavour of result, showing that as the Shannon
110
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capacity C of the feedback channel decreases towards H,
the ability of the controller to shape the plant input power
spectrum diminishes.
The possibility of obtaining tight bounds on the data
rate necessary to stabilize a system is based on the use of
dynamic encoders and controllers with unlimited memory.
The analysis is much more intricate if we restrict to
memoryless or finite memory schemes. Under memoryless, finite-level quantization, the set of reachable points is
discrete or at most dense [3], [9], and only practical
stability can be achieved, namely states in some initial set

As the data rate approaches the
intrinsic entropy rate H of the
plant, the mean square state
becomes arbitrarily large,
regardless of the coding
and control scheme.

can be driven to a smaller target set, and not asymptotically
to the origin [5], [20], [24], [67], [81]. The main difficulty
in this case is due to the fact that performance should be
evaluated through a pair of indices, one depending on the
steady-state properties of the closed-loop system, the second on the quality of the transient [25], [26]. This prevents
the existence of a unique optimal controller, since it would
generally depend on the weights associated with the two
indices. Even though memoryless quantizers and controllers have been studied for longer, since the seminal
paper of Delchamps [20], results on the achievable performance in this case are still quite arduous to obtain and
difficult to interpret [25], [26]. The simplest contribution
in this field shows that, according to the relative weights
assigned to the steady state and to the transient, there are
three different optimal strategies: the first based on the
uniform quantizer, widely used in applications, the second
on the logarithmic quantizer [22], similar to the - and
A-law companders of communications [69], and the third
on the chaotic quantizer, recently studied in [23] and [24].
In the framework of memoryless quantization, a recent
paper by Delvenne [21] is very promising, because it seems
to provide a new perspective which makes the problem
much more treatable.
Though the focus of this paper is on control over
noiseless digital channels, we remark here that a number
of results on noisy channels have recently been proposed.
Various models of the channel have been treated, e.g., the
digital erasure channel [47], [54], [78], the binary symmetric channel [53], [71], [75], and the truncation channel
[51]. If the communication channel between the sensor
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and controller is erroneous, the stabilization problem
becomes very complicated, and the results can depend
critically on the particular notion of stability, and whether
or not the transmitter has side-information on the channel
errors that have occured [47], [51], [54], [75], [78]. The
main point is that we cannot generally adopt the Shannon
concept of capacity C as the relevant figure-of-merit for
noisy channels in feedback control systems. Although the
inequality C 9 H is both necessary and sufficient for
almost sure asymptotic stabilizability without sideinformation [53], this bound does not hold true for other
stability objectives, e.g., mean square stability. The reason
is that in Shannon coding theory, reliable transmission at a
rate close to C is possible only at the price of significantly
increasing the coding delay. However, as this delay is
increased, the plant state will be driven further from the
origin, and so more information again will be needed to
stabilize it. In [71], the novel concept of anytime capacity is
introduced, a notion which takes into consideration the
recursive structure of incoming data. It is argued that if the
control objective is moment stability, then anytime, not
Shannon, capacity is the correct figure of merit for the
noisy channel. Unlike Shannon capacity however, anytime
capacity does not in general have a simple expression
amenable to computation; this, at the moment, is its main
drawback. Notwithstanding the preceding discussion, it
turns out that when the channel is analog with additive
Gaussian noise, and the plant is linear Gaussian, the
inequality C 9 H is necessary and sufficient for mean
square stabilizability, with no quantization or coding
required [29], [79]. See also [17], [70] for related results
on noisy bandlimited analog channels.
All the articles described above focus on systems with
one sensor and one actuator. However, as remarked at the
start of this section, the main application for this research is
in networked control systems with multiple sensors and
actuators. Steps have been recently taken towards deriving
fundamental necessary and sufficient rate regions for the
stabilizability of such systems, for the case of multiple
sensors with a single actuator [55], [76], and with multiple
actuators [56], [61], assuming no noise. Channel noise and
coding strategies for networked systems are considered in
[43], and in [32] a model predictive approach is proposed
for designing a centralized control strategy for a noisy linear
system with multiple, separately quantized inputs and
outputs. Finally, we remark that there are two other strands
of research on systems with multiple sensors and actuators,
in which quantization and data rate limitations are largely
ignored. One focuses primarily on scheduling and communication medium access protocol designVsee, e.g., [13]
and [64]. The other arises from coordination problems in
which the main interest is on decentralized strategies and
the graph-theoretic aspects of the required information
flows. The special issue [2] contains recent articles along
these lines, as well as discussions of other communication
issues such as variable delay and random dropouts.

B. Overview of Paper
The aim of the present paper is to present some of the
main ideas that form the basis of this field of research. The
style will be between a tutorial, with an attempt to cover
the multiple aspects of the problem, and a technical paper
proposing some new results.
Indeed, in the next section we present new universal
lower bounds on feedback data rate and performance for
linear systems with deterministic bounded disturbances.
The elementary nature of our arguments will hopefully
permit the essential aspects of the problem of data-ratelimited control to emerge more clearly. It also lets us
easily relate both the data rate and channel delay to the
degradation in attainable performance, an original
contribution.
On the other hand, in order to maintain the tutorial
character of the paper, in the construction of the encoder
and controller in Section II-B, we prefer to focus on scalar
systems. The same has been done in Sections IV and V.
In Section III, we discuss what is known about the
structure of coding and control schemes for stochastic
linear plants. Building on the arguments in [79], we
demonstrate that certainty equivalence and a separationlike property apply under a quadratic cost. In other words,
the joint coding and control optimization problem can be
solved by encoding the plant states so as to minimize a
certain distortion metric, and then using the decoded
estimate in a certainty equivalent control law. However,
complete separation between coding and control is not
attained, since the coder distortion metric depends on the
control input matrix as well as the plant dynamical matrix.
In Section III, we also discuss the fact that if a linear
plant has at least one strictly unstable mode and either the
initial condition or process noise distribution has infinite
support, then no time-invariant coding and control law
with a finite-valued internal state can stabilize the plant.
This rules out many common coding schemes, such as
memoryless quantization and differential pulse code modulation, from infinite-horizon stochastic control problems.
Instead, coder-controllers with continuous-valued internal
states must be considered, similar to the zooming
quantizers of [12].
In Section IV we restrict to control strategies in which
the encoder and the controller can have finite memory,
namely their state spaces have finitely many elements. It is
not surprising that this restriction complicates the
analysis. It is surprising instead that the particular case
of memoryless controllers, which is important in applications, basically maintains these difficulties. As mentioned
before, in this case only practical stability is obtainable
when starting from unstable plants, and so the performance has to be described by two conflicting parameters,
one describing the steady-state behavior, the other describing the transient behavior of the closed-loop system.
In this analysis we follow the approach recently proposed
in [21], with some original extensions. We present both a
Vol. 95, No. 1, January 2007 | Proceedings of the IEEE
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general bound highlighting the relations between the
performance parameters and the complexity of the control
scheme, and two control techniques that allow this bound
to be attained in some particular cases.

The key ideasVnamely, the
linear amplification, addition,
and partitioning of uncertainty
volumesVremain the same, and
in fact emerge more clearly.
The analysis becomes even more arduous if we restrict
to quatization laws with connected quantization regions.
The aim of Section V is to present some fundamental
bounds relating the controller complexity and the performance in this case, as well as a brief description of the
fundamental synthesis techniques which can be proposed
in this case, namely the zooming-in/zooming-out strategy,
the uniform quantizer strategy, the logarithmic quantizer
strategy and the chaos based strategy. In addition, we
briefly present some of the robustness results proposed in
[42] that characterize the relation between quantization
and sampling period in the control of continuous time
systems.
We conclude this paper with a section devoted to
conclusions, containing a list of problems which we think
should be considered in future research.
n

Notation: The symbol R will denote the set of the
n-dimensional column vectors with real entries while Rnm
means the set of the n  m matrices with real entries. If
A is a square matrix, det A denotes its determinant. The
2-norm of a vector x 2 Rn will be denoted by kxk. Discrete time is denoted by t 2 ½0; 1; 2; . . .Þ, and the symbol
at is used to indicate an element of a sequence. Where
there is no risk of confusion, the entire sequence is also
denoted by at ; otherwise the more explicit notation
fat gt 0 is used. If S is a finite set, kSk represents its
cardinality, namely the number of its elements. If X is a
measurable subset of Rn , the symbol ðXÞ means the
Lebesgue measure of X.

II. CODING AND CONTROL SCHEMES
WIT H UNRES T RI CT E D ME MORY
In this section, we present a formulation of the problem of
communication-limited control for linear time-invariant
systems with additive disturbances. For the sake of
generality, we permit the coding and control policy to
have possibly unrestricted memory,1 and as our emphasis
1
We note in advance that there exist stabilizing policies with finitedimensional memory.
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here is primarily on understanding the effects of finite data
rate and delay, we assume that the digital channel used for
feedback is errorless, with a constant propagation delay.
The main results of this section, Theorem 1 and
Proposition 1, present fundamental lower bounds
on the allowed data rate and time-asymptotic
state norm for all stabilizing policies.
The framework presented in this section is
essentially that of [60], in which the disturbances
were modeled as possibly non-Gaussian random
vectors. For the sake of simplicity, we adopt a
deterministic viewpoint here, and regard the
disturbances as bounded unknowns. The key
ideasVnamely the linear amplification, addition,
and partitioning of uncertainty volumesVremain the
same, and in fact emerge more clearly.
Nonetheless, there is an important aspect of the
stochastic problem, namely the instability of all finite-state
coding and control schemes, which has no parallel in the
deterministic framework. This is discussed briefly in
Section III-B. In addition, in the deterministic setup, the
universal lower bound on the state magnitude is tight for
scalar plants. That is, for one-dimensional systems we
obtain an exact characterization of the fundamental
tradeoffs between data rate, delay, and Bcheap[ control
performance.
Consider the partially observed, discrete-time linear
plant


xtþ1
yt

= Axt þ But þ vt ,
= Cxt þ wt ,

8t

0

(1)

where xt 2 Rn is the state at time t 0, ut 2 Rm is the
control input, yt 2 Rp is the measured output, vt 2 Rn is
unknown process noise, wt 2 Rp is unknown measurement
noise, and A, B, and C are constant known matrices of
appropriate dimensions. For the problem to be well-posed,
it is also assumed that the pair ðA; BÞ is reachable, and
ðC; AÞ, observable.
Without loss of generality, it may be supposed that a
similarity transformation has been applied to the state
coordinates so that the stable and unstable modes of the
plant are decoupled, i.e.,


Au
A¼
0

0
As


(2)

where all the eigenvalues of Au 2 Rf f have magnitudes
1, all those of As 2 Rnf have magnitudes G 1 and
where the 0’s denote matrices with zero entries of
appropriate dimensions. It turns out that in all our results
the stable part does not play any key role. For the sake of
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keeping the notation as simple as possible, we therefore
assume from now on that A ¼ Au , namely that all
eigenvalues have magnitudes
1. We also define the
intrinsic entropy rate of the plant to be

H :¼ log2 jdetAj:

(3)

As mentioned above, in order to simplify the analysis
we assume in this section that x0 , vt , wt are deterministic unknowns, belonging to bounded and Lebesguemeasurable sets X 0  Rn , V  Rn , W  Rp , respectively.
Suppose that the sensors that measure the plant output
are located some distance away from the controller, and
communicate with it over a digital channel, onto which
one symbol st from a finite alphabet S of cardinality
M 1, is transmitted during the ðt þ 1Þth sampling
interval. In many practical applications, the channel is
inherently noisy because of interfering transmissions,
background noise, contention with other users, and so on.
However, by assuming that appropriate error correction
coding or repeat request protocols are in place at lower
levels of the communication protocol, we can view the
channel as being noiseless, with possibly a constant
propagation delay of d sampling intervals.2 We define
the data rate of the channel as
R :¼ log2 Mðbits=sampleÞ:

8t

0

(5)

where t : Rpðtþ1Þ  S t ! S is the coder mapping at
time t. Each transmitted symbol experiences a propagation
delay of d sampling intervals, so at time t the controller has
the symbols s0 ; . . . ; std available. It can then apply a
control law of the general form
ut ¼ t ðstd ; . . . ; s0 Þ 2 Rm ;

8t

where t : S tdþ1 ! Rm is the controller mapping at
time t.3 Fig. 1 illustrates the control scheme which results
from these considerations.
Let the coder-controller be defined as the pair of coder
and controller mapping sequences ð; Þ :¼ ðft gt 0 ;
ft gt 0 Þ, and let C be the set of all such pairs. We quantify
the performance of a coder-controller by the asymptotic
worst-case state norm

J :¼ lim sup kxt k : x0 2 X 0 ; :
t!1


vj 2 V; wj 2 W; j ¼ 0; 1; . . . : (7)

(4)

As the symbols in the channel are discrete-valued but
the plant measurements are continuous-valued, analog-todigital conversion, or coding, is required. In practice
constraints such as complexity and finite memory may be
important but, in the spirit of source coding [73], such
limitations will be ignored in this section to concentrate on
the communication aspect of the problem. Each transmitted symbol may thus depend on all past and present
measurements and past symbols
st ¼ t ðyt ; . . . ; y0 ; st1 ; . . . ; s0 Þ 2 S;

Fig. 1. Scheme representing the control under communication
constraints.

0

In other words, we are interested in how small the state
can be made in the long-term worst case scenario, if no
cost is placed on the controls and the data rate is fixed. In
the sequel, we employ elementary arguments to derive a
universal lower bound on the cost of any coder-controller,
in terms of the open-loop dynamics, the data rate R, and
the channel delay d.

A. Universal Lower Bounds
We now proceed to obtain universal lower bounds that
apply to any causal coder-controller, by studying the
evolution of state uncertainty volumes. The first result,
Theorem 1, presents universal lower bounds on data rate
and worst case asymptotic state norm applicable to all
stabilizing coder-controllers. The second result, in Proposition 1, is a tighter bound which also captures the effect
of channel delay. For the case of scalar systems, it is in fact
optimal.
The basic intuition we use to establish these results is
that the open-loop growth in subspace uncertainty volume

(6)

2
If a retransmission protocol is in use at a lower level, then the
sampling interval cannot be too short.

3
We adopt the convention that the first d control signals u0 ; . . . ; ud1 ,
that cannot be obtained from (6), are known preset inputs. Similarly, in
the coder (5) at time t ¼ 0, s0 is taken to be a function only of y0 , namely
s0 ¼ 0 ðy0 Þ.
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must be counteracted by a reduction in volume due to the
coding partitions. As it turns out, volumes are much easier
to analyze directly than vector norms because of several
convenient mathematical properties not possessed by
vector norms. The basic techniques in this section were
originally used in a stochastic setting, with differential
entropy power being the stochastic version of 2=nth power
uncertainty volume, and the entropy power inequality
playing the role of the Brunn–Minkowski inequality below,
leading to a mean-square-sense analog of Theorem 1 [60].
However, we adopt a purely deterministic framework in
this paper so that the key ideas in the argument may come
through more clearly.

Hence, if we put lt :¼ sup kxt k for t ¼ 0; 1; . . . , it holds
lnt
ðfxt gÞ. Further noting that fxt g  fxt : fsj gt1
j¼0 ¼
t1
fcj gj¼0 g for any symbol values c0 ; . . . ; ct1 2 S, we have
1=n lt

n
o
t1
max  xt : fsj gt1
¼
fc
g
j
j¼0
j¼0

1=n

¼: mt : (10)

c0 ;...;ct1 2S

In what follows, we will obtain a recursive lower bound on
the nth root maximum state uncertainty volume mt .
Observe that

mtþ1  max

t
fcj gj¼0

Conventions: Throughout the remainder of this section,
all system variables are to be understood to be implicit
functions on the domain fx0 2 X 0 ; v0 ; v1 . . . 2 V; w0 ;
w1 . . . 2 Wg. For the sake of notational conciseness this
will not be indicated explicitly; only additional restrictions
are indicated. In particular, we will simply use the notation
supkxt k to denote

¼ max

t

n
o
xtþ1 : fsj gtj¼0 ¼ fcj gtj¼0
n

fcj gj¼0

¼ max

t

n

fcj gj¼0

1=n


Axt þ Bt fcj gtd
j¼0
þ vt : fsj gtj¼0 ¼ fcj gtj¼0

o

1=n

Axt þ vt : fsj gtj¼0
¼ fcj gtj¼0

o

1=n

(11)

supfkxt k : x0 2 X 0 ; v0 ; v1 . . . 2 V; w0 ; w1 . . . 2 W g:
Theorem 1: Let any causal coder-controller (5), (6), with
data rate R (4), be applied to the noisy linear system (1),
with intrinsic entropy rate H (3). Then the following
bounds hold.
1) If R  H, and the process noise set V has Lebesgue
measure ðVÞ 9 0, then

t!1

n

else if R 9 H, then

lim sup kxt k

t!1

ðX þ YÞ1=n

1=n ðVÞ1=n
1  2ðRHÞ=n

ðX Þ1=n þ ðYÞ1=n

(12)

i.e., nth-root volume is super-additive. As vt does not depend on the symbols c0 ; . . . ; ct , we can rewrite the set on
the right-hand side (RHS) of (11) as

lim sup kxt k ¼ 1

2)

using the fact that the volume of a set remains invariant
under a constant translation. Now, for any two sets
X ; Y  Rn , define the set sum X þ Y :¼ fx þ y : x 2 X ;
y 2 Yg. If X ; Y are Lebesgue-measurable, the Brunn–
Minkowski inequality (see, e.g., [14, p. 501]) states that

(8)

where  is the volume of the n-dimensional
sphere with unit radius.
Proof: To begin the volume-based analysis, observe
that for any bounded measurable X  Rn , it clearly holds
that

o
Axt þ vt : fsj gtj¼0 ¼ fcj gtj¼0
n
o
¼ Axt : fsj gtj¼0 ¼ fcj gtj¼0 þ fvt g:

Applying the Brunn–Minkowski inequality, we then have

mtþ1

max

t

fcj gj¼0

n

Axt : fsj gtj¼0 ¼ fcj gtj¼0

o

1=n

þ ðfvt gÞ1=n ;
¼ jdet Aj1=n max
t1

fcj gj¼0

n
o
max  xt : fsj gtj¼0 ¼ fcj gtj¼0

1=n

ct

ðX Þ   ðsupfkxk : x 2 X gÞn :
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þ ðfvt gÞ1=n

(13)
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using the standard formula for volume change under linear
transformations. As st is a function of previous symbols,
and past and present states
n

o [n
o
t1
t
t
xt : fsj gt1
¼
fc
g
x
:
fs
g
¼
fc
g
¼
j j¼0
t
j j¼0
j j¼0 :
j¼0
ct 2S

Hence
n
o
t1
 xt : fsj gt1
j¼0 ¼ fcj gj¼0
o
X n

 xt : fsj gtj¼0 ¼ fcj gtj¼0
ct 2S

 M max 

n

ct 2S t

xt : fsj gtj¼0 ¼ fcj gtj¼0

o

:

Substituting this into (13), we obtain
mtþ1

Proposition 1 (Universal Bound in Terms of Rate and
Delay): Let any coder-controller (5), (6) with data rate R
(4), and channel propagation delay d, be applied to the
noisy linear system (1) with intrinsic entropy rate H (3). If
R 9 H 9 0, then

jdet Aj1=n max
t1

fcj gj¼0

 M1=n 

n
o
t1
xt : fsj gt1
¼
fc
g
j j¼0
j¼0

1=n

lim sup kxt k

þ ðfvt gÞ1=n
det A
¼
M

t!1

1=n



1=n

mt þ ðVÞ

¼ 2ðRHÞ=n mt þ ðVÞ1=n :

(14)

If R  H, then it follows that mt ! 1. By (10), this proves
item (1) in the theorem.
Assume now that R 9 H. We can easily solve the forced
linear recursive inequality (14) to obtain
1=n

mt

[5], [34], [59] and stochastic [60]. In Section II-B, we
describe how to construct a stabilizing coder-controller at
any rate R 9 H, for the special case of a scalar plant.
The second part of the result above indicates that for
any coder-controller, the cost increases as the noise
uncertainty volume ðVÞ increases. Furthermore, as the
data rate is reduced to the critical value H, the cost must
always become unbounded, implying that a data rate which
is too low affects performance significantly, regardless of
the coding and control scheme in use. This was also
established in a mean-square setting with unbounded nonGaussian noise in [60].
A major deficiency of (8) is that it is independent of the
channel propagation delay d. As performance should
naturally deteriorate as d increases, this bound clearly
cannot be tight. However, a better one can be obtained in a
few more steps, using the same volume analysis ideas.

ðVÞ
þ
1  2ðRHÞ=n

1=n

1=n




2Hd=n
2Hd=n  1
þ
ðVÞ1=n
1  2ðRHÞ=n 2H=n  1

(16)

where  is the volume of the n-dimensional sphere with
unit radius, and ðVÞ is the Lebesgue measure of the
process noise set.
Proof: Looking d sample intervals ahead, (10) can be
replaced by
 1=n ltþd

!

