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Abstract

Singularity is a fundamental problem with robotic manipulators. Various methods of singularity handling have been published in the

past. In this paper, a singularity robust method is presented and its implementation issues discussed. It focuses on the discontinuity

problem inherent in the singularity robust techniques with removal of degenerate components. Sources of the discontinuity are discussed

and the null motion is proposed as the means of providing a continuous control of the end-effector over the boundary of the singular

region. The presentation of this paper covers a complete treatment of singularities, starting from identifications of the singular

configurations and the associated singular directions, the handling algorithm and the discontinuity issues. The algorithm was

implemented on PUMA 560. The experimental results are presented and discussed.

r 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

It is well-known that singularities inherently limit the
capability of a manipulator to complete its task. When the
manipulator is at or in the vicinity of a singular
configuration, the inverse of the Jacobian matrix would
be ill-conditioned. The resulting joint rate command for a
finite motion in task space would be unbounded. It is
therefore necessary to handle singularities in a stable
manner. Many methods have been proposed to handle
singularities. They are generally divided into two main
categories. The methods in the first category apply a
uniform control strategy throughout the entire workspace,
usually involving a continuous function that introduces a
slight alteration to the task space specification or its
mapping to the manipulator joint space. This generally
results in a stable control strategy where the end-effector
avoids the singular configuration. The second involves a
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division of workspace where a different control algorithm
is applied to the region around the singularities.
Techniques without workspace division (the first cate-

gory) generally introduce a continuous modification either
to the Jacobian matrix or to the trajectory of the end-
effector. This continuous function is close to zero when the
end-effector is further away from a singular configuration.
In the vicinity of singularity, it introduces a slight
adjustment to the Jacobian matrix or task specification to
avoid the ill-conditioned inverse of the Jacobian matrix.
The methods found in [1–6], among others, are designed
within this concept. In [1,7,8], damped least-squares
method was used to obtain a modified Jacobian that is
not singular. With higher damping variables, tracking error
introduced could be quite high. Kircanski [2] utilized the
singular value decomposition (SVD) and replaced the zero
value of the diagonal matrix at singularity with a
continuous function of non-zero value. Other approaches
resolved singularity by reparameterizing the desired path
sðlÞ so that hðlÞ and its higher derivatives are well-behaved
[3,9]. The idea was extended to desingularizing the work-
space in [4]. The enhanced Jacobian transpose has also
been used in place of Jacobian inverse [5] to provide a
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stable control over the vicinity of singularity. More recent
effort enhances the performance of this approach by
introducing a non-singular path near the original path
through task priority assignment only in the region near a
singular configuration [10].

There are also many examples of techniques proposed
in the second category where the singularity robust
algorithm is applied in a sub-space defined in the vicinity
of singularities. Aboaf and Paul [11] handled spherical
wrist singularity by eliminating the singular direction
and the contribution of the roll joint of the wrist. This
approach resulted in a reduced (5 by 5) Jacobian which
was full rank. The velocity of the eliminated joint was
then bounded at some maximum joint rate to avoid
excessive joint velocity and the effect of this bound was
compensated in task space. Chiaverini and Egeland [12]
identified and removed the degenerate components of
motion, and applied pseudo-inverse with the collapsed
Jacobian in the kinematics-based approach. Cheng et al.
[13] performed an analysis and handling method on
PUMA 560 also by releasing the exactness in the singular
direction and providing the extra redundancy to the
achievable direction. Their Compact QP method then
attempted to minimize the tracking error in singular
direction. Tan et al. [14] studied the switching of control
strategies between continuous sub-spaces formed as a
function of the singular configurations and analysed its
stability through multiple Lyapunov functions. Another
approach of removing the degenerate direction in the
vicinity of singularity was implemented in operational
space formulation. Null space motion was utilised to assist
motion in the degenerate direction [15]. A similar approach
by utilising null space motion to create motion in
degenerate direction was also presented in [16]. Examples
of escapable singularities in redundant manipulators were
presented in [17] for serial manipulators as well as in [18]
for parallel mechanisms.

There are other ideas outside of the two main categories
of singularity handling techniques. These may not be
applicable to all existing manipulators as they require
redundant degrees of freedom in the manipulator [19–24]
or the incorporation of singularity robustness into the
design criteria of the manipulator [25–29]. Another
approach outside the two main categories was presented
in [30] where the theory of reciprocal screw was utilised
to isolate linearly independent rows and columns of the
Jacobian matrix. This interesting idea was validated
numerically but not implemented on physical robot. The
strategy produces instantaneous feasible solutions to the
inverse kinematics even during singularity which may
prove difficult for a real robot to track in realtime.

In this paper, the technique in the second category which
involves division of workspace is further investigated. The
main advantage of this category of algorithms is that it
allows the manipulator to move through the singularity in
a robust manner, instead of avoiding it. This maximises the
amount of workspace that can be ‘reclaimed’ from the
manipulator. The disadvantage of the techniques in this
category is the existence of control discontinuity at the
boundary of the singular region, especially as the end-
effector exits the region into the normal workspace where
motion/force control in the singular direction is returned to
the control law. These practical issues, to the best of the
authors knowledge, have not been thoroughly investigated
in the literature. An established and practical singularity
robust strategy is significant in industrial automation/
robotics. A good portion of industrial automation efforts
today still rely on repetitive motion playback in joint space
control. A practical and robust task space control will
significantly increase the versatility and the capability of the
robots in industrial automation and the willingness of the
industry to go beyond the current techniques of automation.
The main contribution of this paper is aimed at

providing a complete and practical strategy for singularity
robust task space control algorithm. Specifically, the new
contributions lie in the formalised identification technique
for singular directions (not just the singular configurations)
in a serial manipulator and more importantly, the
utilisation of null-space control to minimise the disconti-
nuity and provide a smooth motion of the end-effector as it
crosses the boundary of the defined singular region.
This paper presents a complete treatment for a

manipulator arm to handle singularities in a robust
manner, using the approach described in the second
category. It covers the implementation issues such as the
discontinuities at the boundary of the singular region and
the effects of tracking error accumulation in the uncon-
trolled degenerate direction while the end-effector is in the
singular region. The paper first presents the practical issues
of identifying singular configurations and singular direc-
tions (Section 2). The method of singularity handling is
then presented within the framework of Operational Space
Formulation [31] without any loss of generality (Section 3).
The paper then discusses on the role of null space motion in
singularity handling (Section 4). While inside the singular
region, motion in the degenerate direction is no longer a
component of the end-effector task. If motion in this
direction is required for any reason, null space motion can
be utilized to assist motion in this direction. The division of
workspace and the application of different control algo-
rithms inside and outside the singular region present a case
of discontinuity. This is discussed in the paper and a
solution is proposed using the null space/internal self
motion to prevent the discontinuity from disrupting the
desired path of the end-effector (Section 5). The imple-
mentation results of the algorithm on a PUMA 560 are
presented in this paper.

2. Identification of singularities

This section covers the identification of singular config-
urations of a manipulator and the singular directions
(or task space degenerate components) associated with
each singular configurations.
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2.1. Identifying singular configurations

Singularity manifest physically into a reduction in the
number of degrees of freedom available to the manip-
ulator. Mathematically, it is represented as the reduction of
rank in the Jacobian matrix, which is the linear mapping of
joint rate to task space velocities. Identifying the loci of a
unique singularity can therefore be done by obtaining the
analytical expression that causes the determinant of the
Jacobian matrix to be zero:

detðJðqÞÞ ¼ 0 (1)

for non-redundant manipulators, or

detðJðqÞJTðqÞÞ ¼ 0 (2)

for redundant manipulators. Solution to these equalities
would yield the loci of all possible singular configurations
inherent to the manipulator. Symbolic expression of these
solutions can be obtained, although sometimes it could
be computationally intensive, especially for the case of
redundant manipulators. Certain simplification methods
have been proposed to obtain the symbolic expression for
the singular configurations of a redundant manipulator [32].

The inverse kinematics of a manipulator degenerates not
only at the exact point of singularity, but also in the
vicinity leading to the singular configuration. A singular

region is defined in the vicinity of the singular configuration
within which the inverse kinematics is considered ill-
conditioned. This region is defined as

D ¼ fq j jsðqÞjps0g, (3)

where sðqÞ is the determinant of the Jacobian matrix (or of
J:JT for redundant manipulators) which is zero at the exact
point of singularity and s0 is the threshold value that
defines the singular region.

2.2. Identifying singular directions

Singular or degenerate directions are the components in
task space that the manipulator is not able to execute while
it is in singular configuration. A systematic way to identify
the singular direction is by utilising the Singular Value
Decomposition [33,34].

J ¼ URVT, (4)

where J is the m� n Jacobian matrix, U 2 Rm�m and V 2

Rn�n are proper orthogonal matrices and R is a diagonal
matrix with values ðs1;s2; . . . ;smÞ and R 2 Rm�n [35], where
s1Xs2X � � �XsmX0 are the singular values of the matrix.

When the Jacobian is rank deficient, the smallest
singular value(s) are zeros:

sm�dþ1 ¼ � � � ¼ sm ¼ 0, (5)

where d is the number of degrees of freedom the Jacobian
matrix loses. This results in d row of zeros in matrix W

where

W ¼ RVT. (6)
WðqÞ can be thought of as the Jacobian matrix expressed in
the singular frame S.

SJ ¼ UT:J ¼ RVT ¼W. (7)

The orthogonal matrix U represents the matrix that
transforms the Jacobian matrix J from the singular frame
S to the operating frame of the robot.
If the Jacobian matrix is of size 3� n and it maps the

joint velocities to either only translation velocities or only
angular velocities of the end-effector, then U is a 3� 3
orthogonal matrix and is a rotational matrix. In the case
where both translational and orientational velocities were
involved, the Jacobian matrix is of size 6� n and maps the
joint velocities to both translational and angular velocities.
A proper 6� 6 rotational matrix is in the form of:

R3�3 03�3

03�3 R3�3

 !
. (8)

This proper 6� 6 rotational matrix would then indepen-
dently rotate the frames of the translational and orienta-
tional components of velocities, respectively, leaving them
completely decoupled from each other. Matrix U, despite
being orthogonal, does not conform to the arrangement
shown in (8), as it is not constrained to have 03�3 on its top
right and bottom left quadrants. The result is that the
rotation performed by U does not preserve the decoupling
between the translation and orientation mapping in the
Jacobian matrix. Jacobian matrix obtained by SJ ¼ UT:J
therefore, would show row(s) of zeros at singular config-
urations, however these singular directions may not corres-
pond to any physical directions that can be visualised in
3D space.

2.3. Decoupling of workspace into singular and non-singular

subspaces

Expressing the Jacobian matrix in the singular frame (7)
essentially decouples the degenerate component(s) of the
task space from the non-singular components. The singular
component is now aligned with one of the axes of the
singular frame, which is orthogonal to the other axes of
motion that are still available to the manipulator. Once it is
described in this decoupled manner, we can remove the
degenerate component from the task space, as elaborated
further in Section 3.

3. Removing the degenerate component

Following the discussion in Section 2.2, the Jacobian
matrix in singular frame SJ is obtained by (7) and it
contains row(s) of zeros representing the singular compo-
nent(s) of the task. While inside the singular region, these
rows of zeros are removed and the result is a collapsed
Jacobian JCðqÞ that is full rank and of less number of rows
(of size ðm� dÞ � n). When Singular Value Decomposition
is used to decouple the Jacobian matrix into singular and
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non-singular components, then the row of zeros would
always be the bottom d rows, where d is the number of DOFs
the Jacobian matrix loses. As explained in Section 2.2, in a
manipulator with 6 DOF motion capability, these rows of
zeros do not represent any physical meaning related to
the degenerate components. Alternatively, if the singular
directions were easily identified, singular frames could be
defined in relation to the Denavit–Hartenberg frames
defined at the axes of motion of each link [15]. This way,
the rows of zeros on the Jacobian matrix directly reflects
the degenerate components of the task.

The rank of the collapsed Jacobian matrix represents the
task space degrees of freedom left available to the
manipulator and to the execution of the task. All other
task space vectors and matrices used in the calculation of
the kinematics, dynamics, and control of the manipulator
would have to be transformed onto the singular frame.
This process decouples the singular components from the
rest of the task space. The singular components are
removed and the vector or matrix is collapsed accordingly
to match the non-singular representation of the task. In
Operational Space Formulation [31], the operational space
inertia matrix, Coriolis, centrifugal and gravity vectors are
obtained by

KðqÞ ¼ ðJðqÞAðqÞJðqÞTÞ�1,

lðq; _qÞ ¼ ½J�TðqÞBðqÞ � KðqÞHðqÞ�½_q_q�,

pðqÞ ¼ J�TðqÞgðqÞ, ð9Þ

where AðqÞ is the joint space kinetic energy matrix, BðqÞ
and HðqÞ are the joint space Coriolis and centrifugal forces,
and gðqÞ are the joint space gravitational matrix. The task
space equivalent of these variables are the Coriolis and
centrifugal forces in task space lðq; _qÞ and gravity vector in
task space pðqÞ. These operational space variables are
calculated using the collapsed Jacobian matrix JCðqÞ,
which is full rank due to the removal of the singular
components. The inverse of this Jacobian matrix J�1C ðqÞ is
therefore well-conditioned.

The generalized force vector is then obtained by

fðqÞ ¼ KðqÞ €xþ lðq; _qÞ þ pðqÞ, (10)

where €x is the desired acceleration obtained from the
control law to close the tracking error between desired
and actual trajectory. This vector is also transformed to
the singular frame S and have its degenerate component
removed.

Having decoupled and removed the degenerate compo-
nents from the manipulator’s task space, the dynamics or
the inverse kinematics of the manipulator (and any other
computation requiring the inverse of the Jacobian matrix)
can be performed using the collapsed Jacobian JC . In
Operational Space Formulation, the command to the joints
are then sent out as torque vector c:

c ¼ JTCfC þNTc0,

N ¼ ½I� J̄CJC �, ð11Þ
where c is the torque to be sent to the joint motors, JC and
fC are the collapsed Jacobian matrix and the generalized
force vector, N is the null space projection matrix, and c0 is
the command to produce the desired null space motion—
typically for the gradient descent of a potential function.
J̄C is the dynamically consistent inverse of the collapsed
Jacobian matrix JC :

J̄C ¼ KCðqÞJCðqÞA
�1
ðqÞ, (12)

where KCðqÞ is the task space inertia matrix KðqÞ as in (9),
obtained by using only the collapsed system of equations.
Essentially, this process reduces the task-specification of

the end-effector into a sub-space that is orthogonal to the
singular components of the task while the end-effector is
inside the defined singular region, in the proximity of a
singular point.
4. Null space motion in singularity

Redundancy exists within the singular region of a
normally non-redundant manipulator because of the
momentarily reduced number of DOFs in task specification
compared to the number of joints the manipulator
possesses. A six jointed robot assigned to perform a 6
DOF task, would only have a maximum of 5 DOF
capability while inside the singular region, because the
degenerate components of the task are temporarily
removed. This also means that motion/force in the
degenerate direction that has been removed is no longer
controllable until the manipulator exits the singular region.
If the desired task has a component along the degenerate
direction, null space motions can be utilized to assist the
motion. As the degenerate components have been removed
from the task while the end-effector is within the singular
region, motion in these directions belong to null space.
Motion in degenerate direction was studied in [36,37]. Null
space task can be realized by constructing a potential
function (or cost function), v0ðqÞ, whose minimum corre-
sponds to the goal of the desired task. The null space
torque c0 (as described in (11)) is formulated as the
gradient descent of the potential function v0ðqÞ:

c0 ¼ �AðqÞrv0ðqÞ. (13)

Matrix A is used to properly scale the null space torque
according to the dynamics of the manipulator in joint
space.
Singularities are divided into two categories according to

the effect that null space motion has on them [38]. Type I

singularities are those where null space motion creates end-
effector motion in the singular direction and causes the
end-effector to escape the singular region through this
direction. Type II singularities are those where null space
motion affects only internal joint motion, and changes the
singular directions without affecting the end-effector
motion/forces.
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Fig. 2. Example of type 2 singularity in a spherical wrist. Singularity

occurs when qW ¼ 0.
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4.1. Type I singularity

To escape a type I singularity, the end-effector motion in
singular direction can be generated directly through the
associated null space torque by a potential function to
move it from a singular configuration sðqÞ ¼ 0 to the
boundary of singular region, sðqÞ ¼ s0. As motion in the
singular direction has been removed from the task, it is no
longer a part of the task, and is therefore a null space
motion. It follows that the joints directly affecting the
measure of manipulability of the manipulator, associated
with the specific type I singular configuration, can be
driven to create the null motion that causes the end-effector
to exit the singular region along the singular direction.
Fig. 1 shows an example of type 1 singularity on a locked
‘‘elbow’’ of a planar 2DOF revolute jointed manipulator.
At the exact point of singularity, the end-effector is
instantaneously unable to move in the singular direction,
as it can be deduced that both joint velocities produces
task space velocity vector perpendicular to the singular
direction. Applying the null motion to the joints,
however, will produce the overall effect of moving the
end-effector to escape the singularity through the singular
direction. The region in the vicinity of the exact loci of
singularity has an ill-conditioned Jacobian matrix and is
included in the singular region in this paper. This region is
also the workspace that is rendered unusable due to
singularity.

4.2. Type II singularity

In type II singularity, the null motion does not move the
end-effector but creates internal motion that shifts the
singular direction. A potential function can be constructed
such that its minimum occurs when the singular direction is
orthogonal to the direction of motion of the desired path,
fðqÞ ¼ f0.
Singular
direction

Exact Loci of
singularity

Workspace region
where Jacobian is ill-
conditioned

Revolute joints of
planar 2DOF manipulator

Fig. 1. An example of type 1 singularity, on a planar 2DOF revolute

jointed serial manipulator.
Fig. 2 shows an example of a type 2 singularity in a
spherical wrist. If the joint is denoted by W and the joint
displacement about ZW is labeled as qW , then singularity
occurs at qW ¼ 0. The region in the vicinity of the singular
point forms a cone shape that defines the unusable
workspace due to the singularity. It can be seen that at a
constant qF , then this singularity splits the usable work-
space into two halves (qWo0 and qW40). As the
singularity lies right in the middle of qW , it effectively
reduces the usable workspace to half the available range of
joint motion. In this example, a spherical joint is shown to
be made up of three revolute joints in series. These
mechanisms, common in anthropomorphic industrial
robots, often have a singularity point when the wrist is
straightened with respect to the forearm, as shown in the
example. This wrist lock causes a major inconvenience in
the control of the robot in task space as it sits right in the
centre of the workspace, essentially dividing the wrist
workspace into two usable sub-spaces with less than half
the available range of motion. Being able to move through
this singular configuration, instead of avoiding it, improves
the dexterity of the robot and optimises the amount of
workspace that can be utilised in the robot. This is further
demonstrated in Section 7.
It can be observed that when the wrist is straight

(qW ¼ 0), then the mechanism is physically unable to rotate
about xW . This is the singular direction of the mechanism
in the example of type II singularity. It can also be
observed that rotating qF creates the internal joint motion
that shifts xW . If the singular frame of a particular type II
singularity is identified as one of the Denavit–Hartenberg
frames used to define the kinematics of the robot, then
internal joint motion in the singular direction can be
generated by driving the rotational axis of the associated
link. The potential functions for type I and type II
singularities are summarized in Table 1. The potential
function in the table is expressed as the sum of dn quad-
ratic potential functions, where the maximum number
of dn is the degree of redundancy possessed by the
manipulator at the time of application of the potential
function.
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Table 1

