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1 Introduction

Optimisation-based frameworks for control system design typically involve two
steps: (¢) the specification of weights to reflect desired performance and ro-
bustness requirements; and (4i) the synthesis of a controller via the solution
of a correspondingly weighted optimisation problem. It is well-known that the
design of such weights is a non-trivial task. In particular, the desired per-
formance, specified robustness requirements and/or fundamental performance
limitations (e.g. due to right-half plane poles and zeros) may be incompatible.
As such, suitable weights are typically obtained via a trial and error process,
based in large part on engineering judgement and intuition [18,10]. In this
paper, a new optimisation-based approach to weight selection is proposed for
a class of robust performance problems.

A feedback compensator is said to achieve robust performance if a certain level
of closed-loop performance is achieved for all plants in a specified set. Use of
the structured singular value (i.e. ) to convert the problem of synthesising
a controller that achieves robust performance into one of synthesising a com-
pensator that achieves robust stability, in the face of a structured uncertainty,
is well-known in the case that the measure of closed-loop performance can be
expressed in terms of the 2 -norm of possibly weighted closed-loop transfer
functions [21,17]. Central to this is the linear fractional transformation (LFT)
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Fig. 1. Typical p-synthesis LFT framework

configuration shown in Figure 1. Here, the linear time-invariant (LTT) system

G11 G2 Gi3
G = | Ga1 Gaa Ga3
G31 G32 G33

is a generalised plant. This system is constructed from a nominal model and
appropriate weights, so that:



(1) The upper LFT
Fu ((g; g;’g) ’A) = Ga3 + Gsl(I - G11A)71G13

describes the uncertain plant set as A varies over some structured set A;
and
(2) For a given compensator K, the lower LFT

Fi((8282) . K) = Ga + Gas(I — Gs3K) G

corresponds to all nominal closed-loop transfer functions by which per-
formance is to be gauged in terms of the . -norm.

The unstructured block Ap is used to convert the corresponding robust perfor-
mance problem into a robust stabilisation problem; 7.e. to convert the problem
of synthesising K so that

W - Fu (Fi (G, K), A) floo <1
for all A € A satisfying ||Allo < 1

into the problem of synthesising K so that the structured singular value
paror((59)F (G, K)), taken with respect to the uncertainty structure A ror
{diag(A,Ap) : A € A, Ap € C"™*"}, is strictly less than unity over all fre-
quency. Usually, the so-called performance weight W would be specified di-
rectly by the designer. In this case, it would be absorbed into G and hence, not
be explicitly visible in the expressions given immediately above. By contrast,
it is proposed here to also synthesise W via an optimisation problem in which
the cost reflects desired performance.

The rationale behind the new approach to robust performance problems de-
veloped herein, is related to that of skewed-pu, whereby worst-case performance
in the presence of uncertainty satisfying a fixed bound on its norm, and with
structure A, is determined via a p-based calculation involving a (constant
across frequency) scaling in the channels corresponding to the performance
block Ap [3,17]. In particular, the new approach involves optimisation (in an
appropriate sense) of the performance weight W (which is akin to the con-
stant scaling in skewed-p), over frequency and in each performance channel
direction, so that for a fixed uncertain plant set, a prescribed level of robust
performance is achieved by some controller K. The performance weight W
is optimised with respect to a cost that reflects the desired performance. In
this way, there is a systematic trading-off of desired performance! against
the robustness requirements, as specified through the structure of and bound
on A, and/or fundamental performance limitations due to plant dynamics.

I which may in part also include desirable robustness properties not captured
through the uncertainty block A.



In addition to this, potential incompatibilities between the objectives repre-
sented by the n performance channels (cf. Figure 1) are resolved in frequency
regions of relevance. Such conflicts could arise, for example, if one of the per-
formance channels were to correspond to the standard closed-loop sensitivity
function and another to the standard complementary sensitivity function, as
these cannot be simultaneously small at any frequency [11].