ðVÞ
m0 
2ðRHÞt=n :
1  2ðRHÞ=n
(15)

ðfxtþd gÞ


¼  fAd xt þ rt þ zt g ; 8t 0
tþd1

X
jd
where rt :¼
Atþd1j Bj fsi gi¼0 ;

(17)

j¼t

Letting t ! 1 in (15), we immediately obtain (8).

h

zt :¼

tþd1
X

Atþd1j vj :

(18)

j¼t

Remarks: Notice that the bounds above are also lower
bounds of the cost J  limt!1 sup kxt k defined in (7). The
first part of the theorem states that any coder-controller
which yields uniformly bounded worst case states must
operate at a data rate R which strictly exceeds the entropy
rate H of the plant. In other words, information must be
transported as fast as the plant generates it, or else
instability occurs. As it turns out, it is possible to attain
closed-loop stability at any data rate R 9 H, i.e., the bound
R 9 H is in fact tight. This is sometimes known as the datarate theorem, and has been shown to apply, under different
notions of stability, to linear plants that are deterministic

Observe that with the coder-controller fixed, rt and xt are
functions of the past noise terms and initial condition,
whereas zt is determined by only the present and future
process noise vt ; . . . ; vtþd1 . In terms of set addition, we
thus have
fAd xt þrt þzt g ¼ fAd xt þrt gþfzt g
X

 tþd1
¼ Ad xt þrt þ
fAtþd1j vj g:

(19)

j¼t
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The effects of d and R do not
separate out in a simple way,
and with increasing delay the
performance deterioration
due to a low data rate
becomes more severe.
From (17) and (19), applying the Brunn–Minkowski
inequality (12), we obtain
 1=n ltþd

performance. The formula states that for a fixed
data rate R 9 H the steady-state norm must always
grow at least like 2Hd=n with increasing d, and for
fixed delay, like 1=ð1  2ðRHÞ=n Þ with decreasing
R. However, the effects of d and R do not separate
out in a simple additive or multiplicative way, and
with increasing delay the performance deterioration due to a low data rate becomes more severe. A
universal bound growing exponentially in delay d
was also derived in [11], for analog channels.
If H ¼ 0 then the arguments used in the preceding proof
do not hold. However, we can easily obtain in this case


1=n
 fAd xt þ rt g
tþd1
X

þ

lim sup kxt k


1=n
 fAtþd1j vj g ;



1=n



t!1


1
þ d ðVÞ1=n
1  2R=n

(21)

j¼t



 fAd xt þ rt g
þ

tþd1
X

1=n

jdet Ajðtþd1jÞ=n ðVÞ1=n ;

j¼t

8t

0:

(20)

As additional restrictions on a set cannot increase its size


 fAd xt þrt g

o
Ad xt þrt : fsj gtj¼0 ¼ fcj gtj¼0 ;
n
o
¼  Ad xt : fsj gtj¼0 ¼ fcj gtj¼0 ;


n

8c0 ; . . . ; ct
by the translation-invariance of Lebesgue measure, since rt
is constant given the given symbols fsj gt1
j¼0 . Hence

which is just the limiting value of the lower bound (16) as
H ! 0. In this case, the individual effects of data rate and
delay on performance do separate out additively.
We remark briefly that the volume-based techniques
used to derive (16) also yield universal lower bounds on
worst-case sum-like costs, and similar ideas can also be
used in mean-square formulations with stochastic noise. In
some applications, it may be desirable to allow the coding
alphabet size to vary over time in a predetermined way. It
can be shown that (16) still holds in this case, provided
that R is taken to be the long-term average data rate.
Observe that in the limit R ! 1, corresponding to the
classical situation without communication constraints,
(16) becomes

1=n

lim sup kxt k

t!1

fAd xt þ rt g

n
o
Ad xt : fsj gtj¼0 ¼ fcj gtj¼0 ;
c0 ;...;ct
n
o
¼ jdet Ajd max  xt : fsj gtj¼0 ¼ fcj gtj¼0
max 

2Hðdþ1Þ=n  1
ðVÞ1=n :
2H=n  1

(22)

As no assumptions but causality were made on the control
law, this lower bound holds for any possibly nonlinear and
time-varying controller with unconstrained data rate.
Finally, note that in the special case of a scalar system
with dynamical parameter jaj 9 1, we have n ¼ 1 and
 ¼ 2, and so

c0 ;...;ct

d

 jdet Aj mnt :
Substituting this into (20), and simplifying, we obtain

"

d=n

1=n ltþd

jdet Ajd=n mt þ

jdet Aj

1

jdet Aj1=n  1

ðVÞ1=n ; 8t

0:

By taking inferior limits, and substituting the second
inequality of (8) into the RHS, we obtain (16).
h
Remarks: The bound (16) provides a method for comparing the relative impacts of delay, data rate, open-loop
instability, and process noise on steady-state control
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#
jajd
jajd  1 ðVÞ
þ
lim sup jxt j
2
1  jaj=M jaj  1
t!1


2Hd
2Hd 1 ðVÞ
:

þ H
ðRHÞ
2 1
2
12

(23)

In the next section, we will construct a coding and control
scheme for scalar systems which actually achieves this
lower bound. In other words, the RHS of (23) is in fact the
optimal asymptotic worst case state magnitude.
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B. Tightness of Bounds
A natural question to ask is whether the universal
lower bounds on data rate and performance obtained in
Section II-A are tight, i.e., whether it is possible to
construct a coder-controller with data rate and/or cost
arbitrarily close to them. The tightness of the errorless data
rate bound R 9 H has been established in numerous articles
for linear plants with bounded disturbances [34], [77],
stochastic disturbances [60], and no disturbances [34]. The
essential steps are to 1) transform the plant into real Jordan
form, so that all the open-loop dynamical modes of the
plant are decoupled and 2) allocate the available data rate
among the unstable modes so that each mode receives an
average data rate which is slightly larger than its intrinsic
entropy rate. We refer the reader to the references above
for details. It is important to note that although we have
permitted the coder and controller to have possibly infinite
memory here, the actual construction of a stabilizing codercontroller typically only requires a finite-dimensional recursive structure. In addition, the channel data rate must be
defined in a time-average sense for rates arbitrarily close to
H to be attainable in general.
On the other hand, the tightness of the state norm
bound (16) is difficult to confirm for state dimensions
greater than 1, and geometric considerations suggest that it
is not tight. However, for scalar fully-observed plants, the
bound is in fact attainable, and we construct the optimal
coder-controller below.
Assuming that M 9 jaj, suppose that just before time t
the coder can construct, on the basis of the past symbols
s0 ; . . . ; st1 , an interval X t of some length 2lt containing
the state xt . Note that this interval will generally not be
centered at the origin. At time t, the coder partitions X t
into M equal subintervals, and transmits the index of the
one (call it I t ) which contains xt .
From the dynamics of the plant, xtþ1 must then lie in
the interval

interval update equations as the coder, it can determine
the interval X tdþ1 containing xtdþ1 . From the dynamics,
it then knows that
t
X

xtþ1 2 J tþ1 :¼ ad X tdþ1 þ b

t
X

atj uj þ

j¼tdþ1

fatj vj g

j¼tdþ1

(25)
and calculates ut such that J tþ1 is centered on the origin.
Denoting the midpoint of X tdþ1 by x^tdþ1 , and observing
that the noise sets fvj g are symmetrical about the origin,
this means that the control at time t is given by

ut ¼ ad x^tdþ1 =b 

t1
X

atj uj :

j¼tdþ1

From (25), the half-length of J tþ1 3 xtþ1 is readily seen
to be

jajd ltdþ1 þ

t
X
j¼tdþ1

jajtj

ðVÞ
jajd  1 ðVÞ
¼ jajd ltdþ1 þ
:
2
jaj  1 2

As J tþ1 is centered on the origin, we immediately obtain

sup jxtþ1 j  jajd ltdþ1 þ

jajd  1 ðVÞ
; 8t
jaj  1 2

d  1:

As a consequence, using (24)
"

#
jajd
jajd 1 ðVÞ
J ¼ lim sup jxtþ1 j 
:
þ
t!1
2
1jaj=M jaj1

X tþ1 ¼ aI t þ but þ fvt g
using set addition. As the coder also knows ut ¼ t ðstd ;
. . . ; s0 Þ, it can calculate the new interval. Observing that
the length of I t is 2lt =M, that fvt g has length ðVÞ, and
that ut has the effect of a simple translation, it follows that
the half-length of X tþ1 satisfies
jaj
ðVÞ
lt þ
; 8t
M
2
ðVÞ
) lim lt ¼
:
t!1
2ð1  jaj=MÞ
ltþ1 ¼

0:
(24)

At the other end of the channel, just after time t the
controller would have received s0 ; . . . ; std . Using the same

This scheme thus achieves the universal lower bound (23),
and is globally optimal.

III . STRUCTURAL RESULTS FOR
STOCHAS T IC PLANTS
In this section we discuss what is known about the structure of coding and control schemes for stochastic linear
plants, i.e., if the initial condition and additive disturbances entering the linear plant (1) are treated not as
bounded unknowns, but rather as realizations of random
vectors with infinite-support distributions. Though the
essential nature of the problem does not change, there
are nonetheless some significant differences, particularly
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in regard to the structure of the coding and control
scheme.
Beginning with the good news in Section III-A, the
advantage of the stochastic viewpoint is that certainty
equivalence and a separation-like property apply if the cost
is quadratic. In other words, the joint coding and control
optimization problem can be solved by encoding the plant
states so as to minimize a certain distortion metric D, and
then using the decoded estimate in a certainty equivalent
control law. If the plant is partially observed with Gaussian
noise, then the optimal encoder will act instead on the
conditional mean state given the plant outputs. However,
complete separation between the coding and control
problems is not attained, since the distortion metric D
depends on the control input matrix as well as the plant
dynamical matrix.
In Section III-B we present the bad news: if a linear
plant has at least one strictly unstable mode and either the
initial condition or process noise distribution has infinite
support, then no time-invariant coding and control law
with a finite-valued internal state can stabilize the plant.
This means that simple and common coding schemes, such
as memoryless quantization and differential pulse code
modulation, cannot be considered for infinite-horizon
stochastic control problems. Instead, we are forced to
consider coder-controllers with continuous-valued internal
states, similar to the zooming quantizers of [12]. In
contrast, if the disturbances were modeled as bounded
unknowns then a memoryless quantizer with sufficiently
large range can always stabilize the plant.
Throughout this section, we assume that the linear
plant takes the form (1), but with fully observed
states yt ¼ xt , and where the initial condition x0
and additive disturbances v0 ; v1 ; . . . are realizations of mutually independent random variables
X0 ; V0 ; V1 ; . . . with distributions possessing possibly noncompact support. Additional assumptions
relevant to each subsection are introduced as
necessary.

A. Certainty Equivalence and
Quasi-Separation
In the classical situation without communication
constraints, it is well known that if the process and
observation noise in the system are independent processes,
and the cost is quadratic in state and control, then both
certainty equivalence and the separation principle hold (see,
e.g., [8, ch. 5]). In other words, the solution is obtained by
1) filtering the plant outputs to generate the conditional
mean of the current state given past and present
measurements and past controls, and then 2) using this
conditional mean in the optimal control law which would
apply if the plant were fully observed (certainty equivalence). The first step is equivalent to minimizing the mean
square state estimation error conditioned on past and
present measurements and past controls. By the linearity
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of the plant, this conditional mean square error is
independent of the control policy used, and hence the
optimal filtering law will not depend on the control law or
the input matrix B, apart from the control term added at
each time step. Hence, it may be assumed that these
controls are in fact zero. In the second step, it is clear that
the optimal gains do not depend on the solution to the
filtering problem or on the output equation, since these
gains are derived assuming full state observation. Thus, the
classical optimization decomposes into two separate
subproblems: an optimal filter problem for the uncontrolled version of the plant, and an optimal control
problem assuming full state observations.
We explore here the extent to which these useful
properties hold if the measurements are encoded and
transmitted over an errorless digital channel to the actuator. In general, the encoder and decoder introduce nonlinearities into the feedback path that invalidate certainty
equivalence and the separation principle. However, we
show that for recursive encoders that subtract out the
effect of past controls prior to coding, certainty equivalence still holds. Furthermore, there is no potential loss of
optimality in restricting the encoder to this form. The
design of the optimal encoder then reduces to minimizing
a certain distortion metric. This metric depends on the
input matrix, so the strong separation between estimation
and control of the classical case no longer applies. Instead,
we have an optimal control problem nested within an
optimal estimation problem. The early articles [27], [28],
[40] presented similar results for memoryless quantizers
but are problematic; see [49].4 In [15], analogous results

For recursive encoders that
subtract out the effect of past
controls prior to coding, certainty
equivalence still holds.
were derived for quantizers with a differential form, but the
global optimality of this structure was not considered.
Similarly, a separation principle was also derived in [10]

4
In [27] and [40], it is assumed that the errors yielded by the
memoryless quantizer are independent of past controls, which is generally
incorrect. In [27], there is also confusion about the information set
available to the controller, and an incorrect assertion that the state
conditioned on past symbols is Gaussian. In [28], it is claimed that the
optimal encoder is obtained by minimizing at each time step the current
weighted mean square quantization error, conditioned on past quantizer
outputs. The optimality of this greedy algorithm is doubtful, since the
current quantizer output will generally affect the conditional quantizer
error at future times, but the dynamic programming argument is only
sketched for the terminal time.
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for a class of encoders that quantized the innovations
directly.
More recently, certainty equivalence and separation
were discussed in [79] for fully observed plants controlled
via general, possibly noisy feedback communication
channels. Though the results are correct, there is a small
but somewhat crucial gap in the proof.5 In what follows,
we build on the ideas from [79] and complete the proof of
certainty equivalence and quasi-separation for fully observed linear stochastic systems that are regulated via
noiseless digital feedback channels.
Let the cost of a given coder-controller ð; Þ ¼
ðft gt 0 ; ft gt 0 Þ 2 C (5), (6) on a finite time interval
t 2 ½0; . . . ; T be given by the expected quadratic criterion
T
 0
 X


J2 :¼ E XTþ1
QTþ1 XTþ1 þ
E Xt0 Qt Xt þ Ut0 Rt Ut (26)

Fig. 2. Scheme representing the new parametrization of the
coder-controller.

t¼0

where QTþ1 ; . . . Q0 0; RT ; . . . R0 9 0 are specified weight
matrices that are respectively positive semidefinite and
positive definite. Let


t



fsi gtd1
:¼
i¼0

t1
X


jd
At1j Bj fsk gk¼0

(27)

j¼0

i.e., the accumulated effect of past controls on the state xt ,
and consider the class C of causal coder-controllers that
subtract this out prior to coding
n

ot
st ¼ t0 xi  i fsj gid1
; fsi gt1
j¼0
i¼0
i¼0

ut ¼ t fsi gtd
i¼0 :

Thus, C ¼ C, and so without loss of generality we may
assume that the coding and control equations are given by
(28) and (29). This new parametrization of the codercontroller pairs is illustrated in Fig. 2. In effect, we have
changed the global optimization coordinates from ð; Þ to
ð 0 ; Þ.6 The reason for doing so is given in the following
lemma.
Lemma 1: Let the coder-controller (28), (29) be applied
to the fully observed stochastic linear plant (1). Then the
statistics of the symbol sequence fSt gt 0 are independent
of the controller .
Proof: Define

(28)
(29)

It is trivial that any coder-controller in C is also in C.
 since
Furthermore, any coder-controller in C is also in C,
we can write

Xt :¼ Xt 


t


st ¼ t fxi gti¼0 ; fsi gt1
i¼0

(30)

It is straightforward to establish that

xt ¼ At x0 þ




td1
fSj gj¼0
:

t1
X

At1j vj

(31)

j¼0

nh

i
xi  i fsj gid1
j¼0

ot
; fsi gt1
þ i fsj gid1
j¼0
i¼0
i¼0
n

ot
 t0 xi  i fsj gid1
; fsi gt1
j¼0
i¼0 :

¼ t

i¼0

5
Namely, an auxiliary fully observed linear system with uncorrelated
process noise is constructed, and it is asserted that the optimal controls for
this auxiliary system are still given by the usual, linear law. This claim also
occurs elsewhere in the literature, but simple counterexamples can be
constructed for horizon-1 scalar plants.

i.e., f
xt gt 0 is the state trajectory if no controls were
applied. Evidently, the statistics of the fXt g process
are completely independent of the choice of codercontroller. As st ¼ t0 ð
xt ; fsi gt1
i¼0 Þ, it follows that for fixed
0
0
0 ; 1 ; . . . , the symbols transmitted do not depend on
the controller .
h
We are now in a position to state the main result of this
section. Its first part states that certainty equivalence holds
6
This cannot be done if the memory of the encoder is finite, nor if we
only seek to minimize over  with  fixed.
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if the effect of past controls is removed prior to coding, as
above. The second part states that this structural
restriction does not sacrifice global optimality, and that a
globally optimal coder-controller ð; Þ can be constructed
by finding an encoder  0 for the uncontrolled process (31)
which minimizes a certain quadratic distortion criterion,
and then applying certainty equivalent controls. As this
criterion depends on the control input matrix B, the strong
separation of classical linear stochastic control does not
apply, although keeping the mean square coding errors
small remains the optimization objective.
Theorem 2 (Certainty Equivalence and Quasi-Separation):
Let any coder-controller be applied to the fully observed
stochastic linear plant (1) under the horizon-T mean
quadratic cost J2 (26). Without loss of generality, represent
the coder-controller in the ð 0 ; Þ form (28), (29). Then,
for fixed mappings 00 ; 10 ; . . . , the optimal control law is
certainty equivalent
Ut ¼ t! ðStd ; . . . S0 Þ :¼ Lt E½Xt jStd ; . . . ; S0 

0

1 0

Lt ¼ ðB Ptþ1 B þ Rt Þ B Ptþ1 A



E Xt0 Qt Xt jStd ; . . . ; S0


0
¼ E ðXt  X^t Þ0 Qt ðXt  X^t ÞjStd ; . . . ; S0 þ X^t Qt X^t :
Averaging over the received symbols and substituting into
(26), we obtain
h
i
0
J2 :¼ E X^Tþ1 QTþ1 X^Tþ1
þ

(32)

where Std ; . . . ; S0 are the symbols received by the
controller up to time t, and L0 ; . . . ; LT are the classical
optimal gain matrices, defined by the downward Riccati
recursion


Pt ¼ A0 Ptþ1 I  BðB0 Ptþ1 B þ RÞ1 B0 Ptþ1 A
þ Qt ; 0  t  T; PTþ1 ¼ QTþ1

and where X~t :¼ Xt  E½Xt jfSi gtd
i¼0  is the conditional cod t 0 (31).
ing error for the uncontrolled process fXg
Proof: As the classes C and C are identical by the
discussion following (27), we may represent the codercontroller in the ð 0 ; Þ form (28), (29), without loss of
any generality. Letting X^t :¼ E½Xt jStd ; . . . ; S0 , it is trivial
to show by standard arguments that

(33)
(34)

T
h
i
X
0
E X^t Qt X^t þ Ut0 Rt Ut
t¼0

þ

Tþ1 
X

E ðXt  X^t Þ0 Qt ðXt  X^t Þ :

Looking at the second sum, observe that since
td1

t ðfSj gj¼0 Þ is fully determined by the symbols
S0 ; . . . ; Std1 , we can write
Xt  X^t  Xt  E½Xt jStd ; . . . ; S0 ;

¼ Xt  t fSj gtd1
j¼0
h
 E Xt 

(see, e.g., [8, ch. 4]).
Furthermore, the global smallest cost over all codercontrollers ð; Þ (5), (6) decomposes as


t


i
fSj gtd1
Std ; . . . ; S0 ;
j¼0

 Xt  E½Xt jStd ; . . . ; S0   X~t :


inf J2 ¼ E X00 P0 X0 þ 0inf0 D
;

0 ;1 ;...

where D is the controller-independent distortion criterion

D :¼ E

"
Tþ1
X

(37)

From (31) and Lemma 1, the statistics of fXt gt 0 and
fSt gt 0 are independent of the controller . By (37), so too
is the process fXt  X^t gt 0 , and thus the last sum in (36)
may be ignored when optimizing over . That is,
Tþ1 h
i
  X
0
inf J2 ¼ inf J20 þ
E X~t Qt X~t

0
X~t Qt X~t

t¼0



T  h
i h
i
X
td
~
þ
E X~tþ1 jfSi gtþ1d
jfS
g
E
X
tþ1
i i¼0
i¼0

 h
i
 Ptþ1 E X~tþ1 jfSi gtþ1d
i¼0
h
i
 E X~tþ1 jfSi gtd
i¼0



t¼0

0

t¼0

where
#
(35)

T
h
i X
h
i
0
0
J20 :¼ E X^Tþ1 QTþ1 X^Tþ1 þ
E X^t Q X^t þ Ut0 RUt :
t¼0
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(36)

t¼0
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Now, define Zt :¼ E½Xtþ1 jStþ1d ; . . . ; S0   E½Xtþ1 jStd ;
. . . ; S0  and observe that

However
E½Zt jStd ; . . . S0 

X^tþ1  E½Xtþ1 jStd ; . . . ; S0  þ Zt
¼ E½AXt þ BUt þ Vt jStd ; . . . ; S0  þ Zt
¼ AX^t þ BUt þ Zt

 E½E½Xtþ1 jStþ1d ; . . . ; S0 jStd ; . . . ; S0 
 E½Xtþ1 jStd ; . . . ; S0 ;
(39)

since Ut is fully determined by Std ; . . . ; S0 , and Vt is
independent of St ; . . . S0 . Furthermore
h
Zt ¼ E Xtþ1 


fSj gtd
j¼0 jStþ1d ; . . . ; S0 

 E½Xtþ1  tþ1 fSj gtd
j¼0 jStd ; . . . ; S0 ;

tþ1

¼ E½Xtþ1 jStd ; . . . ; S0   E½Xtþ1 jStd ; . . . ; S0  ¼ 0:
Substituting this into (42) and taking an average over the
symbols, (41) simplifies to
T
h

 X
0
J20 ¼ E X00 P0 X0 þ
E X^t ðQt Pt ÞX^t þUt0 Rt Ut
t¼0

 E½Xtþ1 jStþ1d ; . . . ; S0 E½Xtþ1 jStd ; . . . ; S0 :

(40)

T


 X
þðAX^t þBUt Þ0 Ptþ1 ðAX^t þBUt Þ þ
E Z0t Ptþ1 Zt : (43)
t¼0

By virtue of (31) and Lemma 1, fZt gt 0 is independent of
the controller . Thus, for fixed  0 , optimizing over the
controller reduces to minimizing the expected quadratic
cost (38) for the fully observed auxiliary system (39).
However, although fZt gt 0 is uncorrelated, it is not
independent. Consequently, the standard solution from
optimal stochastic control cannot be directly applied to the
auxiliary system. Nonetheless, there is sufficient statistical
structure in Zt to permit the classical argument to go
through, with some care.
To show this, we use a completion-of-squares technique. Let PTþ1 :¼ QTþ1 and let PT ; . . . ; P0 0 be arbitrary
positive semidefinite matrices. We have


J20  E X00 P0 X0
T
h
X
0
¼
E X^t Qt X^t þ Ut0 Rt Ut

¼



J20 ¼ E X00 P0 X0
T
h
X
0
E ðRt þ B0 Ptþ1 BÞUt þ B0 Ptþ1 AX^t :
þ
t¼0

 ðRt þ B0 Ptþ1 BÞ1

i
 ðRt þ B0 Ptþ1 BÞUt þ B0 Ptþ1 AX^t
þ

t¼0
0
þX^tþ1
Ptþ1 X^tþ1

As fZt gt 0 is independent of , only the first sum needs be
considered when optimizing over the control policy with
fixed  0 , and this sum is simply what appears in the
classical linear quadratic regulation problem. It is easy to
confirm that if PT ; . . . ; P0 are defined by the standard
Riccati difference equation (33), then



X^t0 Pt X^t

t¼0


;

T
h
X
0
E X^t ðQt  Pt ÞX^t þ Ut0 Rt Ut
t¼0

þðAX^t þ BUt Þ0 Ptþ1 ðAX^t þ BUt Þ
 0

þ 2E Zt Ptþ1 ðAX^t þ BUt Þ


þ E Z0t Ptþ1 Zt :

T
X


E Z0t Ptþ1 Zt :

This is obviously minimized by the certainty equivalent
policy (32), yielding

T

 X


min J20 ¼ E X00 P0 X0 þ
E Z0t Ptþ1 Zt :

(41)

Looking at the second expectation on the RHS, observe
that AX^t þ BUt is completely determined by the symbols
Std ; . . . S0 , since X^t  E½Xt jStd ; . . . ; S0  and Ut ¼ t ðStd ;
. . . ; S0 Þ. Thus


E Z0t Ptþ1 ðAX^t þ BUt ÞjStd ; . . . S0
¼ E½Zt jStd ; . . . S0 0 Ptþ1 ðAX^t þ BUt Þ: (42)



t¼0

T

 X


E Z0t Ptþ1 Zt
) min J2  E X00 P0 X0 þ


t¼0

þ

Tþ1
X



E ðXt  X^t Þ0 Qt ðXt  X^t Þ

t¼0

The proof is completed by substituting (37) and (40) into
this, taking an infimum over  0 , and noting that the codercontroller classes C and C are the same.
h
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B. Instability of Finite-State Coding for Unstable
Stochastic Plants
The results of the previous section suggest that the
hardest design task is not the design of the controller,
which optimally is a certainty equivalent law, but of the
encoder, which must minimize a rather complicated
distortion metric. This observation is reinforced here,
where we explain why many simple coding and control
schemes are unable to stabilize unstable stochastic plants,
regardless of how high a data rate is used.
Assume that the control law is of the form ut ¼ L^
xt ,
where L is any gain matrix such that A þ BL is strictly
stable, and x^t here is the controller’s reconstruction of the
current state xt of (1) given the received symbols
std ; . . . ; s0 . The simplest type of coding scheme possible
is memoryless static quantization
x^t  qðxt Þ 2 fq1 ; . . . ; qM g  Rn :

(44)

in which the index of the selected point qst is transmitted
across the channel. Another option is a finite-state,
predictive quantizer (see, e.g., [31]), in which the latest
coded state estimate is stored and the prediction error is
recursively coded according to a finite-valued internal
variable t having values in some finite set I ,

Then for any static memoryless coder (44) or finite-state
predictive quantizer (45), (46)

lim E½kXt kr  ¼ 1; 8r > 0

t!1

regardless of the number M of quantization points.
Proof: See [60].
This distinguishes the stochastic, communicationlimited stabilization problem from the deterministic,
bounded disturbance version, for which either memoryless
or finite-state quantization suffice. The reason for the
difference is basically that the finite range of the quantizer
causes controller saturation. If the initial state or process
noise has infinite support, there is consequently a finite
chance that at some time t, the propagated state Axt is
beyond reach of the control signal. The unstable plant
dynamics then amplify this short-fall, causing the same
phenomenon to occur with increasing probability at
subsequent times, and inevitably leading to instability.
An obvious solution is to use an adaptive quantizer with
possibly unbounded range, thereby allowing the control
signal to Bcatch up[ with the state. One simple approach is
to use a predictive scheme with a scaling factor lt 9 0
which is recursively adjusted according to the symbols
transmitted

qst  qðxt  ðA þ BLÞ^
xt1 ; t Þ
2fq1 . . . ; qM g  Rn

(45)

x^t  ðA þ BLÞ^
xt1 þ qst ;
tþ1

 gð t ; st Þ 2 I

xt1 þ lt qst ;
x^t ¼ ðA þ BLÞ^
(46)

for some function g. Examples are differential pulse code
modulation and delta modulation in speech processing.
For noise distributions with compact support, it can be
shown that either type of coder can achieve boundedness.
It may seem as if this should also hold in the case of infinite
support, since if stability has been achieved then the states
and prediction errors remain with high probability in some
bounded region, which could then be quantized without
memory. However, this circular argument fails if the plant
is strictly unstable and either the initial state or a process
noise term has infinite support in all directions.
Proposition 2: Suppose that the plant (1) has at least one
open-loop eigenvalue with magnitude strictly 9 1, and that,
for any nonzero h 2 Rn , either
P½h0 X0 > x > 0; 8x 2 R; or
9t 0 s:t: P½h0 Vt > v > 0; 8v 2 R:
122



xt  ðA þ BLÞ^
xt1
qst  q
2 fq1 ; . . . ; qM g  Rn :
lt

(47)
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ltþ1  gðlt ; st Þ 9 0:

This approach is essentially that of [12], and is also the
basis of adaptive delta modulation, and related schemes in
communications (see, e.g., [69]). We refer the reader to
[60] for details on how the quantizer q and scaling factor
update function g can be constructed while maintaining
mean square stability at any average data rate R 9 H.

I V. FINI TE S T AT E CODER AND
CO N TROL LER
In the previous sections we did not assume any limitation
on the state space complexity of the coder or controller. In
applications in which large numbers of cheap sensors
and/or actuators are involved, these complexity parameters have to be kept as low as possible. For this reason,
in this section we will assume that the state space of the
coder and of the controller is a finite set. This leads us to
consider recursive representations of the coder and
controller.

Nair et al.: Feedback Control Under Data Rate Constraints: An Overview

For simplicity we will here restrict to the scalar state
case, fully observed, with no noise and no delay. In this
case the system is described by the equation
xtþ1 ¼ axt þ ut

It can be seen that these are well-defined functions and
that system described by (49) and (50) can be described
equivalently by the equations
8
<

tþ1 ¼ Ft ð t ; st Þ
st ¼ Qt ð t ; xt Þ
:
ut ¼ Kt ð t ; st Þ

(48)

where a 2 R, and the coder-controller will take the
following form:

st ¼ t ðxt ; st1 ; . . . ; s0 Þ

(49)

ut ¼ t ðst ; st1 ; . . . ; s0 Þ

(50)

s00 % % % s0t1 & s000 % % % s00t1
m



tþn x; stþn1 ; . . . ; st ; s0t1 ; . . . ; s00


¼ tþn x; stþn1 ; . . . ; st ; s00t1 ; . . . ; s000


tþn stþn1 ; . . . ; st ; s0t1 ; . . . ; s00


¼ tþn stþn1 ; . . . ; st ; s00t1 ; . . . ; s000
8n 2 N; x 2 R; st ; . . . ; stþn1 2 S
Notice that, if s00 % % % s0t1 & s000 % % % s00t1 , then s00 % % % s0t1 st % % %
stþn1 & s000 % % % s00t1 st % % % stþn1 for all n 2 N and st ; . . . ;
stþn1 2 S. Let  :¼ L= &. Then we can define the maps:
• Qt :   R ! S;
• Ft :   S ! ;
• Kt :   S ! R;
such that, given t 2  and xt 2 R, then for any
representative s0 % % % st1 on t in L we have that
Qt ð t ; xt Þ :¼ t ðxt ; st1 ; . . . ; s0 Þ
and, letting st :¼ Qt ð t ; xt Þ and
 containing s0 % % % st1 st
Ft ð t ; st Þ :¼

tþ1

the equivalence class in

tþ1

Kt ð t ; st Þ :¼ t ðst ; st1 ; . . . ; s0 Þ:

(51)

The set  is called the coder-controller state space, and the
previous equations provide a state space representation of
the coder-controller. More precisely, the state representation of the coder is


Notice that these two equations together with (48) will
produce, from any initial state x0 2 R, a state evolution
xt 2 R, and a symbol evolution st 2 S. We recall that S is a
finite set of cardinality M. Let S ! be the language
generated by the alphabet S and let L $ S ! be the
language constituted by the words associated with the
possible symbol evolutions s0 s1 % % %.
Consider the following equivalence relation & on L

:

tþ1

¼ Ft ð t ; Qt ð t ; xt ÞÞ

st ¼ Qt ð t ; xt Þ

(52)

while the the state representation of the controller is


tþ1 ¼ Ft ð t ; st Þ
ut ¼ Kt ð t ; st Þ

:

(53)

Notice the recursive structure of these representations
which are particularly useful for implementation. Moreover,
we can interpret the cardinality of  as a computational
complexity parameter. In this section we will try to
understand what restrictions are imposed by limiting to
coder-controllers that are time-invariant with finite state
space, namely which are described by the equations
8
>
<
>
:

tþ1

¼ Fð t ; st Þ

st ¼ Qð t ; xt Þ
ut ¼ Kð t ; st Þ

(54)

where  has cardinality N. We assume that the codercontroller initial state 0 is initialized to a known fixed state
. This implies that any initial state x0 2 R of (48) will
produce evolutions ðxt ; t Þ uniquely determined by x0 .
Remarks: Notice that the case N ¼ 1 corresponds to the
memoryless situation in which the coder is described by the
function st ¼ Qðxt Þ and the controller by the function
ut ¼ Kðst Þ so that the control law will be described by the
quantized feedback ut ¼ kðxt Þ where the function k ¼ K ( Q
is quantized and can take only M different values.
Notice moreover that in what we have done so far we
assumed that the coder and the controller have the same
state spaces. This is a restriction, since we can imagine
situations where, for instance, the coder is memoryless and
the controller has memory, and vice versa. The case in
Vol. 95, No. 1, January 2007 | Proceedings of the IEEE

123

Nair et al.: Feedback Control Under Data Rate Constraints: An Overview

which the coder is memoryless and the controller has
memory describes situations in which there is more
computational capability at the actuator than at the sensor
(see [20]), and the other way around for the case in which
the coder has memory while the controller is memoryless.
Example: Zooming in/Zooming Out: (See [12]) Consider
the system (48) in which we assume for simplicity that a is
an integer 2. Fix
S ¼ f0; 1; . . . ; a  1g2 [ fAlarmg
where Alarm is a supplementary alarm symbol. In this way
we have a set S with M ¼ a2 þ 1 symbols. Assume,
initially, that  ¼ Z and that x0 0. Define

Qð0; xÞ :¼

ð 1;

