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Abstract:

Topological and/or metric structure on sets of hybrid trajectories is central to stability and
robustness theory for hybrid systems, and their generalizations to systems over higher-dimensional
heterogeneous signal domains. Recent work by Goebel, Teel and co-workers (2004,2006,2007),
and also by Collins (2005,2006), utilizes a 2-dimensional hybrid time structure, and indirectly
develops topological structure on hybrid path spaces by studying the convergence of a sequence
of paths in terms of the set-convergence of the graphs of those paths, considered as subsets of the
product of the time structure and the state space. In this paper, we explicitly develop a topology
on spaces of hybrid paths (of both finite and infinite length), where the topology derives from a
3-parameter uniformity giving quantitative measures of closeness. Based on a quite general notion
of a time structure as a partially-ordered abelian group equipped with a norm function (which
includes 2-dimensional hybrid time), we prove that the path operations of prefix, suffix and fusion
all respect the uniformity, and that this uniformity gives topological structure equivalent to that of
graph-convergence, which is in turn equivalent to the modified compact-open topology considered
by Collins (2005,2006). The uniform topology is metrizable for many spaces of hybrid paths,
but it is coarser than the Skorokhod metric topologies considered by Broucke (1998,2002) and
Kossentini and Caspi (2004) for a restricted class of hybrid paths.

1 Introduction

One of the challenges in the foundations of hybrid systems is to develop a metric or topology on the
space of hybrid paths or trajectories that is rich enough to support concepts of stability and robustness
for hybrid systems. Cast in quite general terms, within the framework of differential and difference

inclusions [1, 2, 3, 4], the solution paths of a hybrid system consist of a sequence of segments of real-
4
dt
time, where the end-state x;, of one segment and the start-state x,,+| of the successor segment satisfy a

time trajectories that satisfy a differential inclusion £ x € F(x) and are absolutely continuous in real
difference inclusion x;, € G(x,+1), the latter modelling the response of the state to a discrete transition
event. For example, from [5], consider a system of three particles of varying point-masses moving in
one dimension whose state in R® consists of the positions and the velocities of each of the particles.
While all the particles remain apart, they move with constant velocity, but when any two adjacent
particles collide, there is a discrete change in velocity, given by Newton’s law of restitution and the

conservation of momentum. In the case of simultaneous collision of all three particles, there will be



two possible values for the post-collision velocities, so the discrete dynamics are multi-valued, with
different values depending upon which order the two 2-way collisions are taken to occur.

Trajectories of hybrid systems fail to be amenable within the classical theories of dynamical and
control systems for many reasons: discrete transitions typically give rise to both discontinuities in the
state and multi-valued-ness of the state w.r.t. real time; there may be multiple discrete transitions at
the same real time; hybrid paths may exhibit Zeno behaviour, which means infinitely many discrete
transitions occur in finite real time; variations in the timing of discrete transitions means that two
hybrid paths that are “close” may differ in their time domains; and in the passage from finite length
paths to infinite length paths, there are multiple distinct ways in which time can “go to infinity”, and
the notion of a maximal length path becomes more delicate.

One approach addressing several of these issues (proposed independently by Goebel, Teel and co-
workers in [2] and by Collins in [6], and employed in [3, 4, 5, 7, 8]) is to model the time domain of a
hybrid path as a linearly-ordered subset of the partially-ordered structure R X Z, where the real-valued
coordinate gives the real time and the discrete coordinate is incremented with each discrete transition;
the real-time continuity of each of the segments of a hybrid path is then sufficient to give continuity
of the path as a partial function from R X Z into the state-space. This approach is equivalent to the
so-called “hybrid time trajectories” used in [1, 9]. Additionally, 2-dimensional time structures linearly-
ordered by the lexicographic order have been also used in earlier work on hybrid trajectories within
the context of logics and formal methods for hybrid systems in [10, 11, 12, 13, 14], and in behavioural
systems approaches to hybrid systems, in [15] and [16].

In this paper, we first develop a quite general notion of a time structure as a partially-ordered
abelian group equipped with an order-preserving norm (the latter giving a magnitude measure for the
duration of a time position), and then investigate the norm and order topologies on time structures.
Time structures so formulated include 2-dimensional hybrid time R X Z as well as higher-dimensional
structures for modelling the time domains of hierarchically nested hybrid systems, and also doubly-
dense time structures such as RxXQpg, where Qg := {zim | k € ZAm € N} is the binary-codable rationals,
which can be used (as suggested in [5]) to model continuations of Zeno trajectories beyond their Zeno
time.

We then develop a topology on spaces of hybrid paths (of both finite and infinite length), where the
topology derives from a 3-parameter uniformity giving distinct quantitative measures of closeness. We
show the topology is metrizable for spaces of hybrid paths all of whose time domains are closed in the
norm topology, and that the topology is coarser than the Skorokhod topologies considered by Broucke
[17, 18] and Kossentini and Caspi [19] for a more restricted class of hybrid trajectories of infinite real-
time duration with a positive lower bound between discrete transitions. We also prove that the path
operations of prefix, suffix and fusion all respect the uniform topology. Recent work by Goebel, Teel
and co-workers [2, 3, 4, 8], and also by Collins [5, 7], takes an indirect route in developing topological
structure on hybrid path spaces by studying the convergence of a sequence of paths in terms of the

set-convergence of the graphs of those paths as subsets of R"*?, where the notion of set-convergence is



as in texts such as [20]. We prove that for abstract time structures, and under modest assumptions on
the state space and time structure, the 3-parameter uniformity gives topological structure equivalent to
that of graph-convergence, and also to the modified compact-open topology considered in [5, 7]

The paper is organized as follows. Section 2 develops the basics of time structures and their
topologies, while Section 3 concerns compact paths over time structures, their maximal extensions,
and general flows. In Section 4, we introduce set-valued retimings and the 2- and 3-parameter uniform
topologies, and prove that they are respected by the path operations of prefix, suffix and fusion. In
Section 5, we establish the equivalence between the set-convergence of a sequence of graphs of trajec-
tories, and the convergence of the sequence of trajectories in the uniform topology. We also show how

the results of this paper can clarify the notion of an abstract hybrid system as used in [8].

Some preliminaries: we write R: X ~ Y to mean R is a set-valued map, with values R(x) C Y,
and inverse R™!: Y ~ X given by R‘l(y) = {x € X |y € R(x)}. We also sometimes write (x,y) € R
as synonymous with y € R(x), and we do not distinguish notationally between a map R and its graph
as a subset of X X Y. The domain of a map R is dom(R) := {x € X | R(x) # @}, and the range is
ran(R) := dom(R™"). A map R is total on X if dom(R) = X, and surjective onto Y if ran(R) = Y.
We write R: X — Y (as is usual) to mean R is a single-valued function that is total on X, with range
contained in Y, and values written R(x) = y (rather than {y}). Let [ X — Y ] denote the set of all total
functions from X to Y. We also distinguish partial functions, and write R: X --> Y to mean that R is a
single-valued function on its domain dom(R) C X; let [ X --» Y ]| denote the set of all such maps. For
partial functions, we also write R(x) = y if x € dom(R), and R(x) = unper if x ¢ dom(R). The empty
map € is characterized by dom(e) = @, and it is the minimal element of [X --> Y] and [ X ~ Y]
partially-ordered by inclusion C. In general, we have [X — Y] C [X -»> Y] C [X ~ Y]. For
functions as well as relations, we write the sequential composition (Ry o Ry): X ~» Z in left-to-right
sequence order, for Rj: X ~» Yand Ry: Y ~» Z; where (Rj o Rp) :={(x,2)€e X XZ|dyeY: (x,y) €
Ri A (3,2) € Rp}. As usual, Z, Q and R denote the integers, rationals and reals, respectively. We write
N and N*° for the natural numbers and strictly positive integers, and R* and R* for the non-negative

and strictly positive reals, respectively.

2 Time Structures and Their Topologies

A structure (S, <, 0, +, —) is an partially-ordered abelian group [21] if (S, <) is a partial order, (S, 0, +, —)

is an abelian group, and the strict ordering < is translation-invariant:

Vs, t,reS, if s<t then s+r<t+r, (1)



where, as is usual, s < §" iff s < s and s # §’. Integer multiplication is defined as iterated addition:
foralls e Sandm e N, O0s :=0,(m+ 1)s := (ms)+ s and —-ms := —(ms). A strictly positive
element u > 0 is called an order-unit for the partially-ordered group § if for every s € §, there exists
an m € N*° (depending on s) such that s < mu. An order unit u uniquely determines an extended

pseudo-norm || - ||: § — R**, as follows:
Vses, sl := inf{TGQJr | mneN’ A —mu < ns < mu}. )
n

Thus ||u|| = 1, and for all s, € §, if —¢ < s < ¢ then ||s|| < ||7||. The pseudo-norm satisfies the difference
inequality: |||s||— |t | < || s—1]||, as well as the triangle inequality: ||s+1|| < ||s|| +]|z||, and homogeneity:
[lm s|| = |m]||s|| for m € Z. The pseudo-norm || - || is in fact a finite-valued norm if S is archimedean, in
the sense that if ks < ¢ for all k£ € N, then s < 0 (which is violated if there is a point ¢ = +o0, for any
s > 0)!. Foreach s € S and each real § > 0, the 6-norm-ball around s is B(s,8) :={r€ S | || s—t| < &}.
The positive cone S* of a partially-ordered abelian group is given by S* := {s € S | 0 < s}, and the set
of strictly positive elements §7° is given by S :={s € S | 0 < s}.

Given two partially-ordered abelian groups (S 1,<y,0¢,+1,—1) and (S, <2, 0>, +2, —2), a function
g: 81 — Sy is an order-group-homomorphism if g is order-preserving, g(01) = 02, g(s+1 5") = g(s) +2
g(s”), and g(—1s) = —pg(s) forall 5,5’ € §|. Note thatif g: S| —» Sy and g’: S| — §, are both order-
group-homomorphisms, then so is their sum, (g+¢’) : S| — S, given by (g+g')(s) := g(s) +2&'(s). If
g is an order-group-homomorphism, then for all s € S| and k € Z, we have g(k s) = k g(s). A positive
order-group-homomorphism g: S1 — S is one such that if s € ST then g(s) € 7, forall s € .
Given two non-zero ordered groups with distinguished order-units, (S 1,u#;) and (S, u3), a function
g: S1 — S, is an normalized positive order-group-homomorphism (npog-homomorphism) if g is a
positive order-group-homomorphism such that g(u;) = u,. In virtue of preserving both algebraic and
order structure, npog-homomorphisms also preserve the norms: given two time structures S; and S
with norms || - ||;: S; = R* fori = 1,2, if g: S| — S, is a npog-homomorphism, then ||g(s)|l> < |Is]ly
for all s € S, and if g: §1 — §7 is a npog-homomorphism, then ||s||; = ||g(s)||> for all s € S;.

Given two partially-ordered abelian groups (S 1, <1, 01, +1, —1) and (S 3, <2, 02, +2, —2), their direct
product is the partially-ordered abelian group (S, <, 0, +,—) such that S := §| X S, and the ordering
and group operations are co-ordinate-wise: for all s;,¢; € S| and 55,6 € So, (s1,52) < (11, 1) iff
s1 <1 t1 and sy <o tp; the group identity 0 := (0,02); (s1,82) + (t1,12) = (8§51 +1 11,52 +2 f); and
—(s1,82) = (—151,—252). If (S1,uy) and (S;,u;) are ordered groups with distinguished order-units
up € 87" and up € S3°, and order-unit norms || - ||} and || - ||z, then (u1,u) € 7 is an order-unit for

§ =81 %82, and [|(s1, s2)ll = max{llsll1, lls2ll2} for all (51, 52) € ST X S7.

Definition 2.1 [Time structures]

A time structure (S, <,0,+, —, u,|| - ||) is a non-zero archimedian partially-ordered abelian group with

' Adding points at infinity to “compactify” a partially-ordered or linearly-ordered group will typically result in only the
weak or non-strict version of translation-invariance being satisfied, so the structure so formed will fail to be an ordered group.



a distinguished order-unit u > 0 and order-unit norm || - || determined by u, and with S # {0}. A future
time structure T is the positive cone of a time structure, so T = S* for some S.

Given two time structures S1 and S», a time-homomorphism from Sy to S, is a function g: S| — S, that
is both an npog-homomorphism and a continuous function w.r.t. the norm topologies on S| and S, and
g: S| — S, is a time-isomorphism if it is a bijective time-homomorphism (and thus a homeomorphism
w.r.t. the norm topologies). A time structure S will be called finite dimensional if for some integer
n > 1, S is time-isomorphic with an ordered sub-group of (R",1") with order-unit the n-vector 1" =

(1,1,...,1) (hence S is lattice-ordered); the dimension of S, dim(S), is the least such integer n.

The continuous time structure R and the discrete time structure Z are both linearly-ordered abelian
groups, and both are archimedean and Dedekind-complete. While any strictly positive element can
function as an order-unit, we take 1 in this role as this gives the usual absolute-value norm ||s|| = |s| =
max(s, —s).

The basic 2-dimensional hybrid time structure Z X R is an abelian group with pair-wise addition,
G0+, ¢)=(>G+1,t+1), with group identity 0 := (0, 0), partially-ordered by the pair-wise product
order, (i,1) < (’,¢') iff i < i’ and ¢t < ¢’; it is also Dedekind-complete and archimedean. The basic
hybrid future time structure H := N x R* is the positive cone (and positive quadrant) of Z x R. For
the order-unit, we can take u = (1, 1), since for every (i,7) € H, we have 0 < (i,¢) < (i,r) < k(1,1)
when we take r = max{i, t} and k = [r], the least integer greater than or equal to r, and we also have
—k(1,1) < (=i,-t) < 0, and —-k(1,1) < (—i,1) < k(1,1), and —=k(1,1) < (i,—1) < k(1,1). The
order-unit norm on Z X R then evaluates as || (i, ) || = max{|i|, |f|}. An equivalent norm (giving the
same topology) is ||| (i, 1) ||| := %(Iil +|7]), with ||| (1, 1) ||| = 1, and which satisfies %II @Gl <ol <
|| (i, 1) ||; the second norm is implicitly used in [3, 4, 8] where the quantity |i| + |¢| functions as the real
magnitude of a hybrid time position (i, f) € Z X R. Being a product of linear-orderings, the hybrid time
structure Z X R is also lattice-ordered: for all (i, 1), (j,r) € ZX R, (i,t) V (j,r) = (max{i, j}, max{t, r})
and (i,1) A (j,r) = (min{i, j}, min{z, r}).

For the modeling and analysis of discrete-time hybrid systems, where the dynamics in each discrete
mode are typically given by a discrete-time LTI or affine dynamical system, and with event-driven (or
time-driven) switching between modes [22], the appropriate future time set is N X N, the non-negative
quarter of the linearly ordered abelian group Z X Z, with the norm ||(i, n)|| = max{i, n} and order-unit
1,1).

Within real-time hybrid systems, for the modelling of Zeno trajectories and their continuation past
the Zeno time, one can adapt Collins’ proposal in [5] to use the linearly-ordered abelian group of

binary-codable rationals:

k
Qp = {2—meQ | keZ AN neN}

which has 0 = 2—% as the additive identity, 1 = 2—10 as the order unit with norm the real magnitude, and



when m = max(m;, my), we have:

ki ko MM fey 4 2T |y k1 ko
= and

% % 2m % < ﬁ (=4 2m_m2k1 < 2m_mlk2 .

We can then take the two dimensional partially-ordered time structure Qg X R with future time T =
Q7 x R, which has the same identity, order unit and norm as the hybrid time structures Z X R and
H = N x R*. This time structure is lattice-ordered and archimedean, but it is not Dedekind-complete2,
so extra care needs to be taken with arguments depending on the existence of supremums and infimums
of bounded subsets. A Zeno trajectory with values in a state space X will then be a partial function
n: T --> X such that:

n

2n

dom@p) = | J{

neN

} X [sna Sn+1]

where the real-valued sequence {s,},en of switching or event times is such that lim,,_,o 5, = 5. With s,
finite. Any trajectory 1’ which is a continuation of i will continue from the Zeno time (1, s..).