In the proposed optimisation-based procedure, the designer is required to
specify the uncertain plant set by prescribing the generalised plant G, the
uncertainty block structure A and an associated norm bound. In addition to
this, the designer must specify an optimisation directionality, which appears
in the cost associated with the optimisation problem by which W and K are
synthesised. The optimisation directionality qualitatively reflects desired per-
formance over all frequency, and should be specified as small (resp. large) at
frequencies and in directions where the performance weight would be required
to be small (resp. large) in order to capture the desired performance objectives.
It would appear to be much easier to specify the optimisation directionality
than the performance weight directly itself, since incompatible specifications
will be resolved through the constrained optimisation. In this sense, the pro-
posed procedure provides an indication of achievable performance, in addition
to a controller achieving robust performance with respect to the suitably op-
timised performance weights and the uncertain plant set.

It is worth noting that it is not a requirement of the new method that specifi-
cation of the weight W be left entirely up to the optimisation procedure and
judicious selection of the optimisation directionality. If the designer knows
that a certain level of performance is achievable and compatible with the ro-
bustness requirements, then the corresponding weight can be absorbed into
the generalised plant G. The optimisation-based synthesis of W can then be
thought of as a systematic mechanism for ‘tuning’ the design.

Briefly, the paper is structured as follows. First, the optimisation problem, by
which both the performance weight W and a robust controller K are synthe-
sised, is formulated. This includes discussion of approximations made to facil-
itate computation (e.g. replacement of y with an upper bound). A state-space
algorithm based on LMIs is then given for solving the resultant optimisation
problem in a D-K style iteration. Finally, numerical examples are presented
to help illustrate the new approach to robust performance problems presented
in this paper.



2 Formulation of an Optimisation Problem for Synthesis

Recall the linear time-invariant (LTI) LFT configuration shown in Figure 1,
where G is a generalised plant, A represents the uncertainty in the system
and Ap is the fictitious uncertainty used only to transform the robust perfor-
mance problem into an equivalent robust stability problem, as outlined in the
previous section. Motivated by the discussion therein, the objective here is to
formulate a problem in which the performance weight W is to be optimised
in terms of a cost that reflects desired performance, subject to the existence
of a feedback compensator K achieving robust performance with respect to
the optimised weight and prescribed uncertain plant set. First the following
definitions are made to facilitate a precise mathematical formulation. For no-
tational convenience, all uncertainty blocks, except those for performance, are
assumed to be square. This can be achieved without loss of generality by
adding dummy inputs or outputs [8].

Definition 1 The sets of allowable perturbations are defined by:

f f
A = {diag (In, ® A;) 1 A; € CPXP: > i = 7"}
i=1 i=1

BA™ = {A e 25, : A(s,) € AVs, € Co, | A, < 1},
Aror = {diag (A, Ap) : A € A, Ap € C™"}

where ® denotes the standard Kronecker product A ® B := [a;;B], %/ the
Hardy space of functions analytic and bounded in the open right-half plane C
of C, and C,. the closure of C...

Definition 2 The sets of performance weights and directionality matrices are

defined by:

W= {W € By : W' € BHo, W (s,) € AVs, €Ty )
Y= {T € BA : T(00) =0, (s,) € AVs, € T},

where A := {diagi"1 (4;): ¢; € (C} denotes the set of diagonal complex matri-

ces.



Definition 3 Given a generalised plant G with (state-space) realisation

A| B, By' B

C
G(s)=C(s[ —A)'B+ D =: |
C2|Dy1 Das' Doy

C3| D3 D321D33_
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where the partitioning here is conformable with Figure 1, the term “Standard
Assumptions” refers to:

(A1) (A, Bs) is stabilisable and (Cs, A) is detectable,
(A2) D33 =0.

Assumption (Al) is necessary and sufficient for the existence of an inter-
nally stabilising output-feedback controller [7, Appendix A.4], whereas as-
sumption (A2) incurs no loss of generality but considerably simplifies calcu-
lations [6,16]. Given a generalised plant G, the set of internally stabilising
output-feedback controllers K € #P*? for the LFT interconnection F; (G, K)
is denoted by IC2F.

As a first formulation of the weight-optimisation/controller-synthesis problem,
consider the following optimisation problem: Given a generalised plant G(s)
satisfying the standard assumptions in Definition 3 and a specified direction-
ality transfer function matrix Y(s) € ¥ 7%,

1
max = ——————
wew™ [ TW=1,
subject to (1)
| L 0 o
min sup f1A roq Fi(Gjw), K(jw)) | <1,
KeKkg" w 0 W(jw)

where ||-||, denotes the J#-norm and pa .o, H denotes the structured singular
value taken with respect to uncertainty structure Apor. As formulated, this
problem is not computationally tractable, since the p constraint is difficult
to handle. Before going on to discuss how this original formulation may be
modified to facilitate computation, a few words of justification are in order.

First, observe that the condition

I, 0 . .
SUP LA ror Fi(Gjw), K(jw))| <1
“ 0 W(jw)



is equivalent to [14, Theorem 5.4]
W - Fu (F(G,K),A) || < 1 for all A € BA™.

As such, the constraint in optimisation problem (1) ensures that the maximi-
sation of the performance weight W (s) is limited by the requirement that there
exist an internally stabilising controller K (s) that achieves robust performance
with respect to the optimised weight and uncertainty set BA*.

Secondly, note that

v; (Jw)

[} = [T 5 e e

i1 w; (3

where w;(jw) (resp. v;(jw)) is the i-th diagonal element of W (jw) (resp.
T (jw)). From this decomposition, it is clear that the cost function 1/HTW*1 I,

is a cumulative measure of the frequency-dependent size of the performance
weights w;(jw). Each performance weight w;(jw) is itself weighted across fre-
quency by an optimisation directionality v;(jw), which reflects desired perfor-
mance in that particular performance channel. Now, since the square of the
cost function 1 / | YW, has the form of the reciprocal of a weighted sum of
reciprocals, at any particular frequency the direction of steepest ascent is that
corresponding to the smallest ratio %‘ As such, the designer can direct
the optimisation by choosing v;(jw) to be large (resp. small) where it would be
desirable for the corresponding performance weight w;(jw) to be large (resp.
small). Note that this does not make Y (jw) a substitute for the performance
weight W (jw), since T (jw) only reflects desired performance. The absolute
size of T (jw) is completely irrelevant as this only affects the value of the cost
associated with the above optimisation problem. Only the shape across fre-
quency and the relative sizes amongst the different diagonal entries of T (jw)
are important. Since the optimisation directionality Y (jw) only qualitatively
reflects desired performance, inconsistencies between this and the specified
robustness requirements and /or fundamental performance limitations, are re-
solved via the freedom in W and the p constraint which ensures that robust
performance is achieved by some controller. Of course, a sensible choice of
T (jw) is still necessary in order that this approach yields a useful controller.
However, the design of T would appear to be much easier than that of the
actual performance weights directly.

In the remainder of this section, the optimisation problem (1) is progressively
modified, to render it amenable to numerical solution.



2.1 Replacing p with an Upper Bound

As mentioned previously, the p constraint above is not computationally tractable
as it stands. As such, it is necessary to modify the original formulation of
the optimisation problem (1). An approach is to replace pa,,, with a com-
putationally tractable upper bound. To this end, the following definition is
required:

Definition 4 Let the scaling sets D and D™ be defined by:

h; f
D= {D = diag (D; ® Ig,) : det D # 0, D; € C*** > " o, 3; = r}
i=1 i=1

DTF .— {D € RHy D' € BRH, D(s,) € D Vs, € @+}.

Note that elements of these sets commute with elements of BATE.

Then [14,21],
I, 0 ) )
SUpP UA ror Fi(Gjw), K(jw))
w 0 W(jw)
D 0 D' 0
DeDTF 0w 0 I,

o

Replacing pta ., With this upper bound, and replacing the maximisation of
the original weight cost by minimisation of the inverse cost squared, yields the
following modified optimisation problem for synthesis:

min TW_1H2
wew?t 2
subject to
) ) D 0 D71 0
min_ inf Fi (G, K) < 1.
KeklIl DeDTF 0w 0 I,

o0



Since HP

p(oe) = H THQ(OO) and defining D := DT e D™ and W := W1 ¢

WTE this optimisation problem may be rewritten exactly as:

_min V_VTH2
WewTr 2
subject to (2)
_ . D 0 o (D7t 0
min__inf F (G, K) <1
Kex kIl DeD™F 01, 0 Wt

oo

The reasons for considering the dual systems inside the norms rather than
the original systems will become apparent in the proofs of the main results
of this paper. As an indication, note that this transpose operation moves
the performance weights from the left of F; (G, K) to the right of F; (G, K)"
without altering the stability properties or size of the systems inside the norms.

2.2 Structural Properties of Realisations for D and W

In what follows, state-space realisations are used to develop an algorithm
for solving the optimisation problem (2). Towards this end, the structural
properties required of state-space realisations for the scaling D € D™ and
weight W € WTF are now characterised. This requires the following two
technical lemmas:

Lemma 1 Let A, B, P, S, R be real matrices of compatible dimensions such
that P = PT, R = R" and X\;(A) # —\;(A) Vi,j. Define the parahermitian
rational matrixz function

P S| |(sT—A)'B
[(s) == |BT(—sI — AT)"' I
ST R I

Then, given an arbitrary real matrix p=pT of the same dimensions as P,
there exists a real matrix S of the same dimensions as S such that

P S| |(sI-A"'B

[(s) = |BT(—sI — ATt 1] | .
( ) ST R I

In fact, S s given by S = S+ XB, where the real matriv X = X7 is the
unique solution to the Lyapunov equation

XA+ ATX = (P-P).



Proof A proof is given in [12]. O

Lemma 2 Given A € R™™"™ and B € R™™™ with A Hurwitz.

A|B
(i) For every C'€ R™™ and D € R™ ™ such that T'(s) := € BH
C|D
satisfies T~ € RBH, there exist Q1o € R™™ and Qg = QL, € R™*™
such that
T(jw) T (jw) =
(]u)[ - A)_lB 0 Q12 (]WI - A>_1B
I 15 Qu I

>0 VYweRU{oo}

(ii) For every Qia € R™™ and Qg = QL, € R™™ such that

*

jwl — A)"'B 0 jwl — A)™'B
U ) Quz| U ) >0 Vwe RU{oo},
I Qlr Q2 I
there exist C'€ R™™ and D € R™™ such that T(s) := € XA
C|D
satisfies T~' € #H, and
(ju)I— A)ilB 0 ng (]WI — A)ilB o .
. =T(w)T(w)
I Q12 Q22 I

for allw € RU {oo}.

Proof A proof is given in [12]. O

Observe that Lemma 2 constitutes a complete parametrisation of frequency
functions of the form T(jw)*T (jw) where T,T~' € %##,,. Now, given any
realisations

10



with Ap and Ay Hurwitz, let

and Ty (s) ==

By Lemma 2, the frequency function:

_ _ 3 . 0 D
1. D(jw)*D(jw) can be written as T8 (jw)*DT§(jw) forsome D := | = .
Diy Do
with Dyy € R*" and Dy, = DL, € R™",
N aTEr : et : v 0 Wi
2. W(jw)*'W(jw) can be written as T, (jw) WTE, (jw) forsome W := | =
WL W

with ng € R%*™ and VT/QQ = WZE € R™m,

Taking the arbitrary (1,1)-block to be zero in these parametrisations reduces
the number of potential decision variables in an eventual optimisation. Fur-
thermore, these particular parametrisations turn out to be of crucial impor-
tance in determining the sign definiteness of a Lyapunov variable in the proof
of Theorem 5, which appears in Appendix C.

Since it is required that D € DT and W € WTF | it is clear that TS (jw)*DTg (Jw)
should commute with A and T{,)—V(jw)*WTI%/(jw) should commute with A.
These commuting requirements determine the structure of each parameter in
the above parametrisations. The top level structure is characterised in the
definitions given below. In the interest of space, however, the full structure
will not be stated explicitly here and the reader is referred to [12, Section 4.3]
for further details (see also Section 8.3.4 in [8]).

Definition 5 Define the following sets, which characterise the structure ofb

11



and W :

= 0 Dlz - SpyXT T T rXT
p=\P=. . Dy € R, Dyy = Doy € R™, and
DY, Do

(1l

v

D,,, D22 have the appropriate structure},

[11

=
|

T 0 Wi T Sy Xn  Tf iT nxn
= W - o o . W12 € R " y W22 - W22 € R 5 and
WL W

W12, W22 have the appropriate structure}.

Definition 6 Define the following sets, which characterise the structure of
(Ap, Bp) and (Ayy, Byy):

EAp,Bp) = {(AD7 Bp) : Ap € R Bp € R*»™" Ap is Hurwitz,
and Ap, Bp have the appropriate structure},
Ey,By) = {(AW, Byw) : Ay € R By, € RW*" Ay, is Hurwitz,

and Ay, By have the appropriate structure}.

2.8 A Convexr Approximation

By appropriately restricting attention to a subclass of performance weights

and D-scales in the optimisation problem (2), a convex approximation can

be constructed in terms of state-space data. Since the frequency functions
D(jw)*D(jw) and W (jw)*W (jw) are completely parametrised by 7' (jw)*lu)TL%(jw)
and T, ( jw)*VT/T{}V (jw) respectively, it seems natural to restrict these parametri-
sations by holding the basis functions 7% (jw) and T§, (jw) fixed. This amounts

to keeping (Ap, Bp) € E(ap,8,) and (Ay, By) € Eqa,,B,,) fixed.

It is desirable to fix the values for (Ap, Bp) € Ea,, 5,) and (A, By) €
E(ay,By,) sufficiently close to the optimal values that would be obtained if
these were free variables. Towards determining the “close to optimal” values,
observe that for a given G satisfying the standard assumptions stated in Def-
inition 3, a fixed K € IC' and an optimisation directionality T € Y™, the

12



optimisation problem

_min WTH2
wewTr 2
subject to (4)
D 0 s (D7t 0
_inf F (G, K) - <1,
pep™ I\ 0 I, 0 w-t

(e 9]

is convex when solved pointwise in frequency. To see this, define the following
set and quantities.

Definition 7 Let the set of strictly-positive vector valued functions be denoted
by:
VY = {f R — Rf}

For ease of notation, define the following vector functions:

1 1 1 ’
o) = Lwlow)rz oGP rwn@w)rzl “V
velw) =[G falw)® o o))

Using this notation, optimisation problem (4) can be rewritten as:
min, [ (), (@) do
subject to
Vw € RU{oco} 3 continuous 6, € D with ©, > 0 (5)
satisfying
*[O, 0
0 L,

Fi (G(jw), K (jw))"

[fl (G(jw), K (jw))T

O, 0

<
0 diag (vw(w)>
The optimisation problem is now clearly convex and can be solved pointwise
in frequency over a finite grid using LMI techniques. Once O, and v,,(w)
have been determined as described in Section 4, D € D™ and W € WTF
can be constructed via spectral factorisation. Then, (Ap, Bp) € E(a,,5,) and
(Aw, By) € E(a,,,B,,) can be obtained from appropriate state-space realisa-
tions of D € DTF and W € WTT.

13



Once “close to optimal” values for (Ap, Bp) € E, 5, and (A, By) €
E(ay,By) have been found, the optimisation problem (2) can be modified, in
order to focus on the remaining free parameters, as follows:

