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Abstract— Although techniques for directly synthesising sampled-dta
(SD) compensators are available in the literature, feedbac controller
design is perhaps best understood in a purely continuous-time settg.
As such, a feedback controller is often designed in the comtiious-time
domain and then discretised for digital implementation. It is important
for the discretisation step involved to yield a SD approxim&on which
captures the essential features of the original controllefrom the per-
spective of closed-loop behaviour. In this paper, a gap meitr framework
is developed for studying the controller discretisation ppblem for linear
time-invariant (LTI) plants and controllers. Importantly , knowledge of a
gap metric distance between an LTI controller and a SD approimation
permits explicit characterisation of the possible differace in closed-loop
performance, with any LTI plant for which the LTI controller is known
to work well, accounting for inter-sample behaviour. The catral result
of the new framework gives rise to an algorithm for computing a gap
metric measure of the distance between an LTI controller anda given
discretisation, and a technigue for synthesising a SD appsdmation which
is optimal with respect to this metric.

Index Terms— Controller Discretisation, Digital Redesign, Sampled-
Data, Approximation, Gap Metric, Robustness, Periodic, TimeVarying

I. INTRODUCTION

The dynamics of many engineering systems naturally evolve

08). Indeed, this paper is by and large devoted to establishing that
F(R™1, C.a) is stable and contractive if, and only ifl.4:
(i) lies within a pointwise gap metric distance, closely related to
the v-gap metric, fromC'’; and
(i) stabilises any LTI plant with whicl® achieves a certain level
of closed-loop performance.

Importantly, testing if#,(R~", Cxa) is stable and contractive for a
given Csq, or synthesising &sq SO that it is, can be achieved via
established methods [11], [12], [13].

The paper develops along the following line. First, a generalised
frequency domain framework for studying the controller discretisation
problem is established (cf. Sec. Il). As part of this, a motiva-
tional gap metric robust performance result is also discussed within
the generalised frequency domain framework. Subsequently, a new
signal-based characterisation of a pointwise gap-metric measure of
distance is developed. This characterisation is inspired by the so-
called “strong-necessity” of a robustness result associated with the
v-gap metric for LTI systems [8], [9], by which the distance between
two LTI controllers can be expressed in terms of a stability condition
being satisfied for one of the controllers in closed-loop vaitly LTI
plant for which the other controller achieves a certain level of closed-
loop performance (cf. Sec. Il and Sec. IV). A simple numerical
example is presented to demonstrate the tools developed.

.
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continuous time. Correspondingly, control system design is typically Throughout, the symbol®, Z, C, C,, C_, T, D, jR and H

carried out, and perhaps most well-understood, in the continuous-ti

grnote the real, integer and complex numbers, the open right-half,

domain. This results in control laws with continuous-time dynamicgpen left-half, unit circle and open unit disc of the complex plane,
It is often the case, however, that the implementation of such conttBf imaginary axis, and the intervial, ) CR for h >0, respectively.
schemes will involve a digital computer, which can only process Let Vi and Vs be Hilbert spaces over eithé or C. The inner
information discretely in time. Accordingly, system discretisation (iRroduct onV; is denoted by(-,-)v,, and| - ||, denotes the norm

time) has been studied for many years [1], [2], [3], [4], [5]-

induced by the inner product. L&X : dom(X) C Vi — W,

Motivated by established gap-metric robust performance resuig @ linear operator, wheréom(X) is called the domain ofX.

for LTI feedback system [6], [7], [8], [9], a new framework for

The graph ofX, taken with respect to the ambient spagex Vi

studying the feedback controller discretisation problem is develop€@sp.V1 x V%), is defined to be the subspaggX) := (%) dom(X)
in this paper. Central to the framework is the use of a gap-liK&esp.gr(X) := (x)dom(X)). _
metric to measure the difference between an LTI controller and aThe Banach spacé3(Vi,V.) is the set of linear operators

SD approximation. Indeed, knowledge of this measure of distan&e : Vi — V2 for which dom(X)
permits characterisation of the possible degradation of closed-looprm ||X|| := sup,cy, w20

V1 and the induced
< oo. Occasionally, the space

Xy,
Tullv,

performance with any LTI plant for which the LTI controller is knowns(v;; V;) may be denoted by3(V:) for convenience. The Hilbert

to work well, accounting for intersample behaviour.

A variant of the following LTI result [9], [10], which permits one
of the systems to be periodic SD controller, is established in this
paper as a cornerstone of the framework described above:

Proposition 1.1:[9] Given LTI systemsC and C;, and a
number 3, there exists an LTI systemR (dependent onC
and 8 only) such thaté,(C,Ci) < B < ZF(R'C1) €
H>™ and | #(R™',C1)||e < 1, whereé, (C,C1) denotes the-
gap distance betweefi and C4, and.%,(-,-) denotes the standard
lower-linear fractional transformation (LFT).

A result of this kind is suggestive of an algorithm for computing th
distance between an LTI controlléf and a given discretisatiofisq,

and a technique for synthesising a SD approximation; i.e. synthe
Csq SO thaL%,(R‘H Csq) is stable and contractive (for some smal
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adjoint of an operataX € B(V1, V) is denoted byX* € B(V2, V1 ).

If X*X = IthenX is called an isometry. On the other handXif

is an isometry theiX is called a coisometry. Two Hilbert spac¥s
and), are said to be isomorphic if there exists a bijective isometry
Y € B(V1,V2) such thatV, = YV;. Moreover, two operators
X :dom(X;) C Vi — Ve andX; : dom(X3) C V3 — Vy

are said to be equivalent #r(X) is isomorphic togr(X2).