Our rather general formulation of time structures allows not just for basic hybrid time, but also
for time structures suitable for modeling trajectories of more complex systems such as “meta-hybrid
automata”, represented as a finite state machine with a (standard) hybrid automata at each discrete
state/location; the future time structure needed for such a system would be N x N x R*, where the
first discrete coordinate represents the number of “meta-steps” taken along a trajectory of the system
[23]. More generally, this formulation of time structures allows for multi-dimensional time which can
be used to explicitly model multiple time scales and dynamics along them, as is commonly found in
hierarchical or aggregative systems.

In a time structure S, translation-invariance ensures that for each r € S, the r-translation function
" § — § is strictly order-preserving, where o'(s) := s + r for all s € S. Within partial orders, as
within linear orders, the basic sets are the intervals between points, as well as up-sets above or after
a given point, down-sets below or before a given point, and the incomparability set for a given point

(which is empty if the ordering is linear); for elements a, b € S, define:

non-strict/strict up-sets: [aT) = {s€S |a<s} (am) = {seS |a<s}
non-strict/strict down-sets: (la] = {se€S | s<a} (la) = {seS |s<a}
non-strict interval: [a,b] = {seS |a<s<b} = [aT) N (D]

strict interval: (a,b) = {seS |a<s<b} = @) ndb
order-incomparability set: (al) = {se€S |s€a Aaks} = S —-(laDhu(all).

For the semi-strict intervals, [a,b) := [a T) N (| b) and (a,b] := (a T) N (| b]. Note that, in general,
intervals, up-sets and down-sets are only partially-ordered, and not linearly ordered.

In a time structure S with order-unit u, the unit interval is [0, u], and the granularity of the norm

2Take the irrational number 7, and consider the set A = {r € Qg | ¢ < &1} which is upper-bounded in Q, by 3% = ;—j, but
there is no supremum within Q,.



|- || is defined by gr(S,u) := inf{||s|]| € R* | s € (0,u]}. Clearly, the densely-ordered time structures
R, Z x R, and Qp X R all have granularity 0, while discretely-ordered time Z has granularity 1. For a
fixed positive integer N > 1, the discretely ordered group Z - (%) = {% | k € Z}, with order-unit 1, has
unit interval (0, 1] = {% | 1 < k < N} and has granularity %

Given a time structure S, let 7< be the order topology on § which has as a basis the collection B¢

of all strict up-sets and down-sets, and their intersections, the strict open intervals:
Be:i={(sT) | seStU{Gl) | seStU{(s,t)| se€S ANteS}.

Let 7..m be the norm topology on S determined by || - || which has as a basis the collection 8B, of all
norm-balls B(s,0) :={t €S | ||t — s|| < 8}, for s € S and real 6 > 0; 7,.., is also the coarsest topology

on § w.r.t. which the norm || - || : S — R* is continuous.

Theorem 2.2 [Topologies on time structures]

Let S be a time structure with future time T, and let || - ||: S — R* be the norm on S.

1. Forall s € S and for all real § > 0, there exists a strictly positive v € T* such that for all time
pointst € (s —v,s + V), we have |||s|| = |lfl]| < 6; hence the norm || - || : S — R* is continuous

w.r.t. to the order topology T¢ on S

2. The norm topology is refined by the order topology; that is: Tom S T<

N

3. For each r € S, the translation-map 0" : S — S is continuous w.r.t. both T,y and T¢; being

invertible, the translation maps o are thus homeomorphisms in both topologies.

4. For all s,t € S, the non-strict interval [s,t], up-set [sT), and down-set (sl], are all closed in
T o> and the order-incomparability set (sL) as well as the unions (s ) U (sL) and (s T) U (sL)
are all open in Toom, if S is finite-dimensional and s < t, then the closed interval [s,t] is also

compact in Toom.

5. The addition map (- +-) : S XS — § and the additive inverse (—-) : S — S are continuous w.r.t.
both T and T, in particular, (S, +, —, 0, Toum) is a topological abelian group.

6. If S is linearly-ordered, then 7., = J<.

7. If S is finite dimensional, then for all s € S and for all real 6 > 0,
if gr(S,u) >0, then B(s,0) = {s}, and if gr(S,u) <6, then:

B(s,0) = | J{[s=v,s+v] | veS" A lMI<6}.

8. If S is finite-dimensional, then for any subset A C S, A is norm-bounded iff A is order-bounded.



9. If S is finite-dimensional and Dedekind-complete, then for any subset A C S, A is compact in
Toomm U A s closed and bounded in Ty,

Proof of Theorem 2.2: Observe that Part 2 is an immediate consequence of Part 1, because 7y, 1S
the coarsest topology on S w.r.t. which the norm ||-|| : § — R* is continuous. For Part 1, we consider
two exhaustive cases, depending on the granularity gr(S, «) of the norm || - || from u.

Case I gr(S,u) = 0. So fix s € § and areal § > 0. Then choose some ¢ > 0 such that §' < 4.
Since gr(S,u) = 0, we can conclude that there exists a strictly positive element v € T+ such that
0 < |v|l £ &’. Now consider any time point ¢ € (s — v, s + v). Thus we have —v < s — f < v, and hence
lls — #]| < |vll € 6 < &. Then by the difference inequality for norms, we have |||s|| —||7l|| < ||ls — ]| < &,
as required.

Case II: gr(S,u) > 0. Now fix s € § and areal 6 > 0. Then we break into further sub-cases, depending
on the order relationship between gr(S, u) and o.

Sub-case Ila: 0 < 6 < gr(S,u). Since gr(S, u) is the infimum of the values ||#|| for ¢ € (0, u], and
gr(S, u) > 0, this means there exists at least one strictly positive group element v > 0 such that ||v|| > ¢
and (s—v, s+v) = {s}. In this case, the only 7 € (s—v, s+v) is t = s, so we trivially have | ||s||—-||#||| < 0,
as required.

Sub-case 1lb: gr(S,u) < §. In this case, choose a real ¢’ such that gr(S,u) < ¢’ < § and there exists
a strictly positive group element v > 0 such that |[v|| = ¢’; since ¢ is the infimum of the values ||¢|| for
t € (0, u], there exists at least one such pair ¢’ and v. Then consider any point ¢ € (s — v, s + v). So we
have —v < (s — t) < v, and hence ||s — #|| < |[v|| = ¢’ < d. Then by the difference inequality for norms,
we have |||s|| = |lf]l| < |ls —1]| < 6, as required.

For Part 3, fix r € S and consider the translation map 0" : § — S. Now translation maps are
strictly order-preserving (by the translation-invariance property of partially-ordered abelian groups),
hence they are continuous w.r.t. the order topology, since taking pre-images, we have (o)~ ((s,1)) =
(s —r,t—r),and also (6")"!([s,1]) = [s — r,t — r]. To show that the translation maps are continuous
w.r.t. the order topology, consider a basic open norm ball B(s, §). Then its pre-image evaluates as the

translated norm-ball, as follows:

(@) (B(s,6))

{teS | t—reB(s0)}
= {reS |lls-@-nll<é}
= {teS | ls+r) -1l <5}
= B(s+r0d).

For Part 4, because S is archimedean, the verification that each of the order sets [s,¢], [s T), and
(s l], are closed in the norm topology, is immediate from the following result from [21], Lemma 7.17
[CHECK]:
If S is archimedean, and (s;,),en and (#,),en are sequences converging in the norm to elements s and ¢,

respectively, and for all n € N, we have s, < t,, then in the limit, s < 7. Since (sL) = S—([sT) U (sl]),



it follows that (s_L) is open in the norm topology.

For Part 5, continuity w.r.t. to the order topology is immediate, and for the norm topology and
addition, it suffices to show that for all s, s’ € S and for all real & > 0, there exists 6,6” > 0 such that
forallt,t’ € S,if||s—t||<Sand||s" =1 || <&, then | (s+s')—(t+1)]| < & Taking 6 = ¢’ = %eand
using the triangle inequality, we have || (s + s") = (t+ ) || < || (s= D) ||+ ]| (s' = ') || < &, as required. For
the norm topology and the additive inverse, it suffices to show that for all s € S and for all real £ > 0,
there exists 0 > O such that forallr € S, if || s — ¢|| < ¢ then || (—s) — (—=#) || < &. Taking 6 = € and using
the homogeneity property for norms, we have || (—s) — (=0) || = ||t — s|| = || s — t|| < &, as required.

For Part 6, suppose S is linearly-ordered. Then by Part 4, we know all order sets of the form [s, f],
[s T), or (s |] are closed in 7,,.,. Now since S is linearly-ordered, we have the incompatability set
(s1) = @ for all s € S. Hence for any s < ¢, we have (s,#) =S — ((s]] U [#T)), and hence the strict
interval (s, t) is open in 7,.,. Since the strict intervals also form a basis for the order topology 7<, and
we already have 7., € 7<, we can conclude that 7., = 7<.

For Parts 7, 8 and 9, we suppose that dim(S) = n, so S is time-isomorphic with an ordered
sub-group of (R"”,1"). Then § is lattice-ordered and for any element s € S, we have a coordinate
representation s = (sq,...,5,) via the time-isomorphism between S and an ordered sub-group of
(R™,1™), and the order-unit norm evaluates as ||s|| = max{|s;] | 1 <i < n}. Now fix s € § and a
real 6 € R*°, and suppose that gr(S,u) < ¢. Then for any v € S** such that ||v|]| < 6, we will have
[s—v,s +v] C B(s,0) and gr(S,u) < |[v|| < 6, hence the right-to-left inclusion must hold. Now for
the converse, left-to-right inclusion, suppose t € B(s,d), and thus ||t — s|| < 8. If ¢ = s, then choose
any v € S** such that gr(S,u) < ||v|| < 6 (and there are some, since gr(S,u) < ¢); then we have
t € [s—v, s+ V], as required. Otherwise, ¢ # s, and in this case, we break into sub-cases, depending on
the order relationship between ¢ and s.

Casel: s <t. Then0O <t—s,sopickv=¢t—s,sov>0and|p||=|f-s||<dandte[s—v,s+ V]
Casell:t <s. Then0 < s—t,sopickv=s—t,sov>0and|v||=|s—t|<dandt€[s—v,s+V].
Case Ill: t € (sL) N B(s,0),say t = (t1,...,t,) and s = (51, ..., Sy), since S is time-isomorphic with a
sub-group of (R",1"). So there must exist i, j,k € {1,...,n} withi # j such that s; < #; and s5; > ¢; and
Sk # tg. In this case, pick v = (|t; — s1l, ..., |ty — sul), so thatv > 0 and ||[V|| = max{|t,;, —sp| |1 <m <
n} =|lt—s|| <. Nowforeachm € {1,...,n},if s,, < t,, (e.g. m = i), then s, — v, = t,, — 2v, and
Sm + Vm = ty, while if s, > t,,, (e.g. m = j), then s,, — v, = t,, and s,, + v, = 1,5 + 2v;,,. Hence we can
conclude that ¢ € [s — v, s + v], as required.

For the remaining assertion within Part 6, suppose gr(S,u) > 6. Now suppose, for a contradiction,
that there exists t € B(s,0) with t # 5. Then set v = (|t; — s1l, ..., |tn — su|), so that v > 0 and
[Vl = [l = s|| < 6. But since gr(S, u) is the infimum of all norms ||w|| for w € (0, u], the conclusion that
||| < & while gr(S, u) > ¢ gives a contradiction, as required.

For Part 8, again suppose that dim(§) = n, as above. Now fix any subset A C S. First suppose
that A is norm-bounded. So A C B(0, r) for some real r > 0; moreover, we can choose r > gr(S, u).
Now for each i € {1,...,n}, choose f; € R*® such that #; > r and the n-tuple t = (¢1,...,1,) € $°. Then



[|£]] > r and, applying Part 7, we can conclude that A € B(0,r) C [—t,¢], and hence —f < s < ¢ for
all s € A, so A is order-bounded. Conversely, suppose that A is order-bounded. So for some strictly
positive t € §°, we have —t < s < tforall s € A. Hence || s|| < || ¢]| for all s € A, so A is norm-bounded.

Finally, for Part 9, again suppose that dim(S') = n, as above and also suppose that S is Dedekind-
complete. Now for each i € {1,...,n}, the projection S; = m;(S) :={s; | s =(51,...,Si5...,85,) €S}
is a Dedekind-complete linearly-ordered subgroup of R. Hence by the BolzanoWeierstrass theorem,
we can conclude that a set A C S is compact in 7., iff A is sequentially-compact in 7, iff A is closed

and bounded in 7,,,. ]

For a counter-example to the converse of Part 2, consider the hybrid time structure S = Z X R, for
an arbitrary hybrid point s = (i,f) € Z X R, and for a strictly positive element v = (k,r) € H®, the
strict symmetric interval (s — v, s + v) around s evaluates as a union of linearly-ordered intervals, most
including end-points, and only the first and last without some endpoints; if £ < 1 then: (s—v,s+v) =

{i} x (¢t —r,t +r), while if k > 1 then:

i+k—1
(s—v,s+v) = li—k}x(t—rt+7r] U U Ix[t=rt+r] | Uitk xt=—rt+7r).
Jj=i—k+1

In what follows, we will be particularly interested in subsets of time structures that are linearly-ordered
and are closed or compact in 7., (and hence also closed in 7¢). For the hybrid time structure § = ZXR,
it is clear that linearly-ordered intervals of the form {i} X [s, s’] or {i} X [s, o) are closed in 7., and

those of the form {i} X [s, s’] are also compact in 7,,.,. Moreover, countable unions of such intervals,

of the form:

L= J{xIsi, sin] 3)

ieEN
where s; < s;41 and as i — oo, either s; — co or 5; — § < oo, are also closed sets in 7,,,,; such sets
will arise as the time domains of maximally-extended hybrid trajectories with infinitely many discrete

jumps.

3 Compact Paths and Their Maximal Extensions

For the hybrid future time structure 7 = H, the entities we will call regular hybrid paths are functions
typically taking values in a space X € Q x R", with Q a finite set, and their time domains are finite

disjoint unions of linearly-ordered and norm-compact intervals:

L= Jixlsisi+an = [ J1Gs), G sl @

i<N i<N
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where 5o := 0 and s;41 := s; + A; and (Ag, Ay, ..., Ay_1) is a finite sequence (of length N) of interval
durations A; € RY fori < N, and s;4.1 € Rt fori < N — 1 are the real-valued discrete transition
times along L. Along a regular hybrid path, for each i < N — 1, the time position (i + 1, s;41) is the
immediate discrete successor of the transition time position (i, s;;1) within the domain D. Applying
Fart 4 of Theorem 2.2, we know that set L ¢ H of the form (4) are compact in the norm topology 7;om
on H, since they are norm-closed subsets of the norm-compact set [0, sy]; we shall subsequently refer
to them as regular compact hybrid time domains.

The framework here, developed from [13, 14], allows not only for regular hybrid paths in the sense
above, but also for hybrid paths y that explicitly model some bounded real time delay (and temporal
gap), with s;.1 — t; < 9, between a switching position (i, #;), when a sensor detects that a discrete reset
is enabled, and its discrete successor position (i + 1, s;+1), when an actuator effects the required switch
in dynamics and continuous evolution begins again from the new state y(i+ 1, s;11) € G(y(i, t;)), where
G: X ~» X is the discrete reset map. For hybrid times (j, s) with j € {i,i+ 1} andt —i < 5 < s;41,
we can treat such a hybrid path y as being undefined, so in this case dom(y) will be of the form
Uien (i} X [si, t;], where s; < t; < 5441 and s;41 — 1; < 0.

A further advantage of the general way we formulate paths is that it allows us to deal with sam-
plings of hybrid paths in the same framework as the original paths. For example, take a regular com-
pact hybrid time domain L of the form (4) and a fixed real-time sampling period A > 0. Then a
“time-driven” A-sampling of L will be a finite set of hybrid time points, of the form:

L= (Ui x{omi+ DA, i+ DA, ... miiA )
i<N
where mg := 0 and foreachi € {1,...,N}, m; :==| %" 1 using the integer-floor function | - |. In contrast,

“time+event-driven” A-sampling of L will be a finite set of hybrid time points, of the form:
L" = L' U {@sis1) | i<N}

where the hybrid time points (i, s;;1) are the switching times when a discrete event is detected (and the
sampling device knows to increment the discrete time counter i).

In earlier work [13, 14], we developed a notion of paths y : T --> X and their maximal extensions
without assuming any structure on the value space or signal space X, as the focus in that work was on
developing a sematics for branching or non-deterministic temporal logic which can express complex
dynamic properties, but which is not equipped to express any topological or other space-structural
concepts. Here, since we are examining topological structure on path spaces, we assume the minimal
structure of a metric space (X, dy), and further restrict our attention to paths that, as partial functions,

are continuous on their domain with respect to the norm topology on 7 and the metric topology on X.

Definition 3.1 [Compact time domains]

Given a time structure S with future time T, a compact time domain in T is a linearly-ordered subset

11



L C T with minimum element 0 and a maximum element by, := max(L) such that L is compact in the
norm topology Tom on T. Let COTD(T) denote the set of all compact time domains in T.

The partial-ordering < on the future time structure T induces a partial-ordering on CoTD(T): for
L, L’ € CoTD(T), we say L’ is a (proper) ordered extension of L, and (re-using notation) we write
L<L,ifLcL andt<Vt forallte Landallt € L' —L; (asusual) L L iff L<L orL=1".

Applying Part 9 of Theorem 2.2, if S is finite dimensional and Dedekind-complete, then a linearly-
ordered subset L C T will be in CoTD(T) iff it contains 0 and a maximum element b; and is closed
Twm- The Zeno continuation time structure Qp X R fails to be Dedekind-complete, but if L is of the

form:

2" -1
L = U{ 3 } X [Sns Spr1]

w2

where the real-valued sequence {s,} ey such that lim,, o 5, = 5. < o0, then the set LU {(1, s,)} will be
in CoTD(Qg X R), while the set L is bounded but neither closed nor compact.

From the standard definitions, a partial function n : T --> X is continuous on its domain iff for all
t € dom(n) and for every real € > 0, there exists a § > 0 such that for all s € dom(n), if || — s||; < 6
then dy(n(t), n(s)) < e. In contrast, a partial function n : T --> X is uniformly continuous on its domain
iff there exists a total function u : R** — R such that for every & € R*°, and for all ¢, s € dom(n), if
|t — s|l; < u(e) then dy(n(t), n(s)) < e. When dom(n) is compact in 7, a partial functionn : 7 --» X is
uniformly continuous iff it is continuous. Note that if 7 has the discrete topology, such as T = N or
T = N x N, then all partial functions are uniformly continuous, while if 7 = H the basic hybrid time
structure, and dom(#) is a disjoint union of countably many linearly-ordered norm-compact intervals of
the form {i} X[s;, s;+1], with transition time sequence {(i, s;+1)}ien, then since || (i+1, s;+1)— (@, Si+1) [l =
1, n will be (uniformly) continuous on its domain iff for each i, the restriction of 77 to the set {i}X[s;, si+1]

is (uniformly) continuous with time-bound witness 6 < 1 (u(e) < 1) for each ¢.

Definition 3.2 [Compact continuous paths]
Given a time structure S with future time T, let the signal value space be a non-empty metric space

(X, dy). We define the set of compact continuous 7T -paths in X as:
CPath(T,X) := {y: T --> X | dom(y) € CoTD(T) A 7y is continuous on dom(n) }.

For vy € CPath(T, X), define the length of y by len(y) := || max(dom(y))||.

Define a partial order on CPath(T, X) from the underlying order on T that is a sub-ordering of the
subset relation, (again re-using notation) define: vy <7y’ if yCy' and dom(y) < dom(y’), in which
case we say the path ' is a (proper) extension of vy, and 7y is a (proper) prefix of v'. As usual, vy <y’
ffiy<y ory=vy.

Since the domain of a continuous path in CPath(7’, X) is compact, it follows that all y € CPath(T’, X)

are in fact uniformly continuous.
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When T = R* or T = N, the paths y € CPath(7, X) such that dom(y) = [0, b] are just finite length

signals in the usual sense.

Proposition 3.3 [Operations on paths]

The following three operations on paths are well-defined partial functions on the set CPath(T, X) of
compact continuous paths: fory € CPath(T, X), t € T and b, := max(dom(y)):

o the t-prefix (or restriction) y|;, with dom(y|;) := [0, t{]Nndom(y) and y|,(s) := y(s) for all s € dom(y|;),
e the t-suffix (or translation) .|y, which is defined only when t € dom(y), with dom(,|y) := [0,b, — ] N
o~ '(dom(y)) where ,|y(s) := y(s + 1) for all s € dom(,|y), and

e the t-fusion (or point-concatenation) y #,;y’, which is defined only when t € dom(y) and y(t) = y’(0),
and which has dom(y #,y") = dom(y|,) U o*'(dom(y")) and (y *; ¥')(s) := y(s) if s € dom(y|,) and
(y =Y )(s) =7 (s = 1) if s € o*'(dom(y")).

Note that the prefix operation is well-defined for all ¢ € T, not just t € dom(y), and that y|, < y
for all r € T} in particular, y|; < y if t # b,, while y|; = y if t > b,. In contrast, for the suffix and
fusion operations, if t ¢ dom(y), then ;|y = € and y %, ' = €, where € is the empty map which is not in
CPath(T, X). Under the assumption that T is Dedekind-complete, we have:

dom(yl;) = [0, #;] N dom(y) where 1, = sup{s € dom(y) | s <t}.

To see this, observe that being norm-closed, the set dom(y) is also closed in the order topology on
T, so must contain the supremum of any upper-bounded subset. A set P C CPath(7, X) is called
prefix-closed if for all y € P and all t € T, the path y|, € P.

A basic property of sets of compact paths is that of extendibility under the extension partial order.
For any set of paths P € CPath(7T, X), we say that P is deadlock-free if for all y € P, there exists
v" € P such that y < y’. When P represents the behaviour of a dynamical system, deadlock-freedom
means that further non-trivial motion is possible from every reachable state. From our earlier work on
non-deterministic temporal logic with semantics over paths of a system, we have a generic model of
dynamical systems which uniformly covers discrete-time state machines, continuous-time differential

systems, and hybrid-time systems.

Definition 3.4 [General flow systems]

A general flow system [13, 14] is a set-valued map @ : X ~» CPath(T, X) such that for all x € dom(®d),
forall y € ®(x), and all t € dom(y):

(GF0) x = y(0);

(GF1) (ly € D(y(1)); and

(GF2) (y#y") € O(x) forall y € O(y(t)).

For the assymptotic analysis of dynamical systems, as well as for the semantics of temporal logics
of such systems, we need to determine the maximal extensions of finite-length paths. Infinitary ex-

tensions or asymptotic limits of paths are formed by taking unions of strictly extending sequences of
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compact paths. Given a future time structure 7', let |[T|* denote the successor cardinal of the cardinality
of the largest linearly-ordered subset of 7', and the initial ordinal of that cardinality, and let LO(T') be
the set of all limit ordinals v < |T|* with w < v, where w is the ordinal length of N. Given any set of
compact paths P C CPath(T, X), and a v € LO(T), a v-length sequence {y;,}m<, is called a P-chain if
for all m,m’ < v, y,, € P and m < m’ implies y,, < ;. The limit of a P-chain is the partial function
n: T --> X such that n = J,,<, Ym, With the length len(r) := sup,,., len(y,,), possibly infinite. Since a
P-chain is a strictly extending sequence of continuous partial functions, it is easy to see that the union
1 must also be continuous everywhere on its domain®. To see this, fix any ¢ € dom(y), and within
the strictly extending sequence of compact paths {y,,}n<y, choose an ordinal index m < v such that
t € dom(y,,) and there is a J,, > 0 such that for all s € dom(n), if || s — ¢|l; < J,, then s € dom(y,,).
Then vy, is continuous at ¢, so for each € > 0, let § < §,, be such that for all s € dom(y,,) if || s—¢|l; <6
then dy(y(s), Ym(?)) < &. Thus we have that s € dom(n) if || s — #||; < ¢ then dy(n(s), n(t)) < &, as
required. The extension partial order on compact paths can also be applied to limit paths: n < r’ iff
ncn andt <t forall t € dom(n) and ¢’ € dom(n’) \ dom(n). The prefix, suffix and fusion operations

also extend to limit paths in the straight-forward way.

Definition 3.5 [Limit extension and maximal extension of path sets]

Let T be a future time structure. For any set P C CPath(T, X) of compact paths, define the limit ex-
tension Ext(P), the maximal extension M(P) C Ext(P), and the maximal length-unbounded extension
MU(P) € M(P), as follows:

Ext(P) := {nelT - X]| @velLOT)) (EI; € [v —» CPath(T, X)] ) Vm<v)
Vi 1= ;(m) EP A (Ym <v)y(im<m' = Vi <vVmw) AN 1N=UmerYm )
M(P) = {nebExt(P) | VYyeP)n<«y}l and MU(P) := {neM(P) | len(n) = oo }.

A set of compact paths P is called maximally extendible if for all y € P, there exists n € M(P) such
that y < n, and P is called forward complete if P is maximally extendible and M(P) = MU(P).

Given a general flow system ®: X ~» CPath(T, X), the maximal extension of ® is the set-valued map
M®: X ~» LPath(T, X) given by MO(x) := M(D(x)), and a general flow ® is maximally extendible
(forward complete) if for all x € dom(®D), the path set O(x) is maximally extendible (forward complete).

From [13, 14], a core result (requiring the Axiom of Choice) is that a set of paths P C CPath(T, X)
(or a general flow ®: X ~» CPath(T, X)) is maximally extendible iff P is deadlock-free (or for each
x € dom(®), the path set ®(x) is deadlock-free). Thus the infinitary and time-global property of being
maximally-extendible — which is a minimal requirement for asymptotic analysis — is equivalent to the

finitary and time-local property of being deadlock-free.

3Note, in contrast, that the union of a strictly extending sequence of uniformly-continuous partial functions can fail to
be uniformly continuous; a condition sufficient to guarantee that the union will be uniformly-continous is that the chain of
compact partial functions are uniformly equicontinuous, which means there is a single common uniform witness function
u : R*® — R for the whole chain.
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We will subsequently be interested in the set CPath™ (7T, X) := CPath(T, X) U Ext(CPath(T, X)) of

all continuous paths, of finite or infinite length, and also the subsets:

CPath(T,X) U {n e CPath™(T,X) | dom(n) is norm-closed in T }
CPath(T,X) U (CPath™(T,X) \ CPath‘CT(T, X)).

CPath (T, X)
CPathy(T, X)

Thus CPath(j (T, X) is the set of all continuous paths with norm-closed time domains, while the set
CPathpy (T, X) consists of all continous paths with norm-bounded time domains, and the set CPath(7’, X)
of compact paths is the intersection of CPath(j(T, X) and CPathy (7, X). The basic fact being used
here is that if € (CPath™ (T, X) \ CPathZ} (T, X)) then 7 is a limit path whose time domain fails to be
norm-closed, and hence dom(r7) must be norm-bounded with finite length (for if i had infinite length,
then dom(7) would be norm-closed).

An important case requiring extra care with the prefix operation is when n € CPathy (T, X) but
n ¢ CPath(T, X), which will be the case when len(r7) < co and 7y := sup(dom(r)) ¢ dom(n). In this
case, the sole point of failure for dom(7) being norm-closed is due to #y ¢ dom(n): for all ¢ # o, we
will still have 77|, < n with dom(7|,) in CoTD(T), but for all ¢ > ¢(, we will have n|; = n and so dom(r|,)
will fail to be in the set CoTD(T) of norm-compact time domains.

Fundamental relationships between the extension partial order, the path operations, and deadlock-

free path sets P C CPath(T, X), are expressed in the following.

Proposition 3.6 Let S be a finite-dimensional time structure. Then for all n,n’ € CPath™(T, X), the

following are equivalent:
1 n<n;
Q) 7' =nx* (4n") for somet € dom(n) such that |n < n’.

Ifn,n’ € (PUM(P)) for some deadlock-free set P C CPath(T, X), then (1) and (2) are also equivalent
to the following:

3) nePandn=1'|; wheret = max(dom(n));

D 7' =n*(dn') wheret = max(dom()).

Given a set of compact paths P C CPath(T, X), a limit path € Ext(P) exhibits finite escape time
w.r.t. P if 7 € M(P) but n ¢ MU(P), so dom(n) is norm-bounded in T but will fail to be norm-closed,
since sup(dom(z7)) will not be in dom(n).

If P C CPath(R*, X) is a deadlock-free set of real time interval-domain paths, then for a maximal
limit path, n € M(P) \ MU(P) iff the time domain dom(#n) = [0, ¢) for some ¢ < oo, which means 7

exhibits finite escape time w.r.t. P
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If P c CPath(H, X) is a deadlock-free set of regular compact hybrid paths, of the form (4), then
similarly, n € M(P) \ MU(P) iff dom(n) fails to be norm-closed and dom(n) C [0, (i,c)) for some
i,c < oo, which will be the case exactly when the last continuous time evolution exhibits finite escape
time. A hybrid limit path 7 is Zeno iff len(7) = co and dom(n) € N X [0, ¢) for some ¢ < oo, in which
case the length of 7 is infinite but the total real-time duration is finite and bounded by c. A hybrid
limit path 7 is called instantaneously Zeno [3, 5] if dom(#n) = N X {0}, in which case the total real-time
duration is 0. For both general Zeno and instantaneously Zeno limit paths 7, the time domain dom(7;)
is always a closed set in 7o

Cast in the framework of differential and difference inclusions [1, 3], an hybrid system is a structure
H = (X,F,G,C,D) where X CR" F: X ~R" G: X ~ X, C := dom(F) and D := dom(G).
The paths or trajectories of H determine a prefix-closed general flow system ®”: X ~» CPath(H, X)
such that a finite hybrid path y € ®”(x) iff dom(y) is a regular hybrid time domain, of the form (4),
x € CUD and y(0,0) = x, and for each (i,f) € dom(y), if (i + 1,1) € dom(y) (so that r = s;,1, a
switching time), then y(i,#) € D and y(i + 1,1) € G(y(i,t)), while if 5; < ¢t < s;;1 then y(i,t) € C
and %’y(i, 7) € F(y(i, 7)) for almost all T € [s;,t], where the curve segment £: [s;, s;+1] — X given
by &(t) := n(i,7) for all T € [s, s;+1] is required to be absolutely continuous on the interval [s;, s;+1].
If one of the vector coordinates x; of x € X (w.r.t. a fixed basis) is designated discrete, then the i-th
component F;: X ~» R obtained by projection from F is such that Fj(x) = {0} forall x € C and x; € O
for all x € C U D, with Q a finite set.

In [3], Proposition 2.4, sufficient conditions are identified for the continuous and discrete compo-
nents of an impulse differential inclusion hybrid system H under which the compact path flow map
®" is maximally extendible, and every maximal path is either of infinite length, or eventually leaves
every compact subset of the signal space X (so finite escape time is possible). In [1], Corollary 2 and
Assumption 1, slightly stronger conditions are identified on the components of H under which the flow
map @ is forward complete, and consequently, for every maximal path € M®“(x) = MU®"(x), the

time domain dom(7) is closed in the norm topology on H.