2 Þ;

and we know that the initial state x0 2 ½0; am ½, m 0, then
it can be shown that the state will grow utmost till
xm 2 ½0; a2m ½ during the zooming out phase and then it will
contract during the zooming in phase till xt 2 ½0; an ½ for
all t 3m þ n.
In theprevious example it is clear that limitation in the
memory is paid with the impossibility of asymptotic
stability. This is always true.
Proposition 3: Assume that jaj 9 1 and assume we are
using a coder-controller as (5), (6). Assume finally that
the controller can take only finitely many input values.
Then there is an at most countable number of initial conditions x0 corresponding to a state evolution xt converging
to zero.
Proof: Assume that the controller can take the values
u1 ; . . . ; uk . Observe first that, since

if x 2 ½0; 1½
otherwise

Alarm;

xt ¼ at x0 þ

t1
X

at1j uj

j¼0

where i 2 f0;P
1; . . . ; a  1g provide the a-ry expression of
x, namely x ¼ i2Z i ai . Let
Qð ; xÞ :¼ Qð0; a xÞ
Moreover, let

Kð0; sÞ :¼


0;

1



2a

1

;

if s 6¼ Alarm
otherwise

and
Kð ; sÞ :¼ a Kð0; sÞ:



 1 if s 6¼ Alarm zooming in phase
þ 2 otherwise
zooming out phase

It can be seen that this technique yields convergence to
zero [12], [44], at the price of requiring a coder-controller
with infinite memory N ¼ 1. However, if we modify the
map Fð%; %Þ as follows:

Fð ; sÞ :¼
124

m :¼ minfjui j : ui 6¼ 0; i ¼ 1; . . . ; kg 9 0
and take  G ð1 þ jajÞ1 m. Then there is a T such that
jxt j   for all t T. Consider now the input sequence
uT ; uTþ1 ; . . .. As xT 6¼ 0, this input sequence cannot be
identically zero. Let  T be such that u 6¼ 0. Then
m  ju j ¼ jxþ1  ax j 
jxþ1 j þ jax j  ð1 þ jajÞ G m

Finally, let

Fð ; sÞ :¼

and since uj can take only finitely many values, then there
exists only an at most countable number of initial
conditions x0 which correspond to a state evolution xt
such that xt ¼ 0 for some t. Suppose now that x0 does not
have this property. We want to show that the
corresponding state evolution xt does not converge to
zero. Assume by contradiction that xt ! 0. Let

maxf  1; ng;
þ 2;

if s 6¼ Alarm
otherwise
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which is a contradiction.
h
The previous result shows that asymptotic stability
cannot be achieved by a finite memory coder-controller
scheme: it must be replaced by some sort of practical
stability. More precisely, given two nested intervals J $ I,
it is only possible to find a coder-controller such that, for
all x0 2 I, the evolution it produces will be such that xt 2 J
for all t T. We define the entrance time as
Tðx0 ; JÞ :¼ minft 2 Njxs 2 J 8s

tg:

(55)
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It makes sense to measure the performance of the codercontroller by the two indices
T ¼ TðI; JÞ :¼ E½Tðx0 ; JÞ
1
C ¼ CðI; JÞ :¼
P½J

(56)
(57)

where P½% is the uniform probability measure over I, and
E½% is the expectation with respect this probability
measure. The index C is called the contraction rate, and
describes the steady-state performance of the control
strategy, while T is called the expected time, and describes
its transient performance.
The previous definition of entrance time is based on
the perfect knowledge of the state available at the coder.
There is another possible definition of entrance time,
based only on the partial knowledge of the state available
at the decoder. Indeed the decoder knows at time t only
the sequence of the symbols s0 ; s1 ; . . . ; st from which it can
produce the sequence of states 0 ; 1 ; . . . ; t . For any finite
word s0 s1 % % % st 2 S ! , let

In the sequel, we will present several bounds which
will highlight the trade-off relation between the parameters influencing the control design. Let L be the
sublanguage of S ! obtained as follows
L :¼ fs0 s1 % % % st1 2 S ! j 9x0 generating
s0 ; s1 ; . . . and t ¼ TD ðs0 ; s1 ; . . . ; JÞg
The language L is prefix (the verification of this fact, and
the definition of a prefix language can be found in the
Appendix). Moreover we have that
TD ðs0 ; s1 ; . . . ; JÞ ¼ lengthðwÞ

TD ¼ E½lengthðLÞ ¼

X

lengthðwÞP½IðwÞ:

(62)

w2L

TD ðs0 ; s1 ; . . . ; JÞ :¼ minft j any x0
(59)

If the set on the right-hand side (RHS) is empty, we define
TD ðs0 ; s1 ; . . . ; JÞ :¼ þ1. In words, TD ðs0 ; s1 ; . . . ; JÞ is the
minimum time t in which the decoder is sure, from the
symbols till time t  1, that the initial state was such that
the state xt achieved the target set. Define finally the
decoder expected entrance time as
TD ¼ TD ðI; JÞ :¼ E½TD ðs0 ; s1 ; . . . ; JÞ

(61)

(58)

and given an infinite sequence s0 ; s1 ; . . ., let

2 Iðs0 s1 % % % st1 Þ produces xt 2 Jg

TD  T þ 1

Then the decoder expected entrance time TD can be
computed as the average length of a word in L

Iðs0 s1 % % % st Þ :
¼ fx0 2 Ijx0 produces the sequence s0 ; s1 ; . . . ; st g;

these partitions is M. If for any 2 , the target interval
J is the union of quantization regions Ið ; sÞ, then we
have that

Any bound on TD has necessarily have to obtained through
some approximation of the distribution probability
P½IðwÞ. We now present a simple but fundamental
estimation of this quantity:
Lemma 2: For any word w 2 L, it holds
P½IðwÞ  C1 jajlengthðwÞ ;

It is easy to see that, if x0 produces the sequence s0 ; s1 ; . . .,
then Tðx0 ; JÞ  TD ðs0 ; s1 ; . . . ; JÞ. This implies

where C is the contraction rate (57).
Proof: Fix any w 2 L and let t :¼ lengthðwÞ. Any
x0 2 IðwÞ produces an evolution such that xt 2 J. Moreover
for all x0 2 IðwÞ we have that

T  TD

xt ¼ at x0 þ u

For any

(60)

2  and s 2 S, let
Ið ; sÞ :¼ fx 2 RjQð ; xÞ ¼ sg;

with a u which is independent of x0 . This implies that
jajt P½IðwÞ  P½J ¼ 1=C:

and define I ð Þ :¼ fIð ; sÞjs 2 Sg, which constitutes a
partition of R. We know that the cardinality of each of

h
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The following performance bound is essentially based
on the work by Delvenne [21] on this topic. By Shannon’s
noiseless coding theorem we have that, since L is prefix,
then
HðLÞ
log M

TD ¼ E½lengthðLÞ

(63)

Fig. 3. The region of allowed performance indices log C and T.

where

HðLÞ :¼ 

X

The first graph shows that, if we want small T (good transient
performance), we are forced to have small C (bad steady-state
performance). The second graph shows that, if we want big C
(good steady-state performance), we are forced to
have big T (bad transient performance).

P½IðwÞ log P½IðwÞ

w2L

is the entropy of the language L.
Theorem 3: The contraction rate C (57) and decoder
entrance time TD (60) must satisfy the inequality

log C  TD log

M
:
jaj

(64)

Proof: It follows from Lemma 2 that
 log P½IðwÞ

Observe the following facts.
• Surprising enough, the complexity parameter N,
namely the dimension of the state space of the
coder-controller, does not play a role in the tradeoff
relation between C and T.
• If we want to obtain a bound involving T instead of
TD , we need to assume that the target set J is the
union of quantization regions. Indeed, in this case
from (61) we can argue that

lengthðwÞ log jaj þ log C:
log C  ðT þ 1Þ log

Substituting this inequality in the definition of the entropy
of L and defining Lt to be the set of words in L of length t,
we obtain

HðLÞ ¼ 

þ1 X
X

P½IðwÞ log P½IðwÞ

t¼0 w2Lt
þ1
X
X
ðt log jaj þ log CÞ
P½IðwÞ
t¼0

¼ log C þ log jaj

M
:
jaj

(65)

Example: Optimal Coder-Controller: (See [21]) Consider
the system (48) in which we assume that a is an integer
2. Assume that I ¼ ½0; 1, J ¼ ½0; an , and consider the
following quantized feedback strategy:
Express any real x in base a expansion

w2Lt
þ1
X
t¼0

t

X

x¼

P½IðwÞ

þ1
X

ia

i

;

i¼1

w2Lt

¼ log C þ TD log jaj
and set
P
P
where we used the fact that þ1
w2Lt P½IðwÞ coint¼0 t
cides with the expected length of the language. Putting
together the previous inequality and (63) we have the
thesis.
h
The previous theorem shows that there is a trade-off
relation between the steady-state performance index C and
the transient performance index T. This is illustrated in
Fig. 3.
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kðxÞ ¼ að 1 a1 þ

n
n a Þ;

8x 2 R:

(66)

This is a memoryless control law with M ¼ a2 symbols
and contractipn rate C ¼ an . Note that the quantizer
region corresponding to each possible value of kðxÞ is a
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disconnected union of intervals. This control law, starting
from an initial state x0 with the base a expansion

x0 ¼

þ1
X

Example: Zooming in/Zooming Out: (See [25]) Consider
the previous zooming in/zooming out example and assume
that I ¼ ½0; 1 and J ¼ ½0; an . In this case we have only
zooming-in, namely t ¼ t for t  n  1 and t ¼ n for
t n. Moreover, only a2 symbols are transmitted. Therefore, we have N ¼ n, M ¼ a2 and C ¼ an . This control,
starting from an initial state x0 which the following base a
expansion

i
ia

i¼1

produces a state evolution xt , whose base a expansion is
given in the table at the bottom of the page. Notice that
TD ¼ n and so this example attains the bound (64).
We want to compute the expected entrance time T.
Notice that
(
P½Tðx0 ; JÞ  i ¼

x0 ¼

if i

ia

i

i¼1

will produce a state evolution xt whose base a expansion is
given in the table at the bottom of the next page. Notice
that in this case TD ¼ n and so also this example attains the
bound (64). We want to compute the expected entrance
time T. Notice that

ain ; if i ¼ 0; 1; . . . ; n  1
1;

þ1
X

n:

This implies that
T¼

X

P½Tðx0 ; JÞ

i ¼

i 1

¼

n1
X

X


P½Tðx0 ; JÞ  i ¼

1  P½Tðx0 ; JÞ  i  1

i 1

1  P½Tðx0 ; JÞ  i ¼ n 

i¼0

1  an
:
a1

a2i2nþ1 ; if i ¼ 0; 1; . . . ; n  1
1;
if i n:

This implies that

T¼

Notice, however, that in this case J is not the union of
quantization regions and so no estimate involving T can be
argued from (64). This coder-controller can be extended
[21] so to obtain a class of optimal coder-controller pairs
with M ¼ ahþ1 , TD ¼ n and C ¼ anh for all h; n 2 N.

X

P½Tðx0 ; JÞ

i ¼

i 1

¼

n1
X

X

1  P½Tðx0 ; JÞ  i  1

i 1

1  P½Tðx0 ; JÞ  i ¼ n 

i¼0

nþ1

nþ2

%%%

n

nþ1

nþ2

%%%

n

0

nþ2

nþ3

%%%
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0
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%%%

%%%
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Notice however that also in this case J is not the union
of quantization regions, so no estimate on T can be argued
from (64).

from the prefix language L and we introduce the sequence of numbers
t ¼ jfw 2 LjlengthðwÞ ¼ tgj

V. QUANTIZERS WITH CONNECTED
QUANTIZATION RE GIONS
In the previous section, we imposed no limitations on the
structure of the quantization regions, and saw that, under
certain conditions, the universal performance bound (64)
can be achieved by a control law with disconnected
quantization regions (66). However, the complexity of the
shape of these regions can in practice be a costly
parameter. Typically, the complexity and cost of analogto-digital (A/D) converters depends on the number of
inequalities that must be checked in order to determine
the digital output associated with a real input. This roughly
coincides with the logarithm of the number of intervals
into which the A/D converter partitions the real line, as
well as the number of different digital values. For the case
of a scalar quantizer, each quantization region may in
general be a union of several disjoint intervals associated
with the same output. In this case, the A/D complexity is
better described by the number of intervals than by the
number of different values that the output can take.
Mathematically, this is equivalent to forcing the
quantizer regions to be intervals, but dropping the constraint that the associated outputs be distinct. In Theorem
5 in this section, we show that this dramatically decreases
the attainable performance. As before, we first establish
universal bounds, and then present some examples.
As a first step, we need a different estimate of TD with
respect to the one suggested by Theorem 3. We start again

0

128

1

2

3

namely t is the number of words in L of length t. We
assume by convention that 0 ¼ 1. We have the following
preliminary results.
Lemma 3: Given any t 2 N, we have that

P½TD ðw; JÞ ¼ t  C1

P½TD ðw; JÞ

t

t
jajt

1  C1

(67)
t1
X
k
k¼0

P½TD ðw; JÞ ¼ t ¼ P½lengthðwÞ ¼ t  t C1 jajt
which proves the first assertion.
We prove now the second assertion by induction on t.
The assertion is trivial for t ¼ 1. Assume by induction that
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(68)

where C is the contraction rate C (57), and TD ðw; JÞ is the
minimum decoder entrance time (59).
Proof: As w varies in L, the various subsets IðwÞ are
relatively disjoint. Hence, using Lemma 2, we easily
obtain

%%%

2n5

jajk

..
.

..
.

..
.
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the assertion holds for t and let us prove it for t þ 1. We can
now write
P½TD ðw; JÞ

t þ 1 ¼ P½TD ðw; JÞ

t  P½TD ðw; JÞ ¼ t
t
t  C1 t
jaj

P½TD ðw; JÞ
1  C1
¼ 1  C1

t1
X
k
k
k¼0 jaj
t
X
k
k¼0

jajk

 C1

t
jajt

:

h
From this we can obtain the following result.
Proposition 4: For any t 2 N, it holds

TD

t X
t1
X
k

t  C1

t¼1 t¼0

(69)

jajk

where C is the contraction rate C (57), and TD is the
decoder entrance time (60).
Proof: Immediate consequence of Lemma 3 and of
the fact that

the contraction rate C and the complexity parameters N
and M (that enter only through their product), and also on
the choice of the parameter t. Of course we would like a
simpler expression, similar to (64). The key idea to obtain
this is to study various possible regimes and choose
appropriate t in the above inequality. The next result,
whose derivation is long but straightforward, distinguishes
three different regimes. The first is when NM= log C is
sufficiently small: this in particular covers the case when
we keep N and M fixed and we let C grow. We know from
previous considerations that there are examples where TD
grows only logarithmically with respect to C. We will see
that this can not happen if the quantization regions have to
be intervals: the corresponding expected entrance time TD
in this case exhibits a superlogarithmic growth in C. The
second case is a sort of dual of the first one: it is when
TD = log C is sufficiently small. It contains the case when
TD = log C ! 0, namely the regime of sublogarithmic
growth of TD in C: this time the corresponding complexity
parameter NM exhibits a superlogarithmic growth in C.
The third situation is the logarithmic regime, which is
when both NM and TD exhibit a logarithmic growth: it is a
consequence of the first two bounds.
Theorem 5: For any contraction rate C (57) and decoder
entrance time TD (60), the following bounds hold.
1) There exist K1 9 0, 1 9 0 and C1 9 1 such that

C
TD ¼

þ1
X

P½TD ðw; JÞ

t

t¼1

t
X

P½TD ðw; JÞ

C1

2)

s

#

MNK
t ^ MNK
e

C

C2

3)

1 (70)

where r 2 f1; . . . ; MNg is independent of t, but may
depend on the specific system, while K depends only on
jaj, and where a ^ b means the minimum between a and b.
From bounds (69) and (70), we obtain a lower bound
on TD . However, this bound is very implicit. It depends on

dTD e
 2 ¼)NM
log C

and

1

K2 dTD eCdTD e

(72)

where d%e denotes the ceiling function.
There exist C0 9 1 and two functions F; G :
Rþ ! Rþ which are decreasing and converging
to 0 at þ1, such that for all C 9 C0 we have that

NM
log C

t^MNK
e
8t

(71)

There exist K2 9 0, 2 9 0 and C2 9 1 such that

Theorem 4: Assume that jaj 9 2. Then

r^t 
X
t
t  1 r s

2
s1 s r
jajt
s¼1

K1 NMC1=NM :

t:

t¼1

h
If we can establish upper bounds on t , through (69)
we can thus achieve lower bounds on TD . The following
theorem provides a bound on the growth of t depending
on the number of quantization intervals M and the number
of states N. The proof of this theorem is very long and will
not be reported in this paper (see [26]).

"

NM
 1 ¼)TD
log C

and


F

dTD e
log C


and

dTD e
log C



NM
G
:
log C

(73)

Remarks: Notice that in the case when both N and M
are assumed to be fixed, we obtain a tradeoff between the
two performance parameters C and TD . In this case, (71)
shows that TD has to grow, with respect to C, at least as
a power C1=NM . This is in sharp contrast with the logarithmic growth obtained in the example presented after
Theorem 3. It is important to remark again that this
degradation of performance is due to the requirement of
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having intervals as quantization regions. Examples of
memoryless feedback quantization strategies employing a
fixed number of quantization intervals (not depending on
the contraction rate) are the chaotic stabilizers presented
Section V-D. Notice that these quantizers exhibit a growth
rate of type TD & C, hence worse than bound (71) since
NM 9 1. However, this bound can be refined in certain
cases. It is shown in [23] that for a memoryless quantized
feedback having djaje quantization intervals outside J
(which is exactly the case in the example), TD has to grow
at least linearly in C.
Item (3) of the above result shows that in order to
achieve entrance times logarithmic in C, it is necessary to
consider schemes where the number of quantization
intervals M and/or the number N of states of the quantizer
also grow at least logarithmically in C. Conversely, schemes
for which NM grows at most logarithmically in C yield
entrance times that are at least logarithmic in C. Examples
of this type of behavior are reported in Section V-C.
Let us comment more on the logarithmic regime (73).
Notice that, if we take any linear feedback ut ¼ kxt , with
k 2 R, such that ja þ kj G 1, then the closed-loop system
xtþ1 ¼ ða þ kÞxt is exponentially stable. This corresponds
to an expected entrance which grows logarithmically with
C but decreases with ja þ kj. Hence, the logarithmic
regime corresponds to a kind of exponential stability
obtainable by a quantized controller. Therefore, the bound
(73), that furnishes a quantitative tradeoff between the
two ratios TD = log C and NM= log C, can be interpreted as a
tradeoff between the rate of exponential stability associated with the quantized controller and cost in terms of the
complexity parameters N and M. The constraint provided
by (73) are illustrated in Fig. 4 which shows explicitly the
region in which the pairs ðNM= log C; TD = log CÞ can not
belong to. It can be easily shown that the functions FðxÞ
and GðxÞ which determines the boundary of this region
tend to 0 as the function f ðxÞ ¼ xe1=x .
Notice finally that in order obtain faster stabilization
strategies, for instance strategies where the entrance time
TD is fixed and does not depend on C (such as the dead-beat
controller presented in Section V-B), (72) shows that the
product NM has to grow more than logarithmically in C. In
particular, in the case when TD is constant, it has to grow as
a power of C. This is in agreement with the examples.

A. Memoryless Quantized Controllers
As observed above, if the coder and the controller are
memoryless and time-invariant, then the control system
becomes

Fig. 4. The grey region in this graph represents the set to which
the pairs ðNM= log C; TD = log CÞ cannot belong.

whose quantization regions are intervals. Differently from
what happens without this topological restriction, there
are various ways to design a stabilizing quantized
controller each providing a different tradeoff choice
between steady-state C and transient performance TD .
First observe that the case C ¼ 1 corresponds to requiring
that the interval I ¼ J is invariant. This can be obtained by
M ¼ djaje levels.
The Perron–Frobenius Operator for Piecewise Affine Maps:
In this subsection we recall some standard results on the
ergodic theory of piecewise affine maps which is relevant
in the analysis of quantized feedback control systems as
first observed in [20].
Let kðxÞ be a quantized feedback making the interval I
invariant and let ðxÞ :¼ ax þ kðxÞ. This is a piecewise
affine map with fixed slope a. Assume here that jaj 9 1. Let
L1 ðIÞ be the set of integrable function and L1 ðIÞ the set of
bounded functions defined on I. It is a standard fact [41]
that induces a linear transformation
P : L1 ðIÞ ! L1 ðIÞ
called the Perron–Frobenius operator associated with
which is uniquely defined by the following duality relation:
Z

xtþ1 ¼ axt þ kðxt Þ
I

where k : R ! R is a piecewise constant map with at most
M levels and is called a quantized controller. Here we are
still restricting our attention to quantized controllers
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ðg ( ÞðxÞf ðxÞdx ¼

Z

gðxÞðP f ÞðxÞdx

(74)

I

for all g 2 L1 ðIÞ; f 2 L1 ðIÞ. It can be shown that the
operator P is bounded with kP k1  1, and maps
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probability densities to probability densities. An important
interpretation of P is as follows. Roughly speaking, the
Perron–Frobenius operator provides a statistical description of the dynamics associated with the nonlinear
autonomous system xtþ1 ¼ ðxt Þ. More precisely, if we
see xt as a random variable defined on I with probability
density pt , then the density of xtþ1 is ptþ1 ¼ P pt . This
implies that pt ¼ P t p0 , where p0 is the probability density
describing the initial condition x0 .
The relevance of the Perron–Frobenius operator in our
investigations is also due to the fact that

Pf ½Tðx; JÞ > n ¼

Z

P n p0 ðxÞdx

InJ

which follows by iterating (74) and by taking gðxÞ ¼
1InJ ðxÞ. This shows that the asymptotic properties of this
operator, and so its spectral properties, will be relevant for
our purposes.
The Perron–Frobenius operator has interesting spectral properties if restricted to bounded variation probability densities. Under some technical assumptions it can be
shown that there exists a density pðxÞ, which is P invariant, such that for any bounded variation density pðxÞ
we have that P n pðxÞ converges exponentially to pðxÞ. This
implies that the probability density describing xt will always converge to p. This provides a nice statistical description of the asymptotic behavior of the state evolution.
Further details on the use of the invariant density and of
the Perron–Frobenius operator in the context of quantized
control can be found in [20], [24], and [25].

Fig. 5. Graph of the closed-loop map ax þ kðxÞ obtained from a
uniform quantizer.

C. Logarithmic Quantized Controllers
This class of quantized controllers is the most efficient
one if we require the closed-loop system to be stable with
respect to some Lyapunov function [22]. In our scalar
example we can start from the Lyapunov function
VðxÞ ¼ x2 . Then we obtain the any quantized controller
kð%Þ such that
VðxÞ ¼ V ðax þ kðxÞÞ  VðxÞ G 0
8x 2 ½C; 1 [ ½1; C (75)

B. Deadbeat Quantized Controllers
This strategy is based on the simple idea of approximating through a uniform quantizer the linear deadbeat
controller. More precisely, let q : R ! R be the uniform
quantizer defined as
qðxÞ ¼ 2k þ 1

8x 2 ½2k; 2k þ 2½;

will yield convergence from any interval I ¼ ½C; C into
J ¼ ½1; 1. Condition (75) holds true if and only if
jax þ kðxÞj G jxj and so if jax þ kðxÞj G jxj for some
0 G  G 1. This inequality is equivalent to

k 2 Z:

Observe that jqðxÞ  xj  1. It is easy to verify that, by the
quantized controller kðxÞ :¼ qðaxÞ we can obtain the
convergence in one step from any interval I ¼ ½C; C into
J ¼ ½1; 1 with a controller with M ¼ 2djajC=2e ’ jajC
levels. So we obtain a contraction C, an expected time
T ¼ 1 with M ’ jajC levels. The closed-loop map ax þ kðxÞ
obtained in this way is illustrated in Fig. 5.
This technique can be extended to obtain multistep
deadbeat quantized controllers. In this case we obtain a
contraction C, an expected time T ¼  with M ’ jajC1=
levels [26]. This technique can be extended also to
multidimensional systems [67].

jxj  ax þ kðxÞ  jxj

(76)

ax  jxj  kðxÞ  ax þ jxj:

(77)

and to

Optimal quantized controllers kðxÞ satisfying (77) are
illustrated in Fig. 6. They correspond to logarithmic
quantizers since kðxÞ can be expressed as
kðxÞ ¼ ða  Þqðlog ðxÞÞþ1
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jaj 2. In this way we have that, for almost every initial
condition x0 starting from I, the state evolution xt is maintained inside the interval I and is dense in this interval. For
this reason xt will visit the interval J ¼ ½1=C; 1=C.
Therefore, if we modify this feedback map as follows:

kðxÞ ¼

k0 ðxÞ;
k1 ðxÞ;

if x 2 I n J
if x 2 J

(78)

where k1 ðxÞ is any quantized feedback making J invariant,
we obtain that the state will move chaotically inside I till it
will enter the interval J and there it will be entrapped.
We obtain that in this way a quantized feedback with
M ¼ 2djaje ’ 2jaj levels and contraction C. In general it is
not easy to determine the expected time. This computation
becomes quite easy in the particular cases in which each of
the two intervals ½1; 1=C and ½1=C; 1 composing the set
I n J can be divided into n identical intervals of length 2=jaj
and the closed-loop map ax þ kðxÞ is affine on these
intervals and has the entire I as codomain. The graphs of
the closed-loop map ax þ kðxÞ obtained in this way is
illustrated in Fig. 7. In this case we have
n ¼ jaj

C1
2C

and so
M ¼ jaj

C1
þ djaje ’ 2jaj:
C

Fig. 6. Graphs of the logarithmic quantizer kðxÞ and the closed-loop
map ax þ kðxÞ compared with the bounds ax 1 jxj and 1jxj, for x

0.

where  ¼ ða þ Þ=ða  Þ. So we obtain a contraction C,
an expected time T  log C with

M ¼ djaje þ 2

log C

!

2

levels. The logarithmic quantizer kðxÞ and the closed-loop
map ax þ kðxÞ are illustrated in Fig. 6.

D. Chaotic Quantized Controllers
In [24], another possible quantized controller has been
proposed. This control strategy exploits the chaotic
behavior of the state evolution inside I ¼ ½1; 1 produced
by the feedback map k0 ðxÞ :¼ qðaxÞ when we have that
132
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Fig. 7. Graph of the closed-loop map ax þ kðxÞ obtained from
the chaotic quantized feedback.
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The evaluation of the expected entrance time can be done
as follows. Observe that in this case, if the density function
pt of the random variable xt is uniform on I n J, the same
holds true for density function ptþ1 of xtþ1 . More precisely
it can be shown that, if pt ðaÞ ¼ t for all a 2 I n J, then
ptþ1 ðaÞ ¼ tþ1 ¼ t ððC  1Þ=CÞ for all a 2 I n J. This
implies that

pt ðaÞ ¼



C  1 t1
C
2

and assume that the feedback control law is
uðtÞ ¼ kðxðk ÞÞ;

8t 2 ½k ; ðk þ 1Þ ½;

k2Z

where kð%Þ is a quantized feedback map. It is well-known
that the analysis of this system can be done through the
discrete time system

8a 2 I n J:
xkþ1 ¼ e

xk 

1

e

uk

Observe finally that
with the feedback
P½Tðx0 ; JÞ > n ¼ P½xn 2 I n J ¼

Z

pn ðaÞda

uk ¼ kðxk Þ:

InJ

¼2

C1
C

n

¼



C  1 nþ1
C

Notice that, if kð%Þ has M levels, the data rate R involved by
this quantized feedback varies with as

and so

R¼
TðI; JÞ ¼ E½Tðx0 ; JÞ ¼

1
X

P½T > n

n¼0
nþ1

¼

1 
X
C1
n¼0

C

¼ C  1:

:

In [42], the authors propose the design of a stabilizing
quantized feedback kð%Þ which is robust with respect to
variations of the sampling period . More precisely, a
quantized feedback map kð%Þ is said to be regular if, by
defining

Therefore, we obtain expected time TðI; JÞ ¼ C  1 ’ C.
Chaotic stabilizers can also be considered for general
cases. Some preliminary results on this case have been
obtained in [24]. In [23] the following more refined result
is proved.
Theorem 6: Let a be such that jaj 9 2, I ¼ ½1; 1 and
J ¼ ½1=C; 1=C. There exists an almost ðI; JÞ-stabilizing
quantized feedback k : I ! R such that

log M

Cð Þ :¼

1
sup lim jxk j

x0 2½1;1 k!1

we have that
lim Cð Þ ¼ 1:
!0

M ¼ 2djaje þ 1
T  KC

This means that the contraction has to go to infinity when
the data rate goes to infinity.

where K is a positive constant only depending on a.

E. Robustness in Memoryless Quantized Controllers
Discrete-time systems typically result from sampling
continuous-time systems. The synthesis of quantized
feedback maps that are robust with respect to the sampling
period is proposed in [42]. As in [42] take the unstable
continuous time system
xðtÞ
_ ¼ xðtÞ  uðtÞ;

90

Theorem 7: [42] A quantized feedback kð%Þ is regular if
and only if
x G kðxÞ  1
1 G kðxÞ   x

if x 2 0; 1
if x 2 ½1; 0:

In this case we have that Cð Þ ð =ðe  1ÞÞ.
Proof: The proof can be found in [42]. We give here
only the sufficiency part. Consider the Lyapunov function
Vol. 95, No. 1, January 2007 | Proceedings of the IEEE
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Fig. 8. Graph of a regular quantized feedback map for the case

¼ 1.

VðxÞ :¼ jxj. First observe that, if both x 9 0 and
xþ :¼ e x  ððe 1 Þ= ÞkðxÞ 9 0, then
VðxÞ :¼ Vðxþ Þ  VðxÞ ¼ xþ  x


kðxÞ
G 0:
¼ ðe  1Þ x 

Similarly we can prove that, if both x G 0 and xþ G 0, then
VðxÞ G 0. If instead x 9 ðe  1Þ= and xþ G 0, then
VðxÞ :¼ xþ  x
¼ e


e

xþ
1

e

1

kðxÞ  x G

e

1

kðxÞ  x

 x G 0:

Similarly we can prove that, if x G ðe  1Þ and xþ 9 0,
then VðxÞ G 0. In this way we have shown that, if
e  1Gjxj  1, then VðxÞ G 0. This implies that for any
initial state x0 2 ½1; 1 we have that xt converges to the
interval ½ðe  1Þ= ; ðe  1Þ=  proving in this way
the assertion.
h
The graph of a regular quantized feedback map is
illustrated in Fig. 8. In [42] the optimal regular quantized
feedback is determined for any fixed number of levels M.

VI . CONCLUSION
In this paper, we presented an overview of the problem of
controlling a linear time-invariant system under a finite
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data rate constraint on the communication channel
between the plant and controller. A classical result in
this setting is the existence of a minimum rate (connected
to the instability of the plant) below which stability
cannot be achieved. To this result, we have added a lower
bound on the long term state which captures the deterioration in performance as data rate is reduced and
channel delay increased. We have then described the key
results that pertain to coding and control schemes for
stochastic linear systems, i.e., certainty equivalence,
quasi-separation, and the stochastic instability of finitestate coding schemes.
If we impose a finite memory structure on the codercontroller in the noiseless case, further restrictions come
into the picture. It turns out that asymptotic stability can
not be achieved at all, and has to be replaced with some
sort of practical stability. The asymptotic and the transient
behavior of the closed-loop system thus become conflicting
performance indices to optimize and they are both
inherently coupled with the complexity parameters of
the scheme (data rate and memory).
The material presented here describes only a limited
part of a much broader theory which has been under
development in recent years. Many indeed are the
research directions that are active at this moment. Below
we list a number of those directions that, we believe, will
play a prominent role in the next few years.
• The digital communication channel we have considered in this paper is noiseless. Noisy channels pose
a number of different problems where the interplay
between information and control becomes even
stronger. Initial results have been established in
[53], [54], [71], [75], [78], and [82], but many
questions are still open.
• Optimal control problems in the context of data
rate constraints are, in general, hard to formulate
and solve except in special cases [10], [52], [63],
[72], [79], [82]. Some possible formulations are
related to optimal quantization and rate distortion
theory, areas that are difficult and generally lack
analytically expressible solutions. To find simple
but meaningful control cost functionals in this
context (possibly different from the classical
quadratic one), that can be minimized with a
reasonable effort, is certainly an important open
issue.
• Centralized feedback control is by no means the
only interesting problem one would like to solve
in the context of limited data rates. The major
applications of networked control deal with a
large number of subsystems interacting among
each other through a networked communication
protocol having a number of complexity constraints (graph connectivity, global data rate, data
loss, etc.) and having a global control target.
These problems are known as coordinated control
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problems and are receiving increasing attention
by many researchers in these years. At the moment, most of the effort has been put into designing decentralized control strategies that take into
consideration the connectivity constraint of the
communication network, while the information
theoretic constraints expressed by data rate limitations have received comparatively little attention [56], [61], [76]. Necessarily, a meaningful
theory will have to consider both aspects in an
integrated way. h
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