B. Signal and system representations

e IN this section various aspects of the frequency-domain setting of
[11], [14] are reviewed. A signal is simply considered to be a function

g@gpping from some domain of definition into a Hilbert space. Of

particular interest are the signal spaags (C?) and LA(L27), of
square integrable functions giR and T, that take values i£? and

L% (CP) (which denotes the space of square integrable functions on
the interval|0, 2)), respectively. For convenience, the space in which
signals take their values may often be dropped. Note/.tﬁ@(tcp) and
LA(L2P) are isomorphic, via the Fourier transform (by whi€fy, is
isomorphic to the time-domain signal spa€g of square integrable
functions onR), the W-transform (which decomposes functionsi®n



into segments of length according tof, (6) = (W () (0) := f(6+ Lp € B(Lk, L) (resp.B(LE, £1)), dom(Lp) = L% (resp.LF)

kh) for 6 € H) and theZ-transform(Zf)(¢) := >,z kaik. and [|[Lp|| = ||P|l«. Moreover, whenP € RHZ, (resp. DHy’),

Also of interest areHz , , the subspace of aff € L% which can be Mp € B(HZ, ,HZ,) (resp. B(H3, H3)), dom(Mp) = HZ,

continued analytically intadC so that they are uniformly bounded(resp.#3) and|[Mp|| = ||P||s [15].

in the usual way, and{?, the subspace of alf € £2 which can If a (transfer) functionP € RHE, (resp. DHy") is such that

similarly be continued analytically intd. H(a and H2 are also P(y) is an isometry for allp € jR (resp.T), then P is called

isomorphic via the FourierY- and Z-transforms. The intermediate inner. On the other hand, P € RH, (resp.DHy’) is such that

time-domain signal space involved in this caseCfs” .= {f € L2 : P(y) is a coisometry for allp € jR (resp.T), then P is called

f(t) =0fort < 0}. coinner. If P € RHE_ (resp.DHg") also holds, thenP is called
Characterising systems as multiplication operators on the spaceiner. HenceforthP* is used to denote the function that satisfies

defined above, is adequate to address the SD approximation préB{y) = P ()" for (almost) ally € jR (resp.T).

lem outlined in the introduction. Most would be familiar with the

equivalence (via the Fourier transform isomorphism) between a time- Feedpack systems

domain representation of a finite-dimensional LTI state-space systen"ll thi bsecti d th ¢ attention is directed t d
and multiplication by a corresponding transfer function in: n this subsection, an € nexi, atiention Is directed towards

(i) RP™, defined to be the set of functiod: jR — B(C™, CP) systems represented by transfer functionsZin Recall that this

_ 1 includes all transfer functions iR.
S':';Ig &:fhfzrzp]éfzj (I —A)~ B +D for (almos?) all Consider the standard feedback configuration, shown in Fig. 1.

. . . . _ . When it exists (in an appropriate sense), the transfer function from
It is also true, that a time-domain representation of a f'n'te('dhdz) {0 (Ye, e, Yp, up) is denoted by[P, C]. Now suppose that
dimensional lineaperiodically time-varyingstate-space system (in-

cluding LTI systems) is equivalent to multiplication by a correspond-

ing frequency-domain symbol in:

(i) D»™, defined to be the set of function® : T — r Ye
B(LZ™, LE7) (a.e.) of the formP(p) = C(I— @A) 'B+D c
for (almost) allp € T, with A € R™*™,

In particular, given a finite-dimensional LTI filteF : v — up,
governed by the system of differential equatidns= Arxr +Bru
andur = Crzr, With spec(Ar) C C_ (wherespec(-) denotes the
spectrum of an operator), and anperiodic SD systenS : ur —  Fig. 1. Standard feedback configuration
y, governed by the difference equations(k + 1) = Aszs(k) +

Bsur(kh) andy(kh + 0) = Cszs(k) + Dsurp(kh) for 6 € H, it p ¢ D™? andC € D»™. When (I — PC) and (I — CP) are
follows, by considering the evolution of these equations over intervatsyertible in D™™ and D?? respectively (i.e[P, C] is well-posed),
of time of duration, that the-graph (respL7"-graph) of the pre- he transfer function from the signa(s“) to () is

filtered periodic SD systenCgq := SF is isomorphic (viaW and @ ve

da

Yp

Z) to the £3(L3)-graph % (L%)-graph) of multiplication b
) to the £3(L7)-graph (respH3(L5)-graph) of multiplication by T(P,C) = (C) (I—PC)_l(—P 1) B
N N 1
(e, x) | (5)
Caalp) = BsCr As 0 €D, and the transfer function fro Z;) to (%) is Ta(P,C) =
\ (G C) ‘ 0/ T1(P,C) — I. Note thatTy (P, C) andT»(P, C) capture all closed-
where Ap : = +— exp(hAp)z, Br : u — foh exp((h — loop transfer functions commonly employed in robustness and per-

)Ar)Bru(r)dr, €1 : = — DsCpz, Co : = — Csz and formance analysis [16], [9]. Whe[P, C] € DLF (resp.DHy"), it
A 12} denotes a realisatiopC(I — ¢A)~'B+ D € D. Similarly, can be shown that
multiplication by anyP € R is (_aquwalenj[ (via the Four_le_r tra_nsform, b(P,C) == |Ty(P, C)”;ol = || T2 (P, C)H;ol <1
Z-transform andW -transform isomorphisms), to multiplication by a
P e D. Throughout, an underline is used to denote the “time-littedf [P, C] ¢ DLY (resp.DH5") thenb(P, C) := 0. In the so-called
equivalent of a transfer function iR. H> loop-shaping paradigm for feedback compensator design [16],
Given P € R (resp.D), Lp denotes the Laurant operator defined9], b(P, C) is used as a generic measure of closed-loop performance
by (Lru)(¢) := P(p)u(yp) for all u € dom(Lp) C L% (resp.£?) and robust stability.
and¢ € jR (resp.T). Similarly, the multiplication operatoM p is Using the geometric framework of [17], the following proposition
defined by(M pu) () := P(p)u(yp) for all u € dom(Mp) C Ha (which is used in the proof of Thm. 4.1) is readily established:
(resp.H3) andy € jR (resp.T). The space of function® € R that Proposition 2.1:Given P € D™? and C € D™, let G =
satisfy || Pl|oc := sup,,c [ P(¢)] < oo, is denoted byRL3%. The gr(Lp) (resp.gr(Mp)) and K := gr(Lc) (resp.gr(Mc)), where
symbol RHZ, denotes the Hardy space of @l € RL3} that can the graphs here are taken with respect to the ambient space
be continued analytically int€_..* Similarly, the space of functions £3(£57) x 5%(@?41”_) (feSp-pr(ﬁ_%’p) x H3(LE™)). Then[P,C] €
P € D that satisfy|| P||s := sup ey || P(¢)]| < oo, is denoted by DLt (resp.DHE’) if, and only if, KNG = {0} andK + G = L.
DL, andDHP denotes the Hardy space of &lle DL that can  Furthermore, given € D™* and F' € D”™, with p + m =
be continued analytically int®.> When P € RL3 (resp.DLF), P + m, such thatLpk = gr(Lr) (resp.MgK = gr(Mr)) and
LG =gr(Lg) (resp.MgG =gr(Myp)), for someR, R~1e DL
INote that this corresponds to thog@ € R for which a realisation (resp. DHE), where the graphs here are taken with respect to the
%‘%, with spec(A4) C C_, exists. partitioning £2(L£27) x L2(LE™) (resp.HE(LLP) x HA(LE™)) of
2Note thatDHZ® corresponds to thos® € D for which a realisation L, the following equivalence holds:
%‘%, with spec(A) C D, exists. [P,C] € DLY (resp.DHy’) < [F, Q] € DLY (resp.DHE).



D. A key gap metric robustness result Then for a system with transfer functidn € D, it follows that

Important feedback system robustness results, which provide sub- C .
stantial motivation for using a gap metric to quantify approximation Fu(H,P) = (7) (I-PC)" (=P I)eD,
error, are now established in the frequency domain framework
developed thus far. Recall that the%-gap between two systemsprovided (I — PC) is invertible in D2 Given a 8 > 0,
C1,C2 € D is defined to be the gap (or aperture [18]) betweenote that [P,C] € DL and b(P,C) > f &

K1 :=gr(Leg,) andKs = gr(Le,) [9], [19]: Fo(H,P) € DLY and | % (H, P)llw < % In fact, defining
I0 . 0o
gap(Ki, K2) = ||TIx, — Tk, |, Hy:= (o 1) H (% 5), it follows that [,C] € DLF and

o . b(P,C)> B Fe(ly, P) € DLY and||F(H 5, P)|loo< 1. For a
where ITc denotes the orthog02nal projection omka Using the  given controllerC’ € R, it can be shown by following an argument
fact (cf. Appendlx A) that thelt-graph of anyC € .D can be presented in [22, Sec. VI, that fg#<bop, (C):=supp.xb(P, C),
characterised as the range (resp. kernel) of a multiplication operator

with (i) inner (resp. coinner) symbol, aniil)(left (resp. right) inverse Hg =M MR, 4)
corresponding multiplication by transfer functions @5°, it can

be shown (cf. Appendix B) that whereM € RHZ, is inner with Moy, My;' € RHE,, M € RHZ,

is coinner with Mo, My,' € RHE,, and R is invertible inR with

gap(K1, K2) = Slél;“(Cl(‘P)’ C2(p)), Ry, Ry € RHE, . Details of this factorisation are in Appendix C.
v Remark 3.1:The factorisation (4) can be used, as is done
where for anyX,Y € B(V1,Va), implicitty in [22], to characterise allP € R that satisfy

F(Hg, P) € RLG (resp.RHE, ) and||.F,(Hz, P)||x< 1. Indeed,
Q= F(R, P) e RLF (resp.RHE,) and||Q||«< 1, for all such

P € R. This parametrisation can be combined with the so-called
andV = V1 x V,. The final equality in (2) is established in [20,Strong-necessity” LTlv-gap robustness results described in [9], to
Appendix]. As such, it follows from the central results of [21, SecPbtain the characterisation of thegap given in Prop. 1.1. A different
1], that given [P,C1] € DL (resp.DHE) and [P, C,] € DL approach, however, is needed here, since the “standard” pfofZe
(resp. DHY), Lemma 15]) of the required parametrisation fails to carry through at
several points. In light of this, a new signal-based framework, which

k(X,Y):= sup inf 7“%‘ — yHV: sup inf 4||x —yllv 2)
zegr(X) vesr(Y) E21, zegr(Xx) vesr(Y) llyllv
z#£0 y7#0 z#0 y#0

5(C1, Co2) <||Th (P, C1) —Ti (P, C2) || 0o < b Pdc(,cl’l?l’; o (3) may also be useful in contexts beyond the discretisation problem
(P,C1) - b(P, C2) considered here, is established belaw.
where 6(C1,C2) = sup,crk(Ci(p), C2(p)). Furthermore,
arcsin b(P, Cy) > arcsinb(P,Cy) — arcsind(Cy,C2), which is <— <
important from the perspective of robust stability in the face of plant w Men
uncertainty. These results clearly indicate tdt,-) is a sensible
pointwise measure of distance, from the perspective of capturing the z w P
difference between two closed-loop systems. B Y
u B Y ch W
-~ le—— <
I1l. SIGNAL-BASED CHARACTERISATION OF THE POINTWISE GAP
The v-gap distance between two LTI controllers can be charac- - R "
terised in terms of a stability condition being satisfied for one of t,| b Y,

the controllers in closed-loop witany LTI plant for which the other

controller achieves a certain level of closed-loop performancef9]. tig. 2. Chain-Scattering representation df;
this section, a variation of this result is established, by which one
pf the controllers can be pe_riodically time-varying. T_his .is achieved By virtue of the of propertiesZ, 17 and R described above, it is
n two steps. The first step_lnvolve_s anew ch_aracterlsatmn of “plagz)ssible to interpret the factorisation (4) within the chain-scattering
signals” that would be consistent with a specified level of closed-lo

) I ; Brmalism [23] — see Fig. 2. Define
performance for a givew € R. This, in turn, leads to the required

characterisation of the pointwise gap. My = Mz — MiyMy" Moy My My" R
Central to the development of the first step is an inner-coinner- =~ ©° — M Moo Mt ’
outer factorisation that is implicitly established in [22]. Before N ML — MMy,
this can be presented, some additional notation is required. Given Men = PR R 12T €ER
' : Moo My M1 — Maa My, M1

H=: (j'12) € R (resp.D) andQ € R (resp.D), if (I —
H2:Q)™ ' € R (resp.D), the lower linear fractional transformationand

LFT) % (H,Q) := H H,Q(I — H. ~! H,,. Furthermore — -
(iven) (:;i( (76%21)1 6:2) lé;—z (rlng(D) th(QeQIg()edhef?ér star product Ren = fi2 = R%RQERQQ RHRfll ER
g T\ ©O21 O22 p-£), P _Rgl Ra2 Rgl ’
o Fp(©,Hy1) ©12(I-©22H11) 'H . _ . _ -
OxH = (ng_,f}u@z;;—l@m B L (H.6m) 12) ; noting thatR_' € R. Since M,' € RHZ, and M,' € RHE,,

where.Z, (H, Q) := Has + HaQ(I — H11Q)~" Hyz, provided the 1t follows that M, € RHE, and M, € RHE, . Moreover, it can
required inverses exist it (resp.D). be shown thafc,, R_! ej%HéEi — see Appendix C. Using the fact

Now, for a given controller with transfer functioff € R, let that M is inner and that\/ is coinner, it also follows that
o ¢ ¢ M) i Men(p) = Jo and Men(9)J2Ma(¢) = Js,  (5)
H .= 0 I I

-1 C C SRecall that an underline is used to denote the “time-lifteqiiiealent.



for all ¢ € jR, where Jy, J> and Js are signature matrices of the||s(¢)||%. and hence, in view of (5), that
form ({ °;), partitioned conformably with\f., and M.y, as ap- . " B ) )
propriate. To summariséy, is J-inner, Mch is J-coinner andR.y, ((2)(e), Jl(w)(‘F’»l:ﬁ = ((5)(e), JQ(sz»Eﬁ
is outer. Now, given any signalg u € L, define(;) := Ren(Y). < G(@)s J3(7)) 2
Since multiplication byMch is surjective, there exists at least one — (Ech(ﬂ)(‘P%JSEch(ﬂ)(%’)ﬁﬁ <0,

pair of signalsz,w € L%, such that(;) = Mch( ). Furthermore, o ) )
the corresponding signals;, ) := Mcw( %) € L satisfy (;) = where the final inequality holds because of (7) and the hypothesis
v that (ii) holds. Therefore,

Hgs (%), as illustrated in Fig. 2.
Uc 1 u Uce
15 @) 1Z2=l2(9)lIZ2 < IIw(w)IlingII(yi)(@)*(yc )(@)Izz

as required. [ ]
Corollary 3.3: GivenC' € R and0 < 8 < bopt(C), let R € R
(and correspondinglyz.n € RHZ,) be as defined above. F6h €
D, the following are equivalent:
() (Ben(2)(9), JaRe (2)(90))z = 0, for all ¢ € T and all
(y) € gr(Ley);
(it) supger £(C(p), Cr(p)) < B.
Proof: For any fixedp € T, it follows by Theorem 3.2, that
Fig. 3 shows the relationship between the signals,u andy  (Len(7)(¢): JsBe (7)()) 2 >0 Is equivalent to the existence of
introduced above, and the signals in the standard feedback conf@tﬁ-yc ) € gr(L¢) satisfying
ration of Fig. 1. Note, in particular, that NG (@) — (o) (@)l 22

<.
Wiy diy (e y_(Ue) (1) (%) and(%)= L (v ) (@)l c2 -
Bluws)=(gy)=C(up)—(4s), (5)=(yc)an (y)*B
Thus, the result holds by the definition &f-,

With this, the properties oM, M., and R, give rise to the fol-
lowing characterisation of “plant signals” consistent with a specified
level of closed-loop performance for a givéhe R.

Theorem 3.2:Given C' € R and0 < 3 < bopt(C), let R € R

Fig. 3. Signals in the standard feedback configuration

(6)

(p)-
) — see (2). [ ]
IV. SD APPROXIMATION IN THE POINTWISE GAP

This section serves to present the main result of the paper. This
result leads directly to a procedure for computing the gap between a

(and correspondinghR., € RHC+) be as defined above. Then forgiven LTI controller and a particular discretisation, and a procedure

) € L% and anyp € T, the following are equivalerit:
(w2 @- (Z;)(@H
GO, 2) € erllo);
(it) (Re,(+2)(9), JgRCh( 7)(®)) 2 < 0, where Js is a matrix
of the form( %), partitioned conformably wnchh
Proof: (|)¢(u) Let (7) =Ry, (%) and( ;)= Jo M, 5 (),
where(y) = ). ThenM , (%) = (;), and using (5), it follows
that

((2)(0), ()2 —<bﬂﬁwk()()JZ 1)) 22
= (), () () 2

any (,”

0] > 3 forall (%

5 (s

Now note that( ;) = M, () satisfies() = Hz(y ). Hence, in
view of (5),
(Ren(2)(#), JsBer, (1) ()} 2 =((5)(0), Moy 1Mo, () (#)) 22

:<(w)(90)"]1(w

since (i) may be rewritten aé,\z(@)“i% < Jw(p)
Finally, note that

(Bon (2)(#)s J3Be, (7)(#)) 22 <0
= <Ech( lytp)(‘ip)7 J3Ech(52)(‘p)>£ﬁ <O0. (7)

(i)=(): Fix = = (32) € gr(Le) and letw = 5 [(37) — (5],
(3) = 5(vp) and (7) = Ry, (%) Then, (3) = Hy(’y) and it
follows that there exists a pair of signdlg ) € £F such that 7 ) =
M, (%) and(%) = M(%) - see Figures 2 and 3. Now, sindé
is coinner it follows thatH 30 )Hﬁﬁ + [|t(p) [l (e )Hﬁﬁ +

)(@)) ez <0,

Hiﬁ — see (6).

Hgﬁ =

4Recall that the underline denotes “time-lifted” equivalentD.

for synthesising an optimal SD approximation. Note that the main
result does take into account the “standard” requirement of closed-
loop stability (i.e. all closed-loop transfer functions #re).

Theorem 4.1:GivenC' € R, a pre-filtered, periodic SD controller
with corresponding transfer functiafisa € D,® and 0<B<bopt (C),
let R € R (and correspondinglyz., € RHZ, ) be as defined in
Sec. Il and Appendix C. Then for any € R, that satisfie$P, C] €
RHZ, andb(P,C) > 3, the following are equivalerft:

(i) Fo(R™',Cw) € DHE and||.F (R, Cud)|loo < 1;

(i) sup et £(C(0), Csalyp)) < B and [P Csa) € DHy' .

Proof: (i)=(ii): Let Fiq := F(R™', Csa) € DHE, and given

any () € gr(Le,,), let s:=(10)R, (%) € L2 Now, since
[Fealle <1,

(B (2)(0), T3 R, (2)(0)) c2=(( £, ) 5(0), I (£, ) () 22 20,

for all ¢ € T, where Js is a signature matrix partitioned
conformably with R, . In view of this, Corol. 3.3 implies that
sup,e1 K(C(p), Csa(p)) < B. So it remains to show thaP, Csq] €
DHzp. To see this, first note tha® := .%,(R,P) € DHy and
QI < 1, sinceb(P,C) > 3 (cf. Rem. 3.1). Then using a standard
small gain argument (cf. [24]), observe th@®, F.a] € DH:.
Finally, sinceMg,_, gr(Mc,,) = gr(Mp,,) and Mg, gr(Mp) =
gr(Mg) (cf. Fig. 4), it follows by Prop. 2.1, thdtP, Csa] € DHEY.
(i)=(): Corol. 3.3 guarantees thaMr, is contractive on
dom(Mr,,) C H3. To see this, consult Fig. 4 and note that for any
(¢ )Ggr(MFd) there exists g5 ) € gr(Mc,,) C gr(Lc,,), such
that () = R.,(¥). Now the part of i) which ensure§P, Csq] €
DHY, is used to show thaflom(Mp ,) = Hp, and hence, that
Fya € DHE with ||Fsglleo < 1. Supposedom(Mr,,) # Hp and

5See the end of Section II-B for details regarding the cogsin of this
from a time-domain representation.
6Again, recall that an underline denotes the “time-lifteduizalent.



define Q := Z(R, P), noting thatQ € DHp with ||Ql < 1, It can be seen that the discretisations obtained via approaghes (
sinceb(P,C) > ( (see Rem. 3.1). Moreover, singe(Mc_,) = and {ii) are very similar. Of note though, is the slightly lower gain
MEc_hl gr(Mp,,) and gr(Mp) = MEc_hl gr(Mg), it follows by (cf. Fig. 5_) obtained viaif. This seems to r(_asult in significa_ntly less
Prop. 2.1, thafF.4,Q] € DHg°. Accordingly, by the Large Gain degradation o_fb(P, C), at the cost of a slightly greater dlf_ference_
Theorem [25]’Supw€dom(MFd> HQFdeHHJ%/HJ:HHH% > 1. This, between nominal closed-loop performance, and that achieved with

however, contradict§|Ql|e. < 1 and M being contractive on the SD controller. It would be interesting to investigate the use of
' oo Fsa 9 appropriate weights (perhaps relatedRpto direct the gap approxi-

. ; 5 .
its domain. Sedom(Mr,,) = Hp must hold, as required. u mation procedure, in order to maintain a handle on this phenomenon.
gr(Mpr,,) The example also demonstrates tffashould be factored out of’
] ., leS ' (if possible), before discretising via a bilinear transform. The anti-
R y s aliasing filter is automatically taken into account in approagh (
] o < R-! D The closed-loop characteristics for the discretisations obtained
Y u ® o B L, when the sampling frequency is increased to 500 rad/sec (with the
Csa *u t same fixedF'), are summarised in Table Il. Note that near nominal
closed-loop characteristics are recovered via approachesd (i),
gr(Me.,) gr(Mp) whereas the discretisation obtained viid is still relatively poor. In
S Lt ' o fact, for this sampling frequency, the closed-loop step responses for
R s y the discretisations obtained vig @nd {ii) are identical to the LTI
|: ] ~~ R <« p controlled case (see Figure 6).
Y Yy o T >
P t U
= 4
gr(Mg) 1

Log Magnitude

Fig. 4. gr(Mc,,), er(MF,,), gr(Mp) andgr(Mg) relationships

Theorem 4.1 provides the required characterisation of the pointwise 1. - S -
gap metric distance between a given LTI controller and a SD ap- Frequency (radians/sec)
proximation, accounting for closed-loop stability with any LTI plant 180

for which the LTI controller achieves a certain level of closed-loop ol
performance. Indeed, it gives rise to the following two procedures
for analysis and synthesis.

Procedure 1:(Analysis) Given a strictly proper LTI controller

Phase (degrees)

C and a pre-filtered periodic SD controll€¥sq, find the small- R e S S — i
est B < bopt(C) such that Z(R™',Ca) € DHS and e - - .
| Ze(R™1, Csa)lloo < 1, whereR is defined in (16) of Appendix C. Frequency (radians/sec)

By Theorem 4.1, this smallest value férbounds the gap betweenFig9- 5. Ca Frequency responses — samp. rate 60 rad/sec: (solid) gap

- . : : pproximation; (dot) Cayley transform without factoringtdhe aa-filter;
,’C_;ingg“d' Flmd,mg thti S(;na[l-!l-els]ﬁ [(:1a2r]1 b[iseichleved using establishe dash) Cayley transform first factoring out the aa-filter
analysis methods , , .

Procedure 2:(Synthesis) Given a strictly proper LTI controller

C, a fixed sample rate and an anti-aliasing filferfind the smallest [ Approach [ sup,er £(C, Csa) [ B(P, Csa) | Al |
B < bopt(C), such that there exists a SD controligry = #Cq S F 0] 0.295 0.276 2.06
satisfying Z¢(R~",Caa) € DH3 and ||.Z(R™", Cua)lleo < 1, (ii) g-ggg 8-(2)2? 519-3‘21
where . is an ideal sampler/# is a zero-order hold and is (i) : : :
defined in (16) of Appendix C. The value f6; and the corresponding TABLE |

optimal Csq, can be obtained using establishgtf® SD synthesis CLOSED-LOOP CHARACTERISTICS- SAMP. RATE 60 RAD/SEC

methods [11], [12], [13]. Note that the state-space dimension of
Cq is at most that ofC' plus that of F'. Finally, observe that the

SD approximation obtained would only be useful if the smallest [ Approach [ sup,cr &(C, Csq) | b(P,Csa) | Al |
[ achieved is less thah(P, C). If not, the fixed pre-filter and/or [0) 0.040 0.312 0.306
sampling period should be re-designed. (ii) 0.316 0.156 3.67
(iii) 0.042 0.302 0.157
V. CONCLUDING EXAMPLE TABLE I
Consider the LTI pIantP(s) — % and an LTI ControllerC(s) — CLOSED-LOOP CHARACTERISTICS- SAMP. RATE 500RAD/SEC

—5.25(s41)2 . .
=, for which b(P,C) = 0.312. Figure 5 shows the

frequency response of the discrete-time component of three SD

approximations ofC, for a fixed anti-aliasing filterm = =95 APPENDIXA

and sampling frequency dforad/sec. The discretisations shown areNORMALISED COPRIME FACTORISATIONS AND GRAPH SYMBOLS
the result of: i) Proc. 2; {i) Taking the Cayley transformz(= Given arealisatioré%% of a functionC € R?'™ (resp.D>'™),
ifiﬁﬁ with h the sampling period) of’(s); (iii) Taking the Cayley that is stabilisable and detectaBléhere exists (by definition) an
transform of C(s) = —2:2564D°O1s+) (o ¢ with F factored

y s(s+1.5)(s+3.5) - - _"Such realisations can be constructed from any realisatidhe usual way
out). The resulting closed-loop characteristics are summarisedyjg a Kalman Decomposition — see [24, Sec. 3.3] fdrc RP™ and [26,

Figure 6 and Table I, in whict\ := T3 (P, C)—T1 (P, Csa). Sec. 2.4.1] forC € DP:™.



equation

181 b

(A—BD*R™'C)Y + Y(A—BD*R™'C)*
— YC'R™'CY +BR™'B* =0,

that satisfiespec(A 4+ LC) C C_ (resp. the solution to the discrete-
time algebraic Riccati equation

Y = (A-BD'R'QY(UI +C'R'CY)""(A-BD*'R Q)"
+ BR™'B*,

that satisfiespec(A + BF) ¢ D).° Finally, settingV := R™2 (resp.
V:=(R+B*XB) z) andS:= R~ 2 (resp.S:= (R+ CYC*)"2) it
o o e follows that(¥) and (—D  N), defined in (8) and (9), are inner

‘ ‘ ‘ ‘ and coinner, respectively — See [24, Corol. 13.29]dbe R and

imefsec)  ° ° ! ¢ [26, Lemma 5.4] forC € DP'™,

Fig. 6. CIos_ed-Loop step responses: (sc_)lid) gap approximatdot) Cay_ley Given coprime factorisation’ = ND™! = DN ¢ Rp™

transform without factoring out the aa-filter; (dash) Cayteansform first pym i

factoring out the aa-filter; (star) Continuous-time LTI aaht (resp.D™™), defining

aa-filter 10/(s+10)

K:= (g) € RHZ, (respDHy’)
F € B(R",R™) (resp.B(R", £;™)) and anL € B(R?,R") (resp.
B(L%?,R™)), such thatpec(A+BF) C C_ (resp.spec(A+BF) ¢ and

D) andspec(A 4+ LC) C C_ (resp.spec(A + LC) C D). Defining e (7D ]\7) € RHZ (respDHT)
= i . ,

je-1
(D —Y) [ | al Lg \ crpE (g U follows that er(Mc) = ran(Mx) = ker(Mg) C HE
- C
NoX C+DF{DV 51 ) N (resp. 13) and gr(Lo) = ran(Li) = ker(Lg) C Li

(resp.L3). Similarly, for almost afl® frequenciesy € jR (resp. ’H‘)
ran(K () = ker(K(p)) C C™* (resp.L3™*P). The functions
K and K are called right and left graph symbols, which are said to

(resp.DHy")

and be normalised ifK*K = I and KK* = I. When K and K are
I AVJEILFC | f(ti/J_rlLD) |6\ . o normalised,
-N D ‘ C+ K* . I 0
sC -SD S )& K)=(, ) (10)
(resp.DHy’),