4 Uniform Topologies on Path Spaces

Given a time structure (S, <,0,+,—,u,|| - ||) and its future time 7, we have available both the order
topology 7< with basic opens the strict intervals (s, f), and the norm topology 7., with basic opens the
norm balls B(s, §). By Theorem 2.2, we in general have 7., C 7<, with equality in special cases such
as § linearly-ordered like R and Z. In developing topological structure on path sets Z € CPath(7, X),
we take the norm topology 7., on S and T as primary, since it gives a quantitative measure on time
points, as well as suitably respecting the order topology 7, as in Theorem 2.2. Since we want to make

use of additional properties identified in Theorem 2.2, such as a set A C T being norm-bounded iff it is
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order-bounded, we will henceforth always assume that the time structure S is finite dimensional, and
hence lattice-ordered.

When two paths y and y’ in CPath(T, X) have the same time domain, we can use the metric dy on
the signal space X to determine whether they are spatially e-close, meaning the supremum over ¢ in
the common time domain of dy(y(f), ¥’ (¢)) is less than &. In order to allow the quantitative comparison
of paths with different time domains, we need a suitable notion of retiming maps between the time
domains of paths, and then make use of a second parameter ¢ to bound the deviation of the retimings.

The Skorokhod metric (considered for infinite non-Zeno hybrid trajectories in [17, 18, 19]) allows
for the comparison of piecewise-continuous signals with differing points of discontinuity by making
use of retiming maps which are bijective, strictly order-preserving functions between the time domains
of the signals. Specifically, for two signals n,7" : Rt — X, the Skorokhod metric distance between
them is defined by:

dskor(m, 1) := inf{s >0 | Jo € BRet(R"), sup It = p(1)ll <& A sup dy((t), n(p(1))) < 8} -
teR* teR*
where BRet(R") is the set of all functions p : R* — R* that are bijective and strictly order-preserving,
with deviation dev(p) = sup ||t — p(?)|| for p € BRet(R™).

teR*

Within T = NxR™, consider two compact hybrid time domains L = {0}x[0,0.5]U{1}x[0.5,0.6]U
{2} x [0.6,1.6], and L’ = {0} x [0,0.6] U {1} x [0.6,0.6] U {2} x [0.6, 1.5], illustrated below.

—»
. 2.0 +
1.6 R

For the time domains L and L', there are no strictly order-preserving single-valued functions be-
tween them, yet we are inclined to say that they are “close”. It will not work relax to single-valued
maps that are order-preserving but not strictly so, because the strictness is needed for invertibility and
symmetry. This motivates our relaxation to retiming maps that are order-preserving in a set-valued

sense.
Definition 4.1 [Retimings] Given a time structure S with future time T, define:

Lin(T) := {LC T | Lis linearly-ordered A L # @}.

17



Define the earlier-than relation < on Lin(T) as follows: for all L, L’ € Lin(T),
LLL & Vte(L\L) Vel t<t A NteL V¥ el’\L), t<t.

A set-valued map p: T ~> T will be called order-preserving if for all t|,t, € dom(p), if t; <t then
p(t)) < p(tr). Given sets L, L’ € Lin(T), amap p: T ~ T will be called a retiming from L to L’ if the

following conditions are satisfied:
(1) dom(p) = L and ran(p) = L';
(i) forallt € L, p(t) € Lin(T), andforallt € L', p~\(¢') € Lin(T);
(iii) p and p~' are both order-preserving.

For a retiming p: L ~ L', define the deviation dev(p) € R*® as follows:
dev(p) := sup{|lt—s||eR" | tedom(p) A s€p()}.

Let Ret(L, ') denote the set of all retimings p: L ~» L' together with all retimings p’: L’ ~» L, so that
Ret(L, L") = Ret(L’, L).

Clearly, the compact time domains CoTD(T") c Lin(T), since Lin(T") contains arbitrary linearly-
ordered subsets; in particular, every singleton set {¢} is in Lin(7T"). For all limit paths n € LPath(T, X)
and all compact paths € CPath(T, X), dom(#n) € Lin(T).

Proposition 4.2 The earlier-than relation < is a partial order on Lin(T): it is reflexive, transitive and

anti-symmetric, and has least element {0}.

Proof: For reflexivity, we trivially have L < L for all L € Ext(T), since then L \ L = @, so the
universal quantification is vacuuous. For transitivity, suppose L < L’ and L’ ¢ L”. Then for arbitrary
points t € (L \ L") and ¢/ € L"”, we want to show that t < /. Now we have the disjoint unions
LNL"=(L\NL)YU((LNL)NL")and L” = (L”" NnL")U(L” \ L"), so we can proceed by cases.
Casel:te (L~ L)and?t” € (L” NL");thent < ¢’ since L <L’ .

Casell:t € (LN L)and ¢’ € (L” \ L’); then since L < L’ and L’ < L”, for any # € L’ such that
¢ < t’,wehavet <t and hence < t”.

Caselll: t € (LNL)NL" andt’ € (L”NL');thent < ¢’ since L’ < L” andt € (L’\L")and ¢’ € L".
CaselV:te (LNL')NL" andt” € (L” \ L); then again we get t < ¢’ since L’ << L” andt € (L' \ L")
and " e L.

Conversely, consider arbitrary points #”/ € (L’ \ L) and ¢t € L, and we want to show that r < ¢”’. This
time, using the disjoint unions L N\ L= (L N\ L)YU((L"NnL')NLyand L = (LNL)U(L\ L"), we
can again proceed by four cases, to derive the conclusion that ¢t < /. Hence L < L”, as required.
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For anti-symmetry, suppose that L < L’ and L # L’; we want to show that L’ € L. Since L # L',
we have either (L N\ L') # @ or (L’ \ L) # @. In the first case, pick any r € (L \ L’) and any ¢’ € L’;
then since L < L', we have ¢t < ¢/, and hence ¢ £ t, and thus L’ ;ﬂ L. In the second case, pick any
¥ € (L’ \L)and any 7 € L; then since L < L', we have r < 7/, and hence ¢’ £ f,and thus L’ ¢ L.  m.

The earlier-than partial-order is distinct from, but a relative of, the extension partial-order on com-
pact time domains and the domains of limit paths, which has L < L’ iff L ¢ L’ and for all # € L and all
Y el’\L wehavetr<?t.Hencewehave L< L if Lc L’ andL < L'.

Retiming maps p: L ~ L’ are total and surjective (condition (i)), whose set-images p(¢) and
p~ (') are non-empty and linearly-ordered (condition (ii)), and it and its inverse satisfy a set-valued
order-preservation property (condition (iii)).

If a retiming p is in fact single-valued, with p: L — L’, then condition (iii) requires that p is order-
preserving, but not necessarily strictly order-preserving (as in [24]), since if #;,#, € L with #; < 1,
and p(t1) = {f}} and p(t2) = {£;}, then p(t;) < p(t2) implies that #; < #, (rather than the strict order
relationship ti < té). Note that, in general, p‘l is set-valued even when p is single-valued; indeed, p‘l
is single-valued iff p is single-valued and strictly order-preserving (and hence injective).

When the deviation of a retiming p is bounded, then each of the linearly-ordered image-sets p(¢)
within ran(p) are bounded in the norm. More precisely, for real 6 > 0, if dev(p) < ¢ then ||f]| — 6 <
I|s|| < [l£]| + ¢ for all t € dom(p) and all s € p(¢). The notion of set-valued retimings has been formulated
to ensure closure under relational inverse; a further highly desirable property of set-valued retimings

is that they are also closed under relational composition.

Proposition 4.3 [Inverses and compositions of retimings]

Given L,L’,L” € Lin(T),

ifp € Ret(L, L), then p~' € Ret(L, L") and dev(p™") = dev(p); and

ifp1 € Ret(L, L") and p, € Ret(L’, L"), then (p10p>) € Ret(L, L"), and dev(piop;) < dev(p;)+dev(py).

Proof: Fix p € Ret(L,L’). Since dom(p~!) = ran(p) = L’ and ran(p™') = dom(p) = L, it is clear
that p~! satisfies condition (i). It is also immediate that p~! satisfies conditions (ii) and (iii), since both
properties are symmetric across inverses. The equation dev(p™') = dev(p) also follows by symmetry
across inverses of the definition of deviation.

For the second part, fix p; € Ret(L,L’) and p, € Ret(L’, L"), and consider the relational composi-
tion p; o po. By replacing p; with le if need be, and likewise possibly also replacing p, with p; I we
can assume that ran(p;) = dom(p;) = L’. Then by condition (i) for p; and p,, we can conclude that
dom(p; o pp) = dom(p;) = L and ran(p; o pp) = ran(py) = L”, so condition (i) is satisfied for p; o ps.

For each r € dom(p; o p), we have (o1 o p2)(¢) = U{p2(s) | s € p1(2)}; to show that (o1 o py)(¢) is
linearly-ordered, consider two elements , 7, € (o1 © p2)(f). we want to show that either ¢] < 7, or else
té < t;. Now there must exist s; € p1(¢) and s, € p1(¢) such that t; € pa(s1) and t& € pa(sp). Since p(t)

is linearly-ordered, we know that either s; < sp or 51 = s or 53 < §7.
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In Case I: s1 < sp, we have pa(s1) < pa(s2), and then break into further sub-cases, depending on ti
and #;. Either we have ¢ € py(s1) — p2(s2), in which case | < #}, or else #] € pa(s1) N p2(s2) and
1y € p2(s2) \ pa(s1), in which case 7] < 7}, or else both 7] € p2(s1) N p2(s2) and 75 € pa(s1) N pP2(s2), in
which case either ¢ < 7} or £} < #], since the set p»(s1) N p2(s2) is linearly-ordered.

In Case II: s1 = s2, we have pa(s1) = p2(s2), and hence either 1 < 7} or , < 1]

|» since the set pa(s1) 18

linearly-ordered.
In Case III: s, < s1, we have pa(s2) < p2(s1), and then break into further sub-cases, depending on
t1 and 7. Either we have #), € p2(s2) \ p2(s1), in which case 7} < #], or else #}, € pa(s2) N p2(s1) and
t’1 € p2(s1) \ p2(s3), in which case té < t’l, or else both té € p2(s1) N pa(sz) and t’1 € p2(s1) N pa(s2), in
which case either £ < 7] or #] < 7, since the set p2(s1) N p2(s2) is linearly-ordered.
Hence (p; o p2)(?) is linearly-ordered, as required. The argument for (p; o pz)_l(l") = U{pl‘l(s) | s €
o I(t")}, for each ¢’ € ran(p; o py), proceeds symmetrically. Hence condition (ii) is satisfied for p; o p».
For condition (iii), suppose t1,#, € dom(p; o p2) = dom(p;) = L are such that #; < f,; we want to
show that (o1 © p2)(11) < (p1 © p2)(f2). First, consider arbitrary points 7] € (o1 © p2)(t1) \ (o1 © p2)(f2)
and 7, € (p1 0p2)(t2). We want to show that ] < t}. Since #) € (o1 02)(t2), there exists s> € p;(f2) such
that 7, € pa(s2). Since 7] € (p1 © p2)(11) \ (p1 © P2)(t2), there exists s1 € py(t1) such that 1] € pa(s1),
but there does not exist any s3 € pi(f2) such that #; € p>(s3). Hence we can conclude that s; # 5.
Moreover, since t; < tp, we know that p1(t;) << p1(f2), so we can deduce order relationships between
s1 € p1(t)) and s, € p1(f2). Indeed, we know that s; € p1(¢]) \ p1(t2) because s; € p1(t1) Np2(t) would
contradict ti € (p1 o p1)(t1) \ (p1 © p2)(t2). Hence we have 51 < s7, and thus p>(s1) < p2(s2). Now
11 € pa(s1) \ pa2(s2) and 75 € pa(s2), hence we can conclude that 7] < t}, as required. Next, consider
arbitrary points 2, € (p1002)(22)\(p1002)(t1) and 7] € (p10p2)(f1). We want to show that 7| < 7). Since
11 € (p1 © p2)(t1), there exists s1 € p1(t1) such that 7] € pa(s1). Since 7 € (o1 © P2)(t2) \ (p1 © P2)(t1),
there exists s, € p;(#;) such that té € po(s2), but there does not exist any s4 € pi(¢;) such that
t; € po(s4). Hence we can conclude that s; # sp. Moreover, since t] < fp, we know that p1 (1) < p1(%),
so we can deduce order relationships between s; € p(#;) and 55 € pi(t2). Indeed, we know that
52 € p1(t2)\p1(t1) because s, € p1(t1)Np1(t2) would contradict té € (p1002)(t2)\(p1op2)(t1). Hence we
have 51 < s7, and thus ps(s1) << p2(s2). Now té € pa(s2)\p2(sy) and ti € p2(s1), hence we can conclude
that ¢ < #/, as required. We have thus established that 7| < #; implies (p; © p2)(t1) < (p1 © p2)(t2). The
argument that, for 7], 7} € ran(p; opy) = ran(pz) = L”, that 7|, }, implies (o, Opz)‘l(t’l) < (oy opz)‘l(té),
proceeds symmetrically, using the fact that (o; o pp)~! = oy Lo pl‘l. Hence condition (iii) is satisfied,
to conclude that proof that (o1 o p») € Ret(L, L"). [ ]

For some concrete examples of retimings, consider hybrid future time H, and two bounded hybrid
time domains: L := {0}x[0, 1] U {1}x[1, 31 U {2}x[3,2], and L’ := {0}x[0, 3] U {1}x[3, 1] U {2}x[1, 2],

as illustrated below.
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0 L L’ ‘ 1 >
1/2 1 5/2 2 R"

There are numerous possible retimings p between L and L', some single-valued and some set-
valued, although all have dev(p) > ;. As one example (which illustrates several different patterns of

mapping relationships), consider the map p;: L~»> L’ defined for all (i, ) € L as follows:

(G0} if (i,1) € {0} x [0, 3) U 2} x (3, 31U (£.2])
L'n ({'}X(t—%,t+é)) if (i) e (11 x (3,9 U {2} x (3, 2]
o oxa 3 if (i,1) = (0, 1)
(i.1) =
o ((1,9) if (0 e (1) x 4, 3]
{(1,D} if (i,r) e {1} x [1,%]
(2} x[1,2] if (i,0) = (2,3).

It is readily seen that p; is a retiming, and dev(p1) = % This example illustrates the possibility of s < s’
and p;(s) < p1(s’) and the intersection p;(s) Np1(s”) containing a non-trivial interval. For example, for
s=(L,nands = (1,f)with3 <t <t <t+3 <1, wehave p;(s)Npi(s) = L'n({1}x (' - %, 1+ ).
For the point s” = (1, 3), we have 5 < s with py(s”) = {(1,3) }and py(s) = L' N ({1} X (t — &, 1+ 2)),
so either p;(s) = {1} X [2,1+ %) (when t < %), or else p1(s) = {1} x (¢ - %,t+ %) (when % <t < %); in
either case, it is clear that p;(s”) < p1(s).

For another example, consider the single-valued and strictly order-preserving (hence injective)

function p;: L — L’ defined for all (i, ¢) € L as follows:

0,21 if (i, 1) € {0} x [0, ]
pa(ist) =y (L3 +30-2)  if @ el Xyl
(2,1+7(t——)) if (i,1) € {2} X [% 2].

In this case, we also have dev(p,) = é. As one further example, with a different deviation, consider
the singled-valued map p3: L — L’ that is the identity on the real-coordinate #: p3(i,1) := (i, 1) if
(i,0) € LOL; p3(i,1) := (0,0 if (i, 1) € {1} x [§, 3); and p3(i, 1) := (2,0) if (i, 1) € {1} x (1, 3]. Again, it
is readily seen that ps is a retiming because it is order-preserving, and in this case, dev(p3) = 1.

To illustrate retimings in the context of samplings of hybrid paths, suppose a “time+event-driven”
A-sampling of L’ is taken, for A = %, resulting in a compact time domain L” such that: L” =
{01 x{0,1,2,2,3) U {1} x {3, 1} U (2} x (&, £, £,2,2}. One possible retiming map p4 : L' ~> L does
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the time-driven sampling by mapping intervals of length % to sample points, and does the event-driven
sampling by adding further sample points at switching times and mapping intervals of length at most

% to these switching times:

{(0,0)} if (i,1) = (0, 0)

{(0, %1y} if i =0andt € [£, %] for k € {0, 1,2}
palist) = {(Oé)} ?fl:=0andte[§,§]

{(1,3)} ifi=1andt € [3,3]

{d, D} ifi=1andt€[3,1]

(2,5 ifi=2andr e [£,51] for k € {5,6,7,8,9)

Then we have dev(ps) = % By composability of retimings, the map ps := p; o p4 is a retiming
ps . L~ L” of deviation dev(ps) < dev(p;) + dev(ps) = 411_?)'

We will first identify topological structure on the set CPathy) (T, X) of paths with bounded time
domains (which includes the compact paths in CPath(T, X) as well as those n € CPath® (T, X) with
bounded but not closed time domains within the norm topology on T'). In a second stage, we then lift
that structure to the set CPath™ (7, X) of all paths, finite or limit.

We develop a natural topology on CPath, (7, X) (and thus on any set Z C CPath(T, X) via
the standard subspace topology) by constructing a uniformity or uniform structure [25] on the path
set CPathpy (T, X), which gives quantitative measures of closeness of paths that utilizes both spatial
closeness under the metric dy on X and temporal closeness under the norm || - ||; on 7.

From [25], on a set Z, a family of binary relations or set-valued maps V C [Z ~» Z] constitutes a
basis for a uniformity on the set Z if the following conditions are satisfied:

(i) every V € V is a reflexive and total binary relation (i.e. (z,z) € V for all z € Z);
(ii) <V is closed under relation-inverse (i.e. V-! € V for all V € V);
(ii1) V is downward-closed under intersection, in the sense that for all Vi, V, € V,

there exists W € V such that W C (V] N V3); and
(iv) for all V € V, there exists W € V such that (W o W) C V (generalized triangle inequality).

The relations/maps V € V are called the basic entourages, and the uniformity or uniform structure

generated by the basis V is the filter generated by V, namely:
Uy ={UelZ~Z] | VeV, VCU},

the family of all supersets of the basic entourages V € V. For each z € Z and basic entourage V € V,
let V(z) = {z/ € Z | (z,7) € V} be the set-image of the map V on z. The uniform topology on Z
generated by V is the topology 7+, which has as a basis the family of all sets:

By ={V@) | z€eZ AN VeV}.
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For any set P C Z and basic entourage V € V, the set-image V(P) = (J,cp V(2) is the union of all
the V-basic opens with center at z € P. Assume the topology 7« is first-countable, which requires
there exists a countable subset of Vo C V such that V constitutes a basis for a uniformity, and the
topology 7+, generated by Vy is equal to 7. Further assume that the 7, is Hausdorff’; this requires
that (z,z') € NV iff z = Z/, where (" V is the intersection of all the basic entourages. In particular,
every metric space is a Hausdorff uniform space. In a first-countable and Hausdorff uniform space,
given z € Z and a sequence of elements (z,),en in Z, the sequence converges to a limit z within the
uniformity Uy, and the limit is unique and we write lim z, = z, if for every basic open V(z), there
exists an m € N such that z,, € V(z) for all n > m. S

We also need a further result (a special case of [25], Proposition 4.12) that in a first-countable
Hausdorft uniform space (Z,V), a set K C Z is compact in Z iff K is Cauchy-sequence-complete and
totally-bounded. A set K is Cauchy-sequence-complete if every Cauchy sequence in K converges to a
limit in K, where a sequence {z,},en is Cauchy if for every entourage V € V, there exists an integer
k such that (z,,zy,) € V for all n,m > k. A set K is totally-bounded if for every entourage V € V,
there exists a finite set ¥ C K such that K C (J,cr V(2). The result of [25], Proposition 4.12, is for
general uniform spaces, where the notions of limits, convergence, and the Cauchy property must be
formulated in terms of filters rather than countable sequences; the result states that a set is compact iff
it is Cauchy-filter-complete and totally-bounded.

With this background, we can now set out the 2-parameter uniform structure on compact path

spaces.

Definition 4.4 [Retimings and relative distance on spaces of bounded time paths]

Let S be a finite dimensional time structure with future time T, let (X, dx) be a metric space, and let
Z < CPath}(T, X) be any set of paths with bounded time domains. For each pair (y,y') € Z X Z,
define Ret(y,vy") := Ret(dom(y), dom(y")), and define the set Ret(Z) of retimings for Z as:

Ret(2) := U{Ret(y,y') |yeZ Ay €eZ}.

Then define an extended-real-valued 3-argument metric-like function dy.,: (ZxZ x Ret(Z)) — R*
by setting dy.,(y,y',p) = o if p ¢ Ret(y,y’), and otherwise, assuming dom(p) = dom(y) and
ran(p) = dom(y’) (and this can always be arranged when p € Ret(y,vy’), by replacing p with its

inverse if need be), we have:
dXsup(y’ 7/,p) = Sup{dX(y(t)’ Vl(t’)) | te domO’) /\ t/ € dom(y/) A (t’ t/) Ep} .

Define the parameter set Ry := R x R*, and for each real pair (6,€) € R», define the relation
Vse: Z ~> Z as follows:

Vse = {(r,Y)€ZxZ | Ap e Ret(y,y), dev(p) <6 A dy,(y.v.p) <e}.
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The first task is to verify that the family of all relations V; for (6, €) € R, constitutes a basis for
a uniformity. It is clear that each Vj_ is total and reflexive, since for any path vy, the identity map id
on dom(y) is a retiming with deviation 0. Symmetry is also clear, with the inverse of a retiming a
retiming of the same deviation, hence (V(;,‘g)‘1 = Vs.. Observe that for p € Ret(y, "), if dev(p) < 6,
then ||t — #|| < ¢ for all (¢,¢') € p, and if dx,,(y,y’,p) < &, then (independent of §), we will have the
initial states such that dy(y(0),y’(0)) < &, since (0, 0) € p for all retimings p.

The further, more challenging task, is to demarcate sets Z C CPathp; (T, X) of paths with bounded
time domains for which the 2-parameter uniform topology is Hausdorff. The condition on Z we iden-
tify is that for some deadlock-free and prefix-closed set of compact paths P C CPath(7, X), we have
P C Z and Z\ CPath(T, X) c M(P)NCPath}(T, X). The key idea is that if we are comparing distinct
paths where at least one of them has a compact time domain, then we can quantify the discrepancy
between the paths by looking at compact prefixes. Maximality also allows us to rule out any compact

paths properly extending a maximal path.

Theorem 4.5 [2-parameter uniform topology on spaces of compact paths]

Let S be a finite dimensional time structure with future time T, let (X, dy) be a metric space, let Z C
CPathpy (T, X) be any set of paths with bounded time domains, and for each (6,&) € Ry, let Vsg: Z ~ Z
be the relation as in Definition 4.4. Then for all parameter pairs (9, €), (01, €1), (02, &2) € Ry, we have:

Vorer S Vore when (61, 1) < (62, &2)

Vse C Voo N Vore,  when (6,€) < (61,€1) A (62, €2)

Voier © Vore, S Vse when (01, &1) + (62, &2) < (6, €)
Vie o Vse C Vog when (6,€) < 5(61,€1).

Hence the family Vo := {Vso: Z ~ Z | (6,€) € Ry} constitutes a basis for a uniformity on the path
set Z, and additionally, the basic entourages are inclusion-monotone w.r.t. the product partial-ordering
on the parameter space Ry = R*® X R*. The basic open sets in the 2-parameter uniform topology 7>
on Z are the (6, €)-tubes Vs .(y) around a path y € Z.

Moreover; the uniform topology 7> is always first-countable, and T, will be Hausdorff if the path
set Z < CPathy (T, X) is such that for some deadlock-free and prefix-closed set of compact paths
P C CPath(T,X), we have P C Z and Z \ CPath(T,X) < M(P) n CPathy (T, X). When 7, is
Hausdorff, the topology T; is metrizable, and we can use the metric dy : Z X Z — R given by:

do(y,y") = max{bo, &0} where (50,0) = inf{(6,&) R XR" | (y,9) € Vse} .

In particular, for a sequence {yilren in Z and a path y € Z, we have y = limy_, Y in the uniformity
V5 iff forevery (3, &) € Ry, there exists an index m such that yy € Vs (y) for all k > m.

Proof: The first inclusion is trivial, and for the second, suppose paths y and y’ are such that (y,y’) €
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Vs,.e; © V5,6, Hence there exists a third path y; € Z such that (y,y1) € Vs, ¢, and (y1,y’) € Vs, ¢,. Now
(v,71) € Vs, implies that there exists a retiming p; € Ret(dom(y), dom(y)), such that dev(p;) < ¢,
and dy.,(y,v1,01) < €1, and without loss of generality, we may suppose that dom(p;) = dom(y)
and ran(p;) = dom(y;). On the other side, (y;,y’) € Vs, ., implies that there exists a retiming p, €
Ret(dom(y;), dom(y")), such that dev(p;) < 62 and dy.,(¥1,Y’,p2) < &2, and without loss of generality,
we may suppose that dom(p;) = dom(y;) and ran(p;) = dom(y’). Now set ¢’ := §; + 02 and &’ :=
&1 + &. By Proposition 4.3, the composite map p := p; o p; is a retiming p: dom(y) ~» dom(y’) with
dev(p) < dev(py) + dev(pz) < 81 + 92 = ¢’. It remains to show that dy,,(y,y’,p) < &’. To see this, fix
arbitrary points ¢ € dom(p) = dom(y) and ¢ € ran(p) = dom(y’) such that (¢,#) € p. Since p is the
composition p; o p,, there exists ¢; € ran(p;) = dom(p,) such that (¢,7;) € p; and (¢;,¢") € p>. Then
since p; € Ret(y, y1) and dx,, (¥, ¥1,p1) < €1, we know that dy(y(1), y1(t1)) < 1. Additionally, since
p2 € Ret(y1,y") and dy.,(y1,Y',p2) < €2, we know that dy(yi(#1),y’(t')) < &. Then by the triangle
inequality for the metric dy on X, we have: dy(y(2),y' (') < dy(y(0),y1(t1)) + dx(y1(t1),y' () <
g1+ & =< ¢,s50dx(y(t),y' (') < &, as required. The third inclusion, that Vs o» o Vsr v C Vs, ¢
when &’ := %81 and §”’ = %6 1, 1s a particular case of the second inclusion.

For first-countability of a uniform space, we only need show that there exists a countable subset of
entourages Vo C V5 such that V constitutes a basis for a uniformity, and the topology 7, generated
by Vy is equal to 7;. So take V := {Vs. | € € Q°Ad € Q°}, the family of all entourages parameterized
by positive rationals. The verifications are then straightforward.

Now suppose that the path set Z € CPath, (7, X) is such that for some deadlock-free and prefix-
closed set of compact paths P C CPath(T, X), we have P C Z and Z \ CPath(T,X) € M(P) N
CPathy) (T, X). Hence for all y € Z, either y € CPath(T, X) or y € M(P) n CPath (T, X). To prove
that the topology 7 is Hausdorff, it suffices to prove the topology satisfies T¢ separation, which for a
uniform space is equivalent to the condition that (y,y’) € (V3 iff y = y’. The (<) direction holds for
all uniform spaces. For the converse (=) implication, suppose a pair of paths (y,y’) is such that y # v’;
we need to exhibit a parameter pair (51, 1) € R» such that (y,y’) ¢ Vs, ¢, which means that for all
retimings p € Ret(y,y’) such that dev(p) < 81, there exists (¢, 1) € p such that dy(y(t1), ¥y’ (2)) = €.
Since y # ¥/, there are two cases to consider: Case I: dom(y) = dom(y’) but there exists #; € dom(y)
such that y(¢1) # v'(¢1); and Case II: dom(y) # dom(y’).

In Case I, set &) := %dx(y(tl),y’(tl)), so €1 > 0 since dy is a metric. Since y’ is continuous at
the time point 7, there exists a real 69 > O such that for all s € dom(y’), if ||#; — s|| < dp then
dy(¥'(t1),7'(s)) < &1. Then set:

61 = sup{d € (0,50] | Vs €dom(y) : |l = sl <8 = dx(¥'(11),Y'(5)) < &1}

So ¢ is well-defined (since the reals are Dedkind-complete) and 6; > 0. Now consider any retiming
p € Ret(y,y’) such that dev(p) < &, and choose any time point ©, € p(t;). Then we have r, €
dom(y’) = dom(y), and || t; — 12 || < &1, hence dy(y'(t1), Y’ (t2)) < €1. By the triangle inequality for the
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metric dy, we have 2g1 = dy(y(11), Y’ (t1)) < dx(y(t1), Y (t2)) + dx(y'(t1),¥'(t2)), and hence:

dx(y(11),Y (1)) = 2&1 —dx(y'(11),Y' () > &1.

Hence (y,y’) ¢ Vs, £, as required.

In Case II, when dom(y) # dom(y’), we either have (dom(y) \ dom(y’)) # @. or (dom(y’) \
dom(y)) # @; by symmetry, we can consider only the first of these. We then break into further sub-
cases, depending upon whether (a) y* € CPath(T, X), or else (b) y* € M(P) n CPath, (T, X) for some
deadlock-free and prefix-closed set of compact paths P C CPath(T, X).

In Case Il.a, when dom(y’) is compact, choose any element #; € (dom(y) \ dom(y")), and then set:
o1 := inf{lln - sl | s €dom(y)) .

Since dom(y”’) is compact, and hence closed, in the norm topology on 7, and #; ¢ dom(y’), we can
conclude that §; > 0. This means that for every retiming p € Ret(y,y’) and for every r, € p(t;) C
dom(y’), we have ||t] — t; ||y = 61 and hence dev(p) > 6;. This now means that for any choice of
g1 > 0, it is the case that for all retimings p € Ret(y,y’), if dx.,(¥, Y’ p) < €1, then dev(p) > §;. Hence
(v,Y') ¢ Vs, &> as required.

In Case I1.b, when y" € M(P) N CPathy (T, X) for P deadlock-free and prefix-closed, we have that

dom(y’) is bounded but not closed in the norm topology; set 7y := sup(dom(y”)), so ty ¢ dom(y’). We
now break into three exhaustive sub-sub-cases, to complete the proof.
e Case IL.b.1: there exists t; € (dom(y) \ dom(y”)) such that #; # fy. Then we know that dom(y’|,)
is compact, and y’|;, € P since P is prefix-closed, and max(dom(y’|;,)) < t;. Now set 0 := [|#; —
max(dom(y’[;)) |l; > 0. This means that for every retiming p € Ret(yl;,,¥’l;) and for every #, €
p(t;) € dom(y’|;), we have ||#; — 12|, > &; and hence dev(p) > ;. This now means that for any
choice of €1 > 0, it is the case that for all retimings p € Ret(yl;,¥’|:,), if dxwy¥Yl1,, Y |1,p) < €1, then
dev(p) > 6. Hence (yl;,¥'l1,) & Vs, - In this case, we must also have (y,y’) ¢ Vs, ¢, as required.

Note that the negation of the condition for Case I.b.1 is that for all t; € (dom(y) \ dom(y’)), we
have #; > ty, which is equivalent to the condition that for all #; € (dom(y), if #; # #y then #; € dom(y"));
given that time domains of paths are linearly-ordered, so dom(y) N (fp L) = @, this latter condition is
in turn equivalent to the property that [0, 7o) N dom(y) € dom(y’).

e Case I1.b.2:  [0,t9) N dom(y) € dom(y’) and (dom(y) \ dom(y’)) = {f}. In this case, we have
dom(y’) € dom(y) = [0, fo] Ndom(y), and thus y = y|,, € P is a compact path. Now by the maximality
of y’ with respect to P, with y € Z = (PUM(P)) N CPathy (T, X), we know that y" ¢ /|, , for otherwise
we would have ¥y’ < vy, contradicting the maximality of y’. Thus there must exist a time #; € dom(y”’)
such that y'(t;) # y(t;). Now set g; := %dx(y(tl),y’(tl)), so &1 > 0 since dy is a metric, and then
proceed as in Case I to determine a parameter 61 > 0 such that (y,y’) € Vs, ¢, as required.

e Case I1.b.3: [0, 19) Ndom(y) € dom(y’) and there exists ¢; € (dom(y) \ dom(y’)) such that #; > £,

and thus y|,, is a compact path and |, € P, since P is prefix-closed. By the maximality of y’ with
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respect to P, we know thaty” £ v|;,, and hence either dom(y’) £ dom(yl;,), or else dom(y”) < dom(y/;,)
and y" ¢ y/;,. To finish the proof, we break into these two exhaustive sub-sub-sub-cases.

* Case I1.b.3.i: dom(y’) £ dom(yl;,), and hence there exists a time 73 € dom(y|;,) \ dom(y’) and a time
s3 € dom(y”’) such that such that #3 # s3. But by the linear ordering on time domains of paths, we have
1 = 13 > 1y, and 19 > s3, and thus we must have #3 > s3, so this case cannot happen.

* Case 11.b.3.ii: dom(y’) < dom(yl;,) and ¥ ¢ 7l|,. In this case, there must exist a time point
s3 € dom(y’) such that y’(s3) # y(s3). Now set & := %dx(y(S3),y’(S3)), so &1 > 0 since dy is a metric,
and then proceed as in Case I to determine a parameter §; > 0 such that (¥, y|;,) € Vs, ,- We can then

conclude that (y',y) ¢ Vs, ¢, as required. [ ]

For example, if H = (X, F, G, C, D) is a hybrid system satisfying the conditions of [3], Proposi-
tion 2.4, with prefix-closed general flow map ®” : X ~» CPath(H, X), then the set P := ran(®") of
compact paths is deadlock-free and prefix-closed, and thus the set Z = (P U M(P)) N CPathg;(H, X) is
a metrizable space under the 2-parameter uniform topology 75.

More generally, for any finite dimensional time structure, if ® : X ~» CPath(T, X) is deadlock-
free and P := ran(®") is prefix-closed, then the set Z = (P U M(P)) N CPath, (7, X) with the uniform

topology 75 is a metrizable space.

The following result confirms that the basic entourages Vs, € V5 of the uniformity on CPath(T, X)
are closed under the operations of taking prefixes and suffixes of paths, and of taking fusions of paths;
this is close to, but actually weaker than, these partial functions on the path space being uniformly

continuous w.r.t. the uniformity generated by V5 on the path space*.

Theorem 4.6 [Basic operations on compact paths within 2-parameter uniform topology]

Let S be a finite dimensional time structure with future time T, and let (X, dx) be a metric space. For
any paths y,y’,v1,v) € CPath(T, X) and for any parameter pair (6, €) € Ry,

if (y,y') € Vs and the retiming p € Ret(y,y’) witnesses this, with dev(p) < § and dx.,,(y.y'.p) < &,

then for all (s, s") € p, we have:
1. the s/s'-prefixes: (Yls,¥'ly) € Voo,
2. the s/s'-suffixes: (sly, ¢|y') € Vs, and

3. the s/s'-fusions: if (y1,7]) € Vse and y(s) = y1(0) and y'(s") = ¥{(0),
then (y x5sy1, ¥ *5 ¥]) € Vse

A partial function f: CPath(T, X) --» CPath(T, X) is uniformly continuous w.r.t. V5 if there exists a functionu : R, — R,
such that for every parameter pair (J,€) € Ry, and for (¢',&’) = u(d, ), and for all y,y’" € dom(f), if (y,y’) € Vs then
(f(y), f(¥)) € Vs, and hence dom(f) N Vs o (y) S f ' (Vso(f(¥)). In contrast, a partial function f: CPath(7,X) --»
CPath(T, X) is (merely) continuous w.r.t. the topology 7; if for each y € dom(f) and for every parameter pair (J,€) € R,,
there exists a pair (¢’,&’) € R, such that for all ¥ € dom(f), if ¥’ € Vy »(y) then f(y') € Vs.(f(y)); that is, if y’ is in the
(0’, &")-tube around vy, then f(y’) is in the (8, €)-tube around f(y).
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Proof: Fix (s,s") € p, where dom(p) = dom(y) and ran(p) = dom(y’). For closure under prefixes,
consider the map pg: T ~ T such that po(¢) := [0, s'] N p(¢) for all € dom(pg) := dom(y) N [0, s] =
dom(yls). Hence ran(pg) = dom(y") N[0, s'] = dom(y’|y). It is readily verified that pg € Ret(yls, ¥'|s),
and it is immediate that dev(pg) < dev(p) < ¢. Itis also clear that dy.,,(¥ls, ¥'ls, £0) < dyup (¥, . p) < €.
Hence (yl5,¥’ls) € Vs, as required.

For closure under suffixes, consider the paths |y and ¢ |y’ with dom(s|y) = o{(dom(y)) N T and
dom(y|y’) = (T‘S/(dom(y’)) N T. Now for each ¢’ € dom(y|y’) with ¢ > 0, we have s’ + ¢ € dom(y’)
with s’ < §" + ¢, hence p~!(s") < p~ (s’ + t’); in particular, s € p~'(s’), so either s € p~'(s' + ') or
else s < wforall w e p‘l(s’ + t"). Going the other way, for each ¢ € dom(s|y) with ¢ > 0, we have
s+t € dom(y) with s < s + ¢, hence p(s) < p(s + 1); in particular, s € p(s), so either 5" € p(s + 1) or
else s’ < vforall v e p(s+1). Nowlet pg: T ~ T be the map such that:

po = {(t, 1) € dom(sly) x dom(y|y’) | (s+¢t,5 +1)€p}.

Then dom(pg) = dom(,|y) and ran(pg) = dom(y|y”), and it is readily established that oy € Ret(;ly, ¢|y").
It is immediate that dev(pg) < dev(p) < 4. It is also clear that dy.,(sly, ¢Y'.00) < dxup(¥.Y'.p) < €.
Hence (sly, ¢ly’) € Vg, as required.

Finally, for closure under the fusion operation, suppose (s, s") € p and suppose that (y1,y]) € Vse
and y(s) = y1(0) and y'(s") = ¥{(0). Let p; € Ret(y1,y]) be a witness retiming, such that with
dev(p1) < 6 and dy.,(¥1,7]-p1) < & and suppose dom(p;) = dom(y;) and ran(p;) = dom(y}). Now
consider the paths y; := y *;y1 and ¥}, := ¥" x¢ y}. Then we have dom(y;) = dom(y[) U o-*(dom(y}))
and dom(y}) = dom(y’|y) U o (dom(y})) Now let po: T ~> T be the map such that dom(p;) =
dom(y»), and for all t € dom(p»),

® [0, s"] N p(2) if ¢t e dom(y)N[O0,s)
) =
P2 {(reT | @—st—-5)ep) if s+¢edom(y;).

So p is formed by glueing together the restriction of the retiming p to [0, s] X [0, s"] with the s/s’-
translation of the retiming p from dom(y;) to dom(y}). One then verifies that ran(p,) = dom(y}), and
that p, € Ret(y2,75). Now we have dev(p) < ¢ and dev(p;) < 6, with p, formed from a disjoint union
of a restriction of p and a translated version of p;. It then follows that we have dev(p;) < & as well.
Moreover, since dy,(¥,y’,p) < € and dx,(¥1, Y], 1) < &, we can also conclude that dy.,(y2,v5,02) <
&, as required. [ |

We now turn to spaces Z C CPath™(T,X) = CPath(T, X) U Ext(CPath(7, X)) containing both
compact paths and limit continuous paths, and the subspace CPathy} (7, X). Starting from the the 2-
parameter uniform structure on bounded paths, the key idea is that since a limit path is just the union
of a chain of longer and longer compact prefixes, we should look at closeness of longer and longer

compact prefixes, and thus we should introduce a third parameter which references the time position
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up to which two limit paths are required to be (9, )-close.

Theorem 4.7 [3-parameter uniform topology on path spaces]

Let S be a finite dimensional time structure with future time T, let (X, dy) be a metric space, and let Z C
CPath™ (T, X) be any set of paths, compact or limit. For the parameter space Ry X T := R xR x T,
define for each triple (6, €,t) € Ry X T the relation Usgs: Z ~> Z as follows:

Usey = {mn)eZXZ | lun'|1) € Vse} .

Then for all (6, &) € Ry, for all compact paths y € Z N CPath(T, X) with b, = max(dom(y)), and for
all paths n € Z,

Voe?) € (] Uses) and Useom) = {0 €Z | d0),0' () <&} € [ ) Upeulm)

t2b, teT

and for all (9, €,1),(01,&1,11),(02,&2,10) € Ry X T

Usieri S Usperns when (61,&1) < (62,&2) and t) > 1

User S Usiern N Usyoony when (6,€) < (81,&1) A (02,&2) and t = (11 V 1)

Usi o1ty © Usyeoty, S Uses when (61,€1) + (02,&2) < (6,&) and t < (t) A1)
Us,e0t; © Usiery S Useu when (81,&1) < 3(6,&) and t <ty .

Hence the family Us = {Usgs: Z~> Z | (6,¢€,1) € Ry X T } constitutes a basis for a uniformity on the
path set Z. The 3-parameter uniform topology T3 on Z will be first-countable if the time structure T is
finite-dimensional, and it will be Hausdor(f if Z € CPath™(T, X) is such that for some deadlock-free
and prefix-closed set of compact paths P C CPath(T, X), we have P C Z and Z \ CPath}(T,X) C
M(P) N CPathp (T, X). When the topology 73 is first-countable and Hausdorff, it is metrizable, and in

this case we can use the metric d3 : Z X Z — R* given by:

ds(n, 1)

max{ do, o, 7o }

where

S0.€0.70) 1= inf{(@G.er)e ®") | AreT, r=exp(—ltl) A @1.1) € Uses ) -

Proof: The verifications are straight-forward adaptations of the proof of Theorem 4.5, with the adjust-
ment that for the 3-parameter uniformity, the basic entourages are inclusion-anti-monotone in the third
parameter ¢t € T, while being inclusion-monotone in the first two parameters. For the metric d3, we
use the mapping r = exp(—||t]|;) to give a positive real-valued parameter that is also anti-monotone in
the third parameter ¢ € T, since ¢ > ' implies exp(—||7ll;) < exp(=||f'|;).

Now suppose that Z C CPath™ (T, X) is such that for some deadlock-free and prefix-closed set of
compact paths P € CPath(T, X), we have P C Z and Z \ CPath (T, X) € M(P) N CPath, (T, X).
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To prove that the topology 73 is Hausdorff, it suffices to prove of n,n" € Z, that if n # 7, then
there exists a parameter triple (61, &1, ) € Ry X T such that (,1") € Us, £, +,» which means that for all
retimings p € Ret(nl;,,n’l;,) such that dev(p) < 61, there exists (s1, s2) € p such that dx(n(s1),7'(52)) >
€1. As in the proof of the Hausdorff property for Theorem 4.5, there are two cases to consider: Case
I: dom(ny) = dom(n’) but there exists s; € dom(r) such that n(sy) # n'(sy); and Case II: dom(r) #
dom(ry’).

In Case I, set g := %dx(n(sl),n’(sl)), so €1 > 0 since dy is a metric. Since 7’ is continuous
at the time point sy, there exists a real §o > 0 such that for all r € dom(y’), if || s1 — #|| < dp then
dx(¥'(s1),Y’ (1)) < &1. Then set:

61 = sup{d € (0,60] | Ve €dom(ry') : [Is1 —tll <6 = du('(s), /(1) <er}.

Now set #; := s; and set y := n|;, and ¥’ := 7’|;,. Then proceed as in Case I of the proof of the
Hausdorff property for Theorem 4.5, to conclude that (y,y’) ¢ Vs, ¢,. and hence (17,1") ¢ Us, ¢,.1,> as
required.

In Case II, when dom(n) # dom(ry’), we either have (dom(ry) \ dom(’)) # @. or (dom(n’) \
dom(n)) # @; by symmetry, we can consider only the first of these. We then break into further sub-
cases, depending upon whether (a) ” € CPath (T, X), or (b) " € M(P) n CPath (T, X).

In Case II.a, when dom(7’) is norm-closed, choose any element #; € (dom(#) \ dom(7’)), and then
set:

61 := inf{||ty = sll; | s € dom(y’)} .

Since dom(7’) is closed in the norm topology on T, and #; ¢ dom(#’), we can conclude that §; > 0.
Then proceed as in Case Il.a of the proof of the Hausdorff property for Theorem 4.5, with y := n|,, and
v' =1l to derive the conclusion that (y,y’) ¢ Vs, ., for suitable &1 > 0, and hence (17,7") ¢ Us, ¢, +,-

In Case 1I.b, when ' € M(P) N CPath, (7, X), we know that dom(") is bounded but not closed
in the norm topology; set #y := sup(dom(7’)), so ty ¢ dom(r’), and set sg := sup([fo, 2tp] N dom(rp)).
Then proceed as in Case I1.b of the proof of the Hausdorff property for Theorem 4.5, with y := 1|,
and y’ := 1|4, = 1, to derive (via three sub-sub-cases) the conclusion that (y,y’) ¢ Vs, ., for suitable

g1 > 0, and hence (,77") ¢ Us, ¢,.5,> to complete the proof. [ ]

In comparison, the natural extension of the Skorokhod metric topology [17, 18, 19] on path spaces
Z C CPath™(T, X) for finite-dimensional T can be described by a uniformity with basic entourages
Uf;‘t’r such that (n,77) € U(f;‘t’r iff there exists a bijective, single-valued retiming p € BRet(nl;, 7'|;)
such that dev(p) < ¢ and dy.,,(1ls, 7'|;, p) < &. It follows that the resulting topology 7skor is finer than
the topology 73 considered here; i.e. 73 C Tskor-

Given a deadlock-free and prefix-closed set of compact paths P C CPath(7, X), if Z = P U M(P)

then the uniform topology 73 on Z will be Hausdorff and thus metrizable.
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5 Equivalence with Other Topological Structures on Path Spaces

Goebel and Teel in [3] develop a notion of convergence for sequences of hybrid paths (compact or
limit) for the case of Euclidean space X C R” and T = H c R? by employing the machinery of set-
convergence for sequences of subsets of R”, applied to paths n € CPath® (T, X) considered via their
graphs as subsets of 7 x X ¢ R™?2. (The text by Rockafellar and Wets [20] is a standard reference
on the set-convergence approach to set-valued anaylsis.) We generalize the Goebel and Teel notion of
graph convergence to Dedekind-complete and finite-dimensional future time structures 7" and metric
spaces X, and establish that for spaces Z C CPath™(T, X) of paths with norm-closed time domains,
graph convergence is equivalent to convergence in the 3-parameter uniformity. The topology on the
product space T X X inherited from the norm topology on 7" and the metric topology on X is equivalent

to the topology generated by the 2-parameter uniform topology ‘W whose basic entourages are:
Wz = {(1,0, (", X)) e TXX)X (T XX) | I1=1ll; <6 A dy(x,x') < e}

for each parameter pair (6,&) € R,. Being the product of a normed space and a metric space, the
topology on T X X is also metrizable; one such metric takes the maximum of the temporal and spatial

distances, so that for all (¢, x), (', x’) € T x X, we have:
dTXX((tv x)’ (tla x,)) = max{ || t - t, ||T’ dX(x’ x,) } .

In [3], and also in [5, 7], this metric is used to describe the topology on T X X.
We extend the notion of set-convergence to first-countable Hausdorff uniform spaces (Z, V), with
V abasis for the uniformity. Let {A;}reny be a sequence of subsets of Z. The inner limit (limit inferior)

and the outer limit (limit superior), of the sequence of sets {Ay}ren, are defined as follows:

lilgn inf Ay = {z€Z | dseq. {zxhken, Yk EN, 7 € A Az = klim 2k}
= {z€Z | VeV, dneN,Vk>m, AxNV(z) +# @}
limsup Ay := {z€Z | dseq. {zx}ken, Yk € N, zx € A A dsub-seq. {zy,}ien, z = lim 7, }
k— o0 =00

{zeZ | YV eV, infinite set KCN,Vke K, AyNV(z) #2}.

Both the inner and outer limit sets always exist, and are always closed sets in the uniform topology 7«

(although possibly empty), and li]1(n inf Ay C lim sup Ax. The sequence {A}rery convergestoaset A if
-0 k—co0

limsup Ay = A = liminf Ay in which case A must be closed in the topology 7« on Z, and we write

k—o0 k—o0

A = setlim_, o Ax. When setlimy_,, Ay = @, the sequence is said to escape to the horizon.

In [3, 4, 8], in taking graphical limits, there is a restriction to sequences {1i}xen of regular hybrid
paths (finite or limit) that are locally eventually bounded in X, which means that for all (i, t) € H, there
exists m € N and a compact set K C X such that for all k > m and all (j, s) € dom(r), if (J, s) < (i, 1)
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then n;(i, ) € K; i.e. ran(milip) S K. More generally, for finite-dimensional future time structures
T, a sequence {n;}ken in CPath™ (T, X) is locally eventually bounded in X if for all ¢ € T, there exists
m € N and a compact set K C X such that ran(rx|,) € K for all k > m. In the papers [3, 4, 8],
the restriction to locally eventually bounded sequences of regular hybrid paths is there for multiple
purposes: (a) to ensure that the set-limit of a sequence of graphs of hybrid paths is indeed the graph of
a hybrid path (and neither empty nor set-valued, for instance); (b) to ensure that none of the paths 7
“blow up” to infinity with finite escape time; and (c) to give a uniform bound on the sets ran(s|,) for
an infinite tail of the whole sequence (in the form of the compact set K € X). In our framework, reason
(a) is a non-issue as we consider convergence only when, for some n € CPath™(T, X), we have n =
75;";2 1k, so the set-convergence limit being empty or set-valued does not arise. Reasons (b) and (c) are
not so pressing in our framework, as we can accommodate both paths with norm-closed time domains
(which excludes maximal paths with finite escape time) and also paths that are maximal relative to a
set of compact paths (which allows the possibility of finite escape time).

We are able to establish a weaker property as a consequence of convergence in the 3-parameter
uniform topology. For finite-dimensional future time structures 7', and time points ¢, € T, we call
a sequence {n}xeny in CPath™(T, X) t.-locally eventually bounded in X if there exists m € N and a
compact set K C X such that for all € T with ¢ % t., we have ran(nx|,) C K for all k > m.

Proposition 5.1 [Local eventual boundedness of sequences]

Suppose S is finite-dimensional and Dedekind-complete, and Z C CPath™(T, X) is such that either
Z C CPath (T, X) or Z = PUM(P) for some deadlock-free and prefix-closed path set P C CPath(T, X).
Let {ni}keny be any sequence in Z, and let n € Z.

G If n= ]}Lngo Nk in the uniform topology T3 on Z, and n € Z N CPath (T, X),
then the sequence {n}ren is locally eventually bounded in X.

(i) If n= klglolo Nk in the uniform topology T3 on Z, and n ¢ CPath (T, X),
then for somet. € T, the sequence {n}ren is t.-locally eventually bounded in X.

Proof: For (i), suppose that p = klim 1, in the topology 73, and that dom(n) is norm-closed. Then fix
t € T, arbitrary, and choose any (6, €) € R»; by the convergence in the uniform topology, there exists
an m € N such that n|; € Vs(n|,) for all £ > m. Since dom(#n) is norm-closed, we know that dom(n| ;)

is norm-compact in 7. Then set:
K ={xeX | dsedom(n), s <t A dy(x,n(s)) <e&}.

Then K is compact in X since 7 is continuous and dom(7|,) is compact in 7. We can now conclude
that ran(77;|;) C€ K for all k£ > m. Hence the sequence {nx}ken is locally eventually bounded in X.

For (ii), suppose that n = kh_)n‘}o nr  in the topology 73, and that dom(n) is not norm-closed. Then
n € M(P) n CPath(T, X) for some deadlock-free and prefix-closed path set P € CPath(7, X). Then
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there must exist an integer 7. > 1 such that 7, € M(P) N CPath, (7, X) for all k > n,, for otherwise,
we could not have n = kll)n‘}o Nk in 73. So 77 and all but finitely many of the paths r; are maximal with
dom(7;) norm-bounded but not norm-closed. Set #g := sup(dom(n)), so o ¢ dom(n), and for each
k > n., set t; := sup(dom(iz)), so tx ¢ dom(r;). Then set ¢, :=inf{ty | k=0 V k > n, > 1}, which
will exist, since T is assumed to be Dedekind-complete. Now for all ¢ € T such that ¢ * ., we have
t # 1ty and thus 77|, < n and dom(7)|,) is norm-compact in 7. Then choose any (6, €) € R, and take K
as the compact set as in Case 1. By the convergence in the uniform topology, can then conclude that
there exists an m € N such that for all ¢ # ¢., we have ran(#;|;) € K for all k£ > m. Thus the sequence

{Mk}ken 1s ti-locally eventually bounded in X. [ ]

Collins, in [5, 7], proposes the compact-open topology 7., on spaces of prefix-free or maximal
paths; in our framework, this means sets of paths Z = M(P) for some P C CPath(T, X). Since we
restrict to time structures S that are finite dimensional, Part 4 of Theorem 2.2, gives that for each
t € T, the closed interval [0, ] is compact in 7,,.,. The topology 7., has as a basis the family of all

sets:
B(n, t,6,&) = {n €Z | nli S Ws:(n) A 1'l: € Wse(n)}

forne Z,t €T, and pairs (6,&) € Ry. Thenn = kll)rgo nx in the compact-open topology 7., iff for all
t € T and (6, €) € Ry, there exists an integer m € N such that for all kK > m, we have 1, € B(, 1,9, €).
Note that this is a modification of the standard compact-open topology on spaces of total continuous
functions  : T — X, which declares n and i’ to be (K, )-close if the range of 5 restricted to the
compact subset K of T is contained in an g-neighbourhood of r” within X, and symmetrically, the
range of 1’ restricted to K is contained in an &-neighbourhood of 7 within X. The modification is
required to accommodate partial functions with differing time domains, and the non-total-ness of paths
as functions means that the usual concept of uniform convergence (for sequences of total functions on

a common domain) does not straight-forwardly apply.

In proving the equivalence of the various notions of convergence for sequences of continuous paths,
we need a condition on time structures 7" and path sets Z C CPathZ} (T, X) that guarantees the existence
of certain supremums and infimums, but is weaker than the assumption that 7" is Dedekind-complete,
since Dedekind-completeness excludes the Zeno time structure Qp X R. We will say that a path set
Z C CPath (T, X) is rich enough over time T when the following condition holds:

for all paths n € Z, the following points exist in dom(r) :
for each ¢ € T, the point:
ry := sup{s € dom(n) | s <t}
and for each 6 > 0 such that || s ||; > ¢ for some s € dom(7), the point:

rs := inf{s € dom() | || s|l; > 6}.

This weaker condition is satisfied by sets of continuations of Zeno trajectories when modelled as paths
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with time Qp X R as discussed in Section 2.

Theorem 5.2 [Equivalence of concepts of convergence for sequences of continuous paths]

Let S be a finite-dimensional time structure with future time T, and suppose the time granularity
gr(S,u) = 0. Let (X,dy) be a metric space with a distinguished state xo, so that (0, xo) is a reference
point in T X X, and further suppose that the space granularity of X is 0, in the sense that for all x € X,
we have inf{dy(x,y) | y # x} = 0. Let Z C CPath (T, X) be a path set such that Z is rich enough over
time T. Then for all paths n € Z and for all sequences of paths {ni}ren within Z, the following five

conditions are equivalent:

@ n= klim N in the 3-parameter Hausdorff uniform topology 73 on Z;

2)n= 7;11‘;‘ N as graphs in the product topology on T X X;
3 n= klim Nk in the compact-open topology 7., on Z.

4) YopensetsOinT x X, ifnN O # @then Am; e N, Vk > my, nx N O + @, and
Y compact sets KinT X X, ifnN K = @ then Amy e N, Vk > mp, ny N K = @;

(5) Y(©,¢&) € Ry, Y(a,B) € Ry, Am € N, Yk > m, the following two set-inclusions hold in T X X:

n N cl(Wep(0, x0)) C cl(Wse(mr)) and  mp N cl(We (0, x0)) € cl(Wse(m) -

Since topologies on first-countable Hausdorff spaces are unigely determined by the notion of conver-

gence of sequences, the topologies T3 and 7., on Z coincide.

Proof: We will first prove the equivalence of (2) and (4), which is the open set/compact set “hit-and-
miss criteria” for set-convergence, generalizing Theorem 4.5 of the Rockafellar and Wets text [20]. We
will then prove the equivalence of (2) and (5), which generalizes Theorem 4.10 of [20] and Lemma 4.2
of [3], and then finally prove the equivalence of (1) and (5). The equivalence of (3) and (5) is straight-
forward, and will be omitted. We require the assumptions that both 7 and X have granularity O in only
some of the proofs, namely (2) = (5), (5) = (2), and (5) = (1).

[(2) = (4)] Suppose that (2) holds, and thus limsup,_,., mx € 1 € liminf;e 7% in T X X, with
n # @ and 1 a closed set in 7 X X. Now fix an open set O in T X X, and suppose that n N O # @.
Pick any (¢,x) € n N O, and then there must exist an entourage Ws. € W such that the basic open
Ws<(¢,x) € O. But then by the definition of the inner limit, there exists an m; € N such that for all
k = my, we have mx N Ws (¢, x) # @, and hence 17, N O # @, as required. Then fix a compact set K in
T x X, and suppose that n N K = @. Now consider an arbitrary element (¢, x) € K; we claim there is

some basic open Wj (¢, x) such that the set F(z, x) := {k € N | g N W; (¢, x) # @} is of finite cardinality.
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To see this, suppose the claim did not hold; then by the definition of the outer limit, we would have
(t, x) € lim sup,_, ., 7x and hence (¢, x) € n N K, contradicting the supposition that 7 N K = @. Now the
family of basic opens {W;s (%, x)}(:,x)ex forms an open cover of K and thus there exists a finite subcover
given by {W; (1, X)};,x)ea Where A C K is finite. Then let F = U yea F'(2, x), which is also finite. Now
choose m, € N such that m; is strictly greater than all elements in F. Hence for all k > m,, we have
m N K = @, as required.

[(4) = (2)] Suppose that (4) holds; we will then establish the two inclusions 7 C lim inf_, 17; and
limsup,_,., 7« € nin T X X. For the first of these inclusions, suppose that (¢, x) € n7 and thus x = 7(¢);
we want to show that (¢, x) € liminf;_,. 17x. Now consider an arbitrary basic open neighbourhood
Ws.(t, x) of (, x), for some parameter pair (6, &) € Rp. Then since (¢, x) € 5N W;(¢, x) and (4) holds,
there exists some m; € N such that 7y N Ws.(f, x) # @ for all kK > m;. By the definition of the inner
limit, we can then conclude that (¢, x) € lim inf;_ 77x, as required. For the second inclusion, we prove
the contrapositive: if (¢, x) ¢ n then (¢, x) ¢ lim sup,;_,, 7x. So suppose that (¢, x) ¢ 1, and also suppose,
toward a contradiction, that (¢, x) € lim sup,_,, 7x. Then by the definition of the outer limit, there exists
a sequence {(, xx)}ren such that (, xi) € ny for all k € N (so x; = nx(#)) and there is a sub-sequence
{(tx;» x,)}ien such that (¢, x) = lim;_,(;, Xx,). Since 1 is closed set in 7 X X and (¢, x) ¢ 1, we claim
there is some integer mg € N such that (#,, x;,) ¢ n for all i > my. To see this, suppose the claim did not
hold; then we would have (f,, x¢;) € 1 for infinitely many i € N, and thus 1 would contain a sequence
converging to (z, x), to give (¢, x) € C. Now consider the set K := {(t, x)} U { (t,, x;) | i > mg}. This
set K is compact in 7 X X because it is Cauchy-complete and totally-bounded, within a metricizable
space. The Cauchy-completeness of K is trivial, and to verify the totally-bounded property for K, we
use the convergence of the sub-sequence {(#;, Xx,)}ien to (¢, x) in the uniformity: for every parameter
pair (6, &) € Ry, there is an n > my such that (#;, xi,) € Ws(z, x) for all i > n, so we can find a finite set
of indices I C {mg,mp + 1,...,n} such that the family { Ws(f, x) } U { Wso(#,, xx,) | i € I}1is a finite
cover of Wj. basic opens. Then since K is compact and n N K = @, we can conclude from (3) that
there exists some integer m; such that 7, N K = @ for all kK > mjy, which is a clear contradiction with

(tx;» xx;) € Mk, N K. Thus, it must be the case that (¢, x) ¢ lim sup;_,, 77k, as required.

[(2) = (5)] Suppose that (2) holds, and thus so does (4), and we have limsup,_,.,mx € n C
liminf;_,o g, With n # @ and 1 a closed set in 7 X X. Fix two parameter pairs (5,&) € Ry and
(a,B) € R,. To prove the first inclusion for (5), suppose, for a contradiction, that for all m € N, there
exists ky, > m such that n N cl(Wo (0, x0)) \ cl(Ws£(x,,)) # @. Thus we can choose a sequence of time
points {,,}men in dom(7) such that for all m € N, we have (¢,,, 7(1,,)) € cl(W, (0, x0)) and (Z,,, n(t1n)) ¢
cl(Ws£(x,,)), and we also have k.1 > k,. Moreover, the sequence {t,},en can be chosen so that it
converges to a limit, with (7, ) = lim_co(t, 7(t,,)) in the uniform topology on T' X X. Since 7 is a
closed setin T x X, we can conclude that (7, £) € n, and thus £ = n(?) = lim,;_,c 17(Z,). Since (2) holds,
we have 17 C lim infy_,, 7% and thus (7, £) € liminf;_,c 7¢. Since both T and X have granularity 0, we
can set 04 = %min(&, @) and g4 := %min(s, B). Applying condition (3) to the open neighbourhood

O =W, ¢, (i, %) of (7,%) in T x X, as well as using the convergence (7, £) = limy_co(tym, 7(fm)), We can
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find a sufficiently large integer m, € N such that for k, := k,,, , we have both ;, N W, ., (7, %)) # @
and (ty, ,1(tm,)) € Ws, ¢, (f,%)). From the second condition, we can conclude that ||7 — 1, || < 0x
and dyx(x,n(ty,) < £«, while from the first condition, we can conclude that there exists a time point
sx € dom(ny, ) such that || 7 — s, || < 64 and dy(X, M, (5x) < &x. Applying the triangle inequalities for
norms and metrics, we then have ||, — s4 || < 20« < ¢ and that dx(1n(ty, ), 7k, (5x) < 284« < &. But
now we have (f,, ,7(tm,)) € Wse(sx, Mk, (5+)), contradicting the fact that (,,,, , 7(tm, ) & cl(Ws(1x,)).
Thus there exists an integer n; € N such that n N cl(W, (0, xp)) S cl(Wsg(mx)) for all k > n;.

To prove the second inclusion for (5), suppose, for a contradiction, that for all m € N, there exists
ky > m such that g, N cl(W, g(0, x0)) \ cl(Ws.()) # @. In this case, we get a sub-sequence of paths
{Mk,, kmexy With k1 > k,, and a sequence of points {(#, 7k, (#n))}men in T X X such that for all m € N,
we have (t, Nk, (tn)) € cl(Wy (0, x0)) and (t,, i, () ¢ cl(Ws(1)). Moreover, since the sequence
{(tm, Mk, (tm)) }men 1s bounded by the compact set cl(W, (0, x0)) in T X X, it contains a sub-sequence
convergent in the uniform topology on T X X; let (£, X) be the limit of this convergent sub-sequence.
Then by the definition of the outer limit, we have (#,X) € limsup;_,.. Since (2) holds, we have
lim sup;_,, 7« € 7, and thus (7,X) € i, and hence X = 5(7). But since (t,, Nk, (tm)) & cl(Ws(n)) for all
m € N, we can also conclude of the accumulation point (7, x) that (¢, X) ¢ Ws.(1), in contradiction with
the fact that (7, X) € n. Thus there exists an integer n, € N such that 17, N cl(Wop(0, x0)) S cl(Ws(1))

for all k > ny. To complete the proof of (5), take m := max(n,n,), and we are done.

[(5) = (2)] Suppose that (5) holds. To prove (2), we will establish the two inclusions  C
lim infy_e 1% and lim sup,_, ., mx € in T X X. For the first of these inclusions, suppose that (¢, x) € 5
and thus x = n(¢); we want to show that (¢, x) € liminfy_c 77x. From the definition of the inner limit,
it suffices to show that for an arbitrary basic open neighbourhood W;(¢, x) of (¢, x), there exists an
m € N such that gy N Ws(¢,x) # @ for all k > m. Since both T and X have granularity 0, con-
sider any parameter pairs (01,€1) € Ry and (62,&2) € Ry such that 6 < 8, €1 < ¢, 62 > ||t||; and
& > dy(x, x), and thus (¢, x) € nNcl(Ws, ¢, (0, xp)). Since (5) holds, there exists an integer m € N such
that n N cl(Ws, £,(0, x0)) S cl(Ws, &, (17x)) € Ws () for all k > m. Hence (7, x) € W () for all k > m,
as required to establish that (¢, x) € lim infy_, o 7.

For the second inclusion for (2), fix an arbitrary element (¢, x) € lim sup,_,., 17x; we want to show
that (¢, x) € n. It suffices to show that (¢, x) € W;(n) for an arbitrary basic entourage W5, in T X X;
since 7 is a closed set, it will then follow that (¢, x) € n. Again, since both T and X have granularity
0, we can choose parameter pairs (61,€1) € Ry and (62,&2) € Ry such that cl(Ws, ., (7)) € Wse(),
02 > || tll; and &2 > dx(xp, x). Since (¢, x) € lim sup,_, ., 17k, there exists a sub-sequence of paths {n, }ien
such that (¢, x) € n, N cl(W;, ¢, (0, xo)) for all i € N. Since (5) holds, there exists an integer m € N such
that mx N cl(Wps, £,(0, x0)) € cl(Ws, ,(17)) € Ws () for all k > m. So choosing an i such that k; > m, we

can conclude that (¢, x) € W; (), as required.

[(1) = (5)] Suppose that (1) holds, hence for all (81,&1,#;) €€ Ry X T, there exists an integer
my € N such that gy € Us, ¢, () for all k > my. To prove (5), fix parameter pairs (5,) € R, and
(a,8) € Ry. Now set §; := min(5, @), &; := min(g,B) and #; := inf{s € dom(n) | ||s|l; = 2al;
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then # exists and #; € dom(rn), since Z is rich enough over T. Then let the integer m; be such that
Nk € Us, 6,1, () for all k > m;. We claim that this m; will also provide a witness to establish the two
inclusions for (5) for (6, €) and (a, ). So fix an arbitrary index k > m;, and since 1y € Us, £, (1),
there exists compact prefixes y < i and y; < ¢ such that y = 75|, and yx = mls, and (y,yx) € Vse.
Thus there exists a retiming p: dom(y) ~ dom(yx) such that dev(p) < 61 and dy., (¥, Yk.p) < 1.
To establish the first inclusion 7 N cl(W, (0, x0)) € cl(Ws (7)), fix (s,x) € n N cl(Woz(0, xp)). Now
choose a time point s; € p(s), so sy € dom(y,). Then we have || s|| < @ and || s — s¢ll; < 1 < 6.
Hence by the traingle inequality, we have || s¢ll; < |Islly + |l sx — sllz < @ + 61 < 2a < ||t |l;, and
so we can conclude that s; < #;. Hence we have dx(x, nx(sx)) = dx(y(s),vi(sx)) < €1 < &. We can
thus conclude that (s, x) € W;sc(sk, nk(sr)) and hence (s, x) € cl(W;(1x)), as required. To establish the
second inclusion 7 Ncl(Wy, 5(0, x0)) € cl(Ws.(1)), fix (s, x) € nNecl(W, (0, x0)). Hence s; € dom(1)
and x = m(sg) and || sg|l; < @ < |1 ||z, so that s € dom(y,) and x = yx(si). Now choose any time
point s € p~'(sp), so that s € dom(y), ||'s — scllr < &, and ||slly < |Isellr + I1s = sellr < [0 [l We
then have dy(x, n(s)) = dx(yk(sr), y(s)) < &1 < e. Thus we can conclude that (sk, x) € W (s, 1(s)), and
hence (si, x) € cl(Ws+(17)), as required.

[(5) = (1)] Suppose that (5) holds. To establish the convergence (1) in the 3-parameter uniformity
U, fix an arbitrary triple (01, €1,#1) € Ry X T; we need to exhibit an integer m € N such that n; €
Us, &,.,,(7) for all k > my. Since both 7 and X have granularity 0, we can choose parameter pairs
0,8),(a,B) € Ry such that § < 81, € < €1, @ = ||t1|ly + 26 and B := dyx(x9,n(ty)) + 2& where
to := sup{s € dom(n) | s < 1} = max{s € dom(n) | s < t;}, since Z is rich enough over T. Applying

(5) to these parameter pairs, which have ¢ < %a and € < %/3, we can conclude that there exists an

m; € N such that for k > m;, we have:

n N cl(Wop(0, x0)) C cl(Wse(mr)) and  mi N cl(Wop(0, x0)) S cl(Wse(17) .

We will prove that the integer m; + 1 witnesses convergence for the triple (81, &1,11). So fix k > my,
so k > 1; we want to prove that (y, yx) € Vs, ¢, where y := nl;, and y := mil,. First, set t; := sup{s €
dom(n;) | s < t1}; then f; exists and # € dom(s;) since Z is rich enough over T. Hence #; > 0
and dom(y) = [0, #] N dom(n) and dom(yy) = [0, #x] N dom(r), and both || |l; < |11l < @ and
It llr < It llr < @. Next, we seek to define a retiming map p: dom(y) ~ dom(y;) such that for all
s € dom(y) and s; € dom(yy), if (s, sx) € p then ||s — sill; < 6 < 61 and dx(y(s), vk(sx)) < € < &;.
Now, we have y C n N cl(W,g(0,x0)) and yx € m N cl(W, (0, x0)), hence y C cl(Ws.(17x)) and
vk € cl(Ws<(17)). Thus we have:

Vs € dom(y), dsx € dom(np) = ||s —sklly <0 A dy(y(s), mi(sk)) < &
and Vs € dom(yy), ds € dom(n) : || s —selly <6 A dx(m(s), yi(sk) < €.

Further observe that if s € dom(y) and s; € dom(r;) and || s — si|l; < &, then we have || si ||, <

[|sllz+11s=skllz <t llr +6 < a and thus s, € dom(yy), and likewise, if s, € dom(yy) and s € dom(r7)
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and || s — s¢ |l < 0, then we have || s||; < @ and thus s € dom(y). Hence we have:

Vs € dom(y), dsg € dom(y) : [Is—slly 6 A dy(y(s), mi(sp)) < &
and Vs € dom(yg), ds € dom(y) : || s—skllr <6 A d(m(s), ya(sp) < €.

It is then straight-forward to construct a total and surjective set-valued map p: dom(y) ~» dom(yy) that
enforces the non-strict (8, &) closeness constraint and also meets the conditions of a being retiming.
The idea is to break up the bounded time domains dom(y) and dom(y) into a finite union of linearly-
ordered closed intervals with overlapping end-points, each of length at most ¢, and define p piecewise.

This completes the proof. [ |

In [8], an abstract hybrid system over a state space X C R", with X open in R", is a set of hybrid
paths S € CPath™(H, X) satisfying the following three conditions:
(B1) forallpe S, ran(n) C X;
(B2) foralln € S andall (i, 1) € dom(n), (inln € S;and
(B3) for all sequences {n;}renr within S that are locally eventually bounded in X, and
for all y € CPath™(H, X), if 7= "7, asgraphsin T x X, then nes.
In [8], the suffix- or translation-invariance condition (B2) is claimed to “... reduce to the standard
semi-group property under further existence and uniqueness conditions”; what is most likely intended
there is closure under fusion or point-concatenation, as in the third condition for general flows:
(B2+) foralln € S, for all (i, ¢) € dom(n), and for all’ € S,
if 7°(0,0)=n(,t) then px;pn €S.
In the light of Theorem 5.2 and Proposition 5.1, we then have the following.

Proposition 5.3 Given a state space X C R", with X open in R", and a set S C CPath®(H, X),

if S is closed in the uniform topology 73 on CPath®(H, X) and S = ran(®) U ran(M®) for some
general flow @ : X ~ CPath(H, X) such that dom(y) is regular for all y € ran(®D),

then S is an abstract hybrid system in the sense of [8].

6 Conclusion

This paper makes several contributions:

o formulating a quite general notion of a time structure that accommodates all the “pathologies”

of hybrid dynamics;

e developing a uniform topology on general hybrid path spaces that (a) generalizes Skorokhod-

type topologies by allowing set-valued retiming maps instead of bijective single-valued retiming
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maps, and (b) gives explicit quantitative measures of closeness of paths with respect to three pa-
rameters: one temporal for signal domains, one spatial for signal values, and a third quantifying
the duration for which finite prefixes of the signals are close with respect to the first two param-

eters;

e proving that the path operations of prefix, suffix and fusion all respect the uniformity structure;

and

e proving the equivalence of this uniform topology with a compact-open topology on path spaces
associated with graph-convergence for hybrid paths, for finite-dimensional time and path spaces

that have norm-closed time domains.
Directions for further enquiry include the following:

e semi-continuity and compactness properties of general flows ®: X ~» CPath(T, X) and their
maximal extensions M®: X ~» Ext(CPath(T, X)), relating to [3, 4, 7, 8];

e enriching the syntax and semantics of the temporal logic GFL* [13, 14] in order to express in

the logic both topological and dynamical properties of general flow systems;

e pursuing in a topological extension of GFL* the idea put forth in [26, 27] that for robust satis-
faction of a temporal logic formula, the path denotation set for the formula should be open in a

topology on the path space, so the set contains an open tube around each of the paths within it.

References

[1] J.-P. Aubin, J. Lygeros, M. Quincampoix, S. Sastry, and N. Seube. Impulse differential inclusions:
A viability approach to hybrid systems. IEEE Trans. on Automatic Control, 47:2-20, 2002.

[2] R. Goebel, J. Hespanha, A.R. Teel, C. Cai, and R. Sanfelice. Hybrid systems: Generalized
solutions and robust stability. In IFAC Symp. Nonlin.ear Control Systems, page 112, 2004.

[3] R. Goebel and A.R. Teel. Solutions to hybrid inclusions via set and graphical convergence with
stability theory applications. Automatica, 42(4):596-613, 2006.

[4] C. Cai, A.R. Teel, and R. Goebel. Smooth lyapunov functions for hybrid systems part i: Exis-
tence is equivalent to robustness. IEEE Trans. Automatic Control, 52(7):1264-77, 2007.

[5] PJ. Collins. Generalized hybrid trajectory spaces. In Proc. of 17th Int. Symp. on Math. Theory
of Networks and Systems (MTNS’06), pages 2101-2109, 2006.

39



[6] PJ. Collins. A trajectory-space approach to hybrid systems. In Proc. of 16th Int. Symp. on Math.
Theory of Networks and Systems (MTNS 04), 2004.

[7] PJ. Collins. Hybrid trajectory spaces. Technical Report MAS-R0501, Centrum voor Wiskundeen
Informatica, Amsterdam, 2005.

[8] R. Sanfelice, R. Goebel, and A.R. Teel. Invariance principles for hybrid systems with connections
to detectability and asymptotic stability. IEEE Trans. Automatic Control, 52(12):2282-97, 2007.

[9] J. Lygeros, K.H. Johansson, S.N. Simic, J. Zhang, and S.S. Sastry. Dynamical properties of
hybrid automata. IEEE Trans. Automatic Control, 48:2-16, 2003.

[10] R. Alur, C. Courcoubetis, N. Halbwachs, T.A. Henzinger, P.-H. Ho, X. Nicollin, A. Olivero,
J. Sifakis, and S. Yovine. The algorithmic analysis of hybrid systems. Theoretical Computer
Science, 138:3-34, 1995.

[11] R. Alur, T.A. Henzinger, and P.-H. Ho. Automatic symbolic verification of embedded systems.
IEEFE Trans. on Software Engineering, 22:181-201, 1996.

[12] J.M. Davoren and A. Nerode. Logics for hybrid systems. Proceedings of the IEEE, 88:985-1010,
July 2000.

[13] J.M. Davoren, V. Coulthard, N. Markey, and T. Moor. Non-deterministic temporal logics for
general flow systems. In Hybrid Systems: Computation and Control (HSCC’04), LNCS 2993,
pages 280-295. Springer-Verlag, 2004.

[14] J.M. Davoren and P. Tabuada. On simulations and bisimulations of general flow systems. In
Hybrid Systems: Computation and Control (HSCC’07), LNCS 4416, pages 145-158. Springer-
Verlag, 2007.

[15] A.J. Van der Schaft and J.M. Schumacher. An Introduction to Hybrid Dynamical Systems.
Springer-Verlag, 2000.

[16] A.A. Julius. On Interconnection and Equivalences of Continuous and Discrete Systems: A Be-

havioural Perspective. The University of Twente, 2005. PhD thesis.

[17] M.E. Broucke. Regularity of solutions and homotopic equivalence for hybrid systems. In 37th
IEEFE Conference on Decision and Control (CDC’1998), pages 42838, 1998.

[18] M.E. Broucke and A. Arapostathis. Continuous selections of trajectories of hybrid systems.
Systems and Control Letters, 47:149-157, 2002.

[19] C. Kossentini and P. Caspi. Mixed delay and threshold voters in critical real-time systems.
In Formal Techniques, Modelling and Analysis of Timed and Fault-Tolerant Systems (FOR-
MATS/FTRTFT 2004), LNCS 3253, pages 21-35. Springer-Verlag, 2004.

40



[20]

[21]

[22]

[23]

[24]

[25]

[26]

[27]

R. Rockafellar and R.J. Wets. Variational Analysis. Springer-Verlag, Berlin, 1998.

K.R. Goodearl. Partially Ordered Abelian Groups With Interpolation. Mathematical Surveys and

Monographs. American Mathematical Society, Providence, 1986.

ED. Torrisi and A. Bemporad. Hysdel — a tool for generating computational hybrid models for
analysis and synthesis. IEEE Trans. Control Systems Technology, 12:235-249, 2004.

J.M. Davoren. On hybrid systems and the modal mu-calculus. In Hybrid Systems V, LNCS 1567,
pages 38—69. Springer-Verlag, 1999.

C. Kossentini and P. Caspi. Approximation, sampling and voting in hybrid computing systems. In
Hybrid Systems: Computation and Control (HSCC’06), LNCS 3927, pages 363—376. Springer-
Verlag, 2006.

ILM. James. Introduction to Uniform Spaces. London Mathematical Society Lecture Notes.
Cambridge University Press, 1990.

V.Gupta, T.A. Henzinger, and R. Jagadeesan. Robust timed automata. In Proc. of International
Workshop on Hybrid and Real-Time Systems (HART), LNCS 1201, pages 331-345. Springer-
Verlag, 1997.

T.A. Henzinger and J.-F. Raskin. Robust undecidability of timed and hybrid systems. In Hybrid
Systems: Computation and Control (HSCC’00), LNCS 1790, pages 145-159. Springer-Verlag,
2000.

41