Types of singularities

Type 1 Type 2

Effect Moves end-effector out of

singularity

Shifts the singular direction

Potential

function
v0ðqÞ ¼

Pdn
1

1
2 kN ðsðqÞ � s0Þ

2 v0ðqÞ ¼
Pdn

1
1
2 kN ðfðqÞ � f0Þ

2

Desired motion
trajectory

Singular direction

Singular region

Exact point of
singularity

A

D

B

C

Resulting end-
effector motion

Fig. 3. The cause of sudden jerks as end-effector exits singular region,

represented graphically. As motion is disabled in the singular direction,

the end-effector will be motion controlled only in the direction

perpendicular to singular direction. Error accumulated inside the singular

region in the singular direction causes the end-effector to jerk as it tries to

close the tracking error upon exit from the singular region.
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5. Discontinuity at the boundary of singular region

Within the singular region, the singular components of
the manipulator task space is removed. This creates a
discontinuity across the boundary of the singular region.
Discontinuity occurs as control algorithms are calculated
with a different task space specification when the end-
effector is within the singular region. At the boundary of
the region, switching occurs—resulting in non-continuous
command torques that causes jerky motion. These
discontinuities are rarely discussed in the literature. The
effect is even more obvious in manipulators designed for
high performance systems, such as higher system response
bandwidth, lower inertia (such as for robot safety and in
high precision systems). It is becoming more critical that
these discontinuities in motion control are resolved in a
smooth and stable manner.

Discontinuity occurs because within the singular region,
the manipulator’s task no longer includes the degenerate
component. Motion in the singular direction within the
singular region is not controllable due to the ill-conditioned
inverse of the kinematics and dynamics of the manipulator
system. Therefore, while the end-effector is within the
singular region, tracking error in the singular direction will
build up and it manifests into a sudden jerk of the end-
effector as the control is returned to its full degrees-of-
freedom and as it attempts to close the tracking error
accumulated while within the singular region. It can be
deduced that the discontinuity of control algorithm would
have the most effect on the motion of the end-effector upon
its exit from the singular region. The accumulated tracking
error due to the discontinuity of singularity handling
algorithm would be minimum upon end-effector’s entry
into the singular region.

In type I singularities, the end-effector can only escape
the singularities through the singular direction. The
discontinuity manifests in the form of a sudden jerk, in
the case where the resulting escape motion within the
singular region lags the defined (desired) motion trajectory,
or in a chattering motion at the boundary, in the case
where the resulting motion within the singular region leads
that of the desired motion trajectory (due to the opposing
potential driving the end-effector inside and outside the
singular region). As the end-effector can escape only in the
singular direction, a systematic path planning for a smooth
motion is not plausible. Damping terms can be introduced
to reduce the effect.
In contrast to the case of type I discontinuity, null
motion in type II singularities causes an internal motion
that shifts the singular direction. This is a useful property
that can be utilised to produce a smoother motion control
as the end-effector exits the singular region. Disturbance to
the motion as the boundary of singular region is caused by
the accumulated tracking error in the singular direction.
The problem is summarized and illustrated in Fig. 3. As it
moves across the singular region, the end-effector is not
controlled—and therefore, does not track the desired
path—in the singular direction. Upon exit, control in full
degrees-of-freedom is returned to the manipulator and it
finds itself with a large tracking error. The control law then
causes a sudden jerk in an attempt to reduce the error.
As null motion creates an internal motion that shifts the

singular direction, it can be utilised so that the singular
direction is always kept orthogonal to the desired path,
thus the discontinuity at the boundary of singular region
upon end-effector exit can be minimised (Fig. 4).
A potential function is required to shift the singular

frame so that the singular direction is orthogonal to the
desired path. This is generated by the dot product of the
motion generating force vector Sf from (10) with the unit
vector of the singular direction Sd, both expressed in the
singular frame S:

v0ðqSÞ ¼
1
2

kNðð
Sf ÞT � SdÞ2, (14)

where kN is the proportional gain and qS is the associated
joint that is driven to create the null motion. The null space
torque is gradient descent of the potential function with
respect to qS (13), which is

c0 ¼ �AðqÞ v0ðqSÞ. (15)

Hence, it is shown that an elegant solution to the problem
of discontinuity at the boundary of singular region exists for
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type II singularities. This is important because type II
singularities manifest within the usable workspace of a serial
manipulator. Type I singularities are mostly associated with
boundary singularities, that is the singular configurations
defined at the boundary limits of a manipulator’s work-
space. These include both the outer and inner boundary of
the manipulator workspace, defining the limits of the
workspace of the manipulator. Therefore, while an elegant
solution many not exist for the discontinuity of type I
singularities at the boundary of singular region, the
phenomenon can be avoided by specifying the manipulator
to operate away from the workspace boundary such as by
Singular
direction

Non-
Singular
direction

Singular
region

Desired
Trajectory

End –
effector
motion and
orientation

Entry to
Singular
Region

Exit from
Singular
Region

Null motion to shift
singular direction away
from desired path

Fig. 4. Motion of the end-effector in type II singularity where the null

motion shifts the singular direction away from the desired path. The end-

effector therefore exits the singular region through a controllable

direction.

Table 2

Summary of the proposed algorithm

1. Identification

a. Singular configurations are identified (1)–(2)

b. Singular direction(s) associated with each singular configuration is als

2. Removal of degenerate components

a. As the end-effector enters the singular region, the task space descriptio

b. The degenerate components are removed from the Jacobian matrix an

i. The degenerate component is visible as a zero row in the Jacobian m

ii. The resulting task space is described in a reduced number of DOFs w

from task specification.

c. Dynamics parameters (9) are calculated using the collapsed (but full ra

3. Null motion within singular region

a. While inside the singular region, motion of the end-effector in the sing

b. As the end-effector escapes type I singularities only through the singu

c. For type II singularities, it is possible to go through them in a stable man

the degenerate component(s) away from the exit path for type II.

i. Potential function is constructed (14) such as to generate interval joi

effector motion.

ii. Null space projection of (15) is added to torque command (11).

4. Construction of Torque command

a. Torque command is generated through (11), where the generalised forc
defining a software limit of usable workspace which is
smaller than the real mechanical workspace. Analytical
workspace limits for some manipulators are simple to
obtain, such as for Cartesian manipulators. For other
manipulators that are not as straightforward, it is useful to
note that the analytical expression for the boundary
singularities can be utilised. As (3) defines the singular
region, the complement of this inequality would represent
the usable workspace of the manipulator B:

B ¼ fq j jsðqÞjXs0g, (16)

where B defines the software boundary of the workspace,
which is designed to be smaller than the physical workspace,
while sðqÞ and s0 are as defined for (3). This will ensure that
boundary singularities are avoided.

6. Summary of algorithm

Before we present the implementation of the algorithm
on a PUMA 560, we briefly summarise what was covered in
the handling of singularity. The outline of the proposed
algorithm is presented in Table 2.
At this point, it can be summarised that the singularity

handling algorithm allows the manipulator to go through
all singularities, i.e. both types I and II. Discontinuity
problem exists in the singularity handling algorithms,
resulting in jerky motion at the boundaries of the singular
regions. This can be minimised in different ways, depend-
ing on the type of singularity. For type I, damping control
can be integrated to the null space control to minimise the
jerkiness, where the torque commands resulting from null
space control are reduced by an amount proportional to
the joint velocities. Another option is to avoid type I
singularities altogether. For type II, the singular direction
is shifted by null space motion, so the desired motion or
task can still be achieved inside the singular region.
o identified (4)–(7).

n is transformed to the singular frame, as obtained in (4)–(7).

d the generalised force vector:

atrix as it is expressed in the singular frame.

ithin the singular region, as the degenerate component has been discounted

nk) task space specification.

ular direction is created by null space motion.

lar direction, it is better that this type of singularities is avoided.

ner. The application of null motion creates internal joint motion that shifts

nt motion that keeps the singular direction away from the desired end-

es and collapsed Jacobian are obtained through (10) and (12), respectively.
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Table 3

The modified Denavit–Hartenberg parameters for PUMA560

i ai�1 ai�1 di Wi

1 0 0 0 W1
2 �90� 0 d2 W2
3 0 0 d3 W3
4 90� a2 d4 W4
5 �90� a3 0 W5
6 90� 0 0 W6

q3

Singular
direction

Singular
direction

Fig. 6. (a) PUMA at elbow singularity, when the arm is straightened.

Singular direction is now no longer part of the task therefore motion in

this direction is considered within the null space. (b) Motion in the

singular direction is created by driving q3.
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7. Implementation on PUMA 560

The implementation of the singularity robust algorithm
on PUMA 560 serial manipulator is presented in this
section. Singular configurations in PUMA 560 are
identified by taking the symbolic expression of the
determinant of the Jacobian matrix [15,39]. The Denavit–
Hartenberg parameters for the robot is shown in Fig. 5 and
Table 3.

For PUMA560 with 6 DOF, the Jacobian is a square
6� 6 matrix, which can be partitioned into:

J ¼
J11 J12

J21 J22

" #
. (17)

By defining the control point to be at the wrist, a Jacobian
matrix with J12 ¼ 03�3 can be obtained. The determinant
of the Jacobian matrix is then obtained as:

DetðJÞ ¼ DetðJ11ÞDetðJ22Þ,

DetðJ11Þ ¼ �a2ðd4C3 � a3S3Þðd4S23þ a2C2 þ a3C23Þ,

DetðJ22Þ ¼ �S5, ð18Þ

where a2 ¼ 0:4318ðmÞ, a3 ¼ �0:0203ðmÞ, d2 ¼ 0:2435ðmÞ,
d3 ¼ �0:0934ðmÞ, and d4 ¼ 0:4331ðmÞ.

Therefore, the three distinct singular configurations in
PUMA 560 are:

� Elbow lock:�a2ðd4C3 � a3S3Þ ¼ 0; therefore W3 ¼ 92:69�

� Head lock: ðd4S23þ a2C2 þ a3C23Þ ¼ 0

� Wrist lock:�S5 ¼ 0. ð19Þ
X2

X1

Z3

d3

X3

d4

X4

Z4, Z6 Z5

Z1

Z2

a2

d2

Fig. 5. The PUMA 560 at zero position.
7.1. Elbow lock

The elbow singularity of PUMA 560 is an example of a
type I singularity. It happens when the PUMA arm is
straightened at the elbow (See Fig. 6). The expression for
elbow singularity from the determinant of PUMA’s
Jacobian matrix is when q3 ¼ 92:69�. In this case, the joint
directly affecting the measure of manipulability of the
manipulator, associated with the singular configuration is
q3. It can be seen that driving q3 while the manipulator is in
a singular configuration would fold the arm and hence drive
the end-effector out of the singular configuration (Fig. 6).
The singular direction of PUMA elbow singularity is the
translation along the line connecting the origin of Frame 1
(Frame attached to joint 1) to the wrist point (See Fig. 7).
It is shown in Fig. 6 that escape from this singular

configuration is achieved by a ‘folding’ motion, where the
elbow goes from being straight to a bent position. The null
motion drives the end-effector to move in the singular
direction. Since it is necessary that the end-effector moves
along the singular direction in order to escape this
singularity, escape motion in singular region is not
controllable. This is also the outer limit (boundary) of
the manipulator workspace.
It has been proposed that since it is a boundary

singularity, that elbow singularity can be avoided by
keeping the manipulator within the more manipulable
zone. A task space limit can be set by

j � a2ðd4C3 � a3S3ÞjXs0elbow, (20)
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q3

q2 Z1

Singular
direction

Fig. 7. Singular direction of PUMA’s elbow singularity.

q4q5

X4

q6

Z4

Y4

d - Desired
motion: rotation
about this axis

Singular direction ,

unable to rotate
about this axis - s Null motion

d
s

s

d

Desired motion
achieved

Fig. 8. (a) The PUMA 560 at wrist singularity, the singular direction is

rotation around axis X 4. (b) The effect of null space on wrist singularity—

creates an internal joint motion that shifts the singular direction.
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where s0elbow is the threshold that defines the size of the
singular region, but in this case, the inequality dictates that
the end-effector has to stay within the workspace where
this measure of manipulability with respect to elbow
singularity (j � a2ðd4C3 � a3S3Þj) stays a certain distance
away from zero. This prevents the manipulator from ever
locking its elbow at the singular point.

7.2. Wrist lock

Wrist singularity on PUMA occurs when the wrist is
straightened or when q5 ¼ 0 (See Fig. 8). It is the most
common singularity encountered in this serial manipulator
and it is of type II. The singular direction is the rotation
of the end-effector around X 4 or X axis of Frame 4
(the singular frame for wrist singularity).

The manipulator is considered to be within the singular
region of wrist singularity when:

j sinðq5Þjps0, (21)

where s0 is the threshold value that defines the singular
region.

For this singularity, a Denavit Hartenberg frame
attached to joint 4 (Frame 4) is utilised as the singular
frame. When transformed to this frame, the Jacobian
matrix will normally show a row of zeroes, representing the
singular direction. For this specific case, however, only J22
(see (17)) will reveal a row of zeros on the first row,
representing rotation about 4X as the singular direction. It
still represents a singular configuration due to the physical
setup of the manipulator, where this motion in this singular
direction (affecting the orientation of the end-effector) can
also be supplied by the first three joints of the manipulator,
however these joints are required to maintain the position
of the end-effector. More detailed identification process on
this singularity is shown in [15].
Null motion is created by (15), where the potential
function v0 is defined to minimise the norm between the
vector representing the singular direction and the direction
of motion. The associated joint driven to create null
motion (qS) is joint 4. Therefore, the potential function is
constructed such that:

zðqÞ ¼ qS ¼ q4,

z0 ¼ ð
Sf ÞT

S
d

¼ ð4f ÞT½0; 0; 0; 1; 0; 0�T,

v0ðqÞ ¼
1
2

kN ðzðqÞ � z0Þ
2, ð22Þ

where ½0; 0; 0; 1; 0; 0�T is the singular direction, expressed in
the singular frame, which is Frame 4 (rotation around the
X axis of Frame 4). The resulting null space torque,
obtained by differentiating (22) with respect to q is

c0 ¼ ½0; 0; 0; zðqÞ � z0ðqÞ; 0; 0�
T. (23)
7.3. Head lock

Head singularity is a type II singularity. It occurs when
the wrist point is immediately above the z-axis of joint 1, or
when ðd4s23 þ a2c2 þ a3c23Þ ¼ 0 (See Fig. 9). The singular
direction in this case is the sideway motion of the
end-effector or the y-axis of the Frame 1 (the singular
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q3

q2 q1Z1

Singular
direction

Z1
Z2

Z3

Null
motion

Singular
direction

Z1

Z3

Z2

Singular
direction

Fig. 9. (Left) PUMA at head singularity, when the wrist point is immediately above the Z axis of joint 1. (Right) Motion in the singular direction is created

by driving q1.

Desired
motion

X4

Z4
Manipulator at initial
position

Z0

Singular direction:
rotation about X4

v

�
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frame) [15]. Null motion for head singularity is constructed
in a similar way to wrist singularity.

When the task space motion is transformed into the
singular frame (Frame 1), the null motion to shift the
singular direction to be orthogonal to the desired motion is
constructed from the gradient descent of the potential
function:

zðqÞ ¼ qS ¼ q1,

z0 ¼ ð
Sf ÞT

S
d

¼ ð1f ÞT½0; 1; 0; 0; 0; 0�T,

v0ðqÞ ¼
1
2

kNðzðqÞ � z0Þ
2, ð24Þ

where ½0; 1; 0; 0; 0; 0�T is the singular direction, expressed in
the singular frame, which is Frame 1 (translation across the
y-axis of Frame 1).
X0

Fig. 10. For the experiment, PUMA 560 is required to escape the wrist

singularity, with desired end-effector trajectory involving motion in the

singular direction (rotation around axis X 4) (shown).
8. Implementation and results

An experiment demonstrates the proposed algorithm.
A physical implementation of the algorithm was carried
out on the PUMA 560. The robot was commanded to track
a desired trajectory that started in a wrist lock configura-
tion. The details of implementation for this type of
singularity is given in Section 7.2, which included the
identification of singular configurations and directions,
singular frames, and singular region, as well as the
potential function required to create the internal joint
motion such that the singular direction is kept away from
the desired motion of the end-effector.

The end-effector was required to translate along the
negative x-axis of Frame 4� 150mm (which would take
the end-effector from an initial position that is singular to a
point outside the singular region) and to rotate around the
x-axis of Frame 4 by 15�, which was the singular direction
(Fig. 10). This desired trajectory required the end-effector
to move from a singular configuration and to escape it in a
stable manner while accommodating transition of control
algorithms at the boundary of the singular region. The
initial configuration of the robot and the desired motion
trajectory involving motion in the singular direction is
illustrated in Fig. 10.
As the robot was in singular configuration, the Jacobian

matrix and the generalised force vector were transformed
to the singular frame. The degenerate component, reflected
as a row of zeros, was removed, resulting in a full-rank
Jacobian matrix. As there were less number of DOF in task
space than the number of joint space variables, the
manipulator was momentarily redundant. The potential
function (22) was utilised to generate the internal joint
motion to steer the singular direction away from the
desired path. Torque command vector to the robot joints
was calculated (11) using the full rank (collapsed) Jacobian
and generalised force vector.
Fig. 11 shows the tracking error of the end-effector

throughout the execution of the trajectory. The x-axis
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Fig. 11. The discontinuity at the boundary of PUMA wrist singular region. It is shown that the orientation error starts to build up within the singular

region. With null motion compensation, the error is significantly reduced.
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shows the time of the trajectory. The y-axis of Fig. 11 (top)
shows the position tracking error in y-axis of the base
frame, which is most affected in this trajectory. The sudden
jerk as the end-effector exits the singular region is clearly
shown. The bottom plot shows the orientation tracking
error and the sudden jerk as the end-effector exits the
singular region. The orientation error was calculated by

dF ¼ 1
2
½ðna � ndÞ þ ðoa � od Þ þ ðaa � adÞ�, (25)

where n, o, and a represented the columns of an orientation
matrix expressing the orientation of the end-effector with
respect to the base. Fig. 11 (bottom) shows only dFZ,
which is the orientation error about Z axis of the base
frame (Frame O) (see Fig. 10), which is the component of
motion that is of interest in the given trajectory.

Fig. 11 shows that when null motion is utilised to shift
the singular direction away from the desired direction of
motion while the end-effector is within the singular region,
the tracking error is reduced significantly, resulting in a
smooth and controlled transition between the control
algorithms when the end-effector crosses the boundary of
singular region.
Another positive point was also observed as the result of

the implementation of the algorithm. It often occurs in a
type II singularity, such as the wrist lock in PUMA 560,
that through accumulated numerical round-off or impreci-
sion, an undesired internal motion is created as two
rotational axes are aligned. For example, at wrist lock in
PUMA, rotational axes z4 and z6 are aligned. Having two
rotational axes that are aligned, any positive displacement
about one of the rotational axes will not affect the end-
effector pose in task space if countered by a negative
displacement of the same amount about the other
rotational axis. This often happens during task space
control even when some singularity handling methods are
already implemented. It is undesirable as it introduces
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unwanted internal joint motion. The algorithm proposed in
this paper does not suffer from this phenomenon, because
an additional constraint has been imposed to regulate the
internal joint motion to keep the singular direction away
from the desired motion.

9. Conclusion

A singularity robust algorithm is presented in this paper.
It presents the approach of removing the singular
components from the task space specification. This method
was chosen due to its robustness and simplicity and
because it allows the end-effector to go through (and not
avoid) the singularities, thus maximizing the usable work-
space of the manipulator. The utilisation of null motion to
manipulate the singular directions is shown to be effective
in producing a smooth and controllable motion as the end-
effector move through singular configurations. The algo-
rithm was shown to successfully allow the end-effector to
go through internal singularities, hence reclaiming the
workspace otherwise affected by these singularities.
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