; K™ () —_ m+ 2,m+
for invertible S € B(RP,RP) (resp.S € B(£2P,£27)) and Co"esjpond'”g'yvran(( Ko >) = C™7P (resp. L") at any
Ve B(Rm R™) (resp.V € B(LZ™,£2™)), it follows that P = ¢ € jR (resp.T). Moreover, for almost allp € jR (resp.T),

ND~' =D !N are coprime factorlsatlons in that ker((lj?(f)))) = ker(K(p)*) N ker(K(p)) = ran(K(p))* N
ran(K(p)) = {0}, where L denotes the orthogonal complement
X~ }f Do =Yy _ (I 0 of a Hilbert spacé! So(K ()} is bijective for almost ally € jR
-N D)\N X 0 I)° K(p)

(resp.T), and hence, in light of (10), it follows that
Moreover, an appropriate choice &f,L,V,S yields normalised 5 K* ()
factors, in the sense th4ty) is inner and(—D N) is coinner. (K(p) K*(p)) ( 7 %) =1 (12)
In particular letR := (I + D*D) andR:= (I + DD*), and define v
F:= —R™'(B*X+D*C) (resp.F := —(R+B*XB)~'(B*XA+D*C)) In fact this is true for allp € jR (resp.T), since K and K are
andL:= — (BD* + YC*)R™" (resp.L:= — (BD* + AYC*)(R+ continuous onjR (resp.T).?2
CYC")), where0 < X = X* € B(R",R") is the stabilising solution
to the continuous-time algebraic Riccati equation

APPENDIX B
(A — BR™'D*C)*X + X(A — BR™'D"C) EQUIVALENCE OF THE POINTWISE ANDL2-GAPS
— XBR™'B*X+ C*R™'C =0, Before the link between the pointwise gap and fifegap can be

) o o . establisehd, the following technical result is required:
which satisfiespec(A+BF) C C_ by definition (resp. the stabilising | emma 1: Let V1, V2 and Vs be Hilbert spaces. Whefid ) €

solution to the discrete-time algebraic Riccati equdtion B(V1, V2 x V5) is an isometryu(B)? = 1 — (A)?, where for any
_ _ —1* * —1p* —1 _ —1*
X = (A *?7Rl DTC)™X(I +BRB™X)" (A —BR™'D"C) 9The required solutionX andY exist since(A, B, C, D) is a stabilisable
+ C'R™°C, and detectable realisation. See [24, Corol. 13.8] @ore RP-™ and [26,
Prop. 2.20] forC' € DP-™,
which satisfiespec(A+BF) C D by definition), and) <Y =Y* ¢ 10except for possibly finitely many points at whidB(¢) (or D(y)) may

B(R™,R™) is the solution to the continuous-time algebraic Riccatiot be boundedly invertible; i.e. at poles 6fon jR (resp.T).
11Note thatcl(ran(K (p))) = ran(K (¢)) since K (¢) is left-invertible.

8Note that this is a standarfinite-dimensionalRiccati equation, since “Inthe C € R c(a:)e such delicate arguments are not required, since at

K* ) N . . .
(A — BR-1D*C) € B(R",R"), BR-1B* € B(R",R") andC*R—1C ¢ each frequency " ) ) Is square and finite-dimensional, which combined
B(R™,R™). with (10) is enough to imply that it is unitary.



X € B(V1,V2), the notationu(X) is used for the induced norm of C;. IndeedITx; = Lk, x> andIl. = Lz. .. In light of this,

IX]| and it follows that
H(X) = IXullv, gaD(Ki Ky) = [|KG KKK o
- weviuzo lully, = |K;Ki|o
Similarly, if (A B) € B(Vi x V2, V3) is a coisometry, then = ||Ifi[ff“°°
n(B)? =1-71(A)> = K KiK; K|
Proof: If (4) is an isometry, it follows that for an§ # u € 1, = gap(K;,Ky),

(Bu,Bu)v,  (Au, Au)y, where the third equality holds because of (14). Hence, by the

1= (u, u)y, (u,uhp, (12) definition of x(-,-), and in view of (15), the following relationship
holds:
by which it is immediate thag:(B)? = 1 — 7(A)?. The coisometry N
analogue follows similarly. n Slgfi(cl(@)y@(w)) = [[K1 Kzl = gap(K1, K2).
©

Now, givenC; andC-» € D, with normalised right and left graph
symbolsK; and K5, and K; and K>, respectively, define

APPENDIXC
K(C1(p), Oa()) = u(f(lKg(go)) INNER-COINNER-OUTER FACTORISATION
_ u(ffzKl(ap)) Details of the factorisation (4) are given here in the notation of
. c c 13 [22]. SupposeC' € R has a stabilisable and detectable realisation
= K(C2(0), Cr(p))- (13) g\’é 5. Furthermore, leX = X* > 0 be the stabilising solution to
The second equality here follows by Lemma 1 and the fact thiife 9eneralised control Riccati equation (GCARE)

for all p € T, the operatorK; (K> K3)(y) is a coisometry and A*X + XA — XBB*X + C*C = 0,

Ki) K is an isometry (cf. (10) and (11)), which yields
(Kl) 2(%) y (et (10) (1), y andZ = Z* > 0 be the stabilising solution to generalised filtering

Riccati equation (GFAREY

n(KiK3 () = p(K:Ki(y)
= V1-7(K;Ka(p))? AZ+ZA" —Z2C*CZ+BB" =0.
p(K1K2(p)). 149 Lety:=1> sorey = V/1+1ad(XZ) and define:
Moreover, since for any € T, the K () and K; (i) are isometries A+ BFoo (0 %B) 7Vf‘1|3
and coisometries, respectively, < C ) (0 0 > < 0
~ i = l[ V v2-1 )
k(C1(p), Ca(p)) = p(K1K2(p)) O '~ I ’ 0 G

_ P * 0 0

= p(KIK1K2K5(p)) <O> (0 m[) (i[)

= Mg, (o)~ Mgl Foo = — B*X: v

lz =yl 2 i
= sup c ||$|| E}H- (“)
zEgr(Cl(g;)) uegr( 2(2)) £2 Atmp + YLompC (—Ltmp \/;271 B) \/ﬁﬁthpFé@
. . M := — _
Furthermore, it can be shown that(Ci(p),C2(v)) = 0 fif, VA2-1 © 0 (=10 ’
and only if, Ci(p) = Ca(p), and that x(Ci(y), Cs(p)) < ~7C 1 0
'59(0;‘(%0), CE(W)_Zh-&-Zn(%(Sﬁ), CSt(;')]O)])Q for any oth(:r_Cg € tD_[8],_ WhereA iy = A — 1 BFoc, Ly i= — 7 YopC', Yimp =
[9]. As such, with (2), it follows thatk(-, -) is a metric pointwise in Yoo(I = XYoo) ™' >0, You i= —1—7; and
frequency. i vl
The relationship between the pointwise metric just described and

the £2-gap can now be established. In particular, recall thatdhe [ Ar | —Lump 812R \
gap between two systems with transfer functighsandC> € D is R:= \/%Foo 0 ﬁf ER, (16)
defined to be the gap (or aperture — see [18] for example) between ~C 1 0

K1 :=gr(Lc,) and Kz := gr(Le,) [9], [19]:

whereAg := Agmp + —WlilthpFio Foo andBag := -7 5B —

gap(Ki1,Kz) = [Tk, — Ik, || #thng@
= IQ%XQ} gap(Ki, Kj), (15) That, Hs = M + M R follows directly by substitution. It is now
& shown that:
whereIlx, denotes the orthogonal projection ork% and (i) M e RHC is inner, with M1_2 e RHch,
e — yll q2 (i) M e RHZ, is coinner, withA7;,! € RHZ, ; and
gap(Ki, Kj) = | ILc Ik, [ = sup inf ————. (i) Ry, Ray' aRcthCh € RHE, -
i vekpa#0ER; |7l 2

SinceX > 0 is the stabilising solution to GCARE, it follows that
H * _ X 2 X *

Now, since K; K7 Kiq = KL(_; for any ¢ € L% qnd _KZKi +. spec(A — BB*X) = spec(A + BFa) C C_

K] K; = I see (10) and (11)) it follows that the projections required

to calculate the directed gaps can be expressed in terms of th&The required stabilising solutionX and Z exist since (A, B, C) is
normalised right and left graph symbol§; and K;, respectively, stabilisable and detectable [24, Corol. 13.8]



and hence, that\f € RHE,
rearranging GCARE to obtain

. Defining Ar__ := A + BF and

Af_X+XAr +CC+FiFsx =0, (17)

it also follows thatX is the Observability Gramian af/. Further-
more,

it follows that Yimp > 0 is the Observability Gramian oft” and
hence thafV ¢ RH%’+

(4% D) (722

So by [24, Lemma 13.29], it also follows th& is inner, and thus,

— see [24, Lemma 3.19]. In fact,

Foo
thp =0.

that M is coinner, as required. Furthermore,

(O(Z;?I) (a(ﬁﬁ (G2))s <Qi Yo

M, =

( Aty = 7*YimpC C+ o YempFiFoc | @

I

)
)

and therefore, by [24, Lemma 13.29 is inner. Finally, note that Which in view of (20), implies thaf\/;," € RHZ, .
Finally, observe that

. (A+BF.|e
M = ( . ) e (Atmp + A YempFioFoo = 77 YimpC'C ] o)
21 — )
[ ) [ ]
and hence, thad/;,' € RHE, . '+)
Now consider . Atmp + 7 thpF Foo = ¥Y2YtmpC*C ‘ o\
Rch = ° ° )
A:mp JF"YC*L:mp ‘ \/%F;o ’YC* \ ° e o
Wee ~Lomp 0 -1 Rl _ (A+BFx e
: == B* 0 0 12 ° °
7
2_1 Foo Yemp 4 0 and
and note thatlV is inner if, and only if, M is co-inner, sincéV € A+BFo [0 o)
RHE, « M € RHE, and W(p)'W(p) = M(p)M*(p) for ~ Hen = . . )
any ¢ € jR, where the bar denotes complex conjugate. Now define * ¢
Yoo = ﬁz and rearrange GFARE to obtain Hence, in view of (17) and (20), it follows that

R}, Ry, Ren, Ry € RHE,, as claimed.

AY o + Yoo A* t o 5 7BB (7 ~ DY C'CYo = 0. (18)

Applying the similarity transformatio ) to the Hamiltonian [1]
(2]
A* —(v* = 1)C*C
L BB* —-A ' (3]
y<—1

associated with the algebraic Riccati equation (18), yields the Ham|[4]

tonian

Almp  FF5Fe —7°C*C [5]

727_11 BB* 7Atmp ’
which may be associated with the algebraic Riccati equation [6]
« 1 « 7
Atmthmp + thpAtmp + 2—BB [ ]

¥2 -1

72 2 (8]
+thp(ﬁFm Foo — vy C C)thp =0. (19) [9]
Sincey > /14 p(XZ), Yimp = Yoo (I — XYoo)™! > 0 is thus a [10]

solution of (19) and hence (cf. [24, Thm. 13.5]),

72 [11]

spec(Atmp—&— F FooYtmp — '\/QC*Cthp)C(C,. (20)

From this one can deduce tha\/t%Foothp,A;kmpoo) is de- [12]
2

tectable, wheré\},,., := Afmp +7C Limp = Afmp — 7> C*CYtmp,

1tmpoo « .
and thus, that(( \/wz__lpwvtmp) ,Afmpoo | is detectable, where 4
Biompoo 1= ( —Ltmp —\/712—_18> Indeed, rearranging (19) to be-
come [15]
Atmpothmp + thpArmpoo [16]

+Bltmpoo Bltmpoo + thpF F thp - 0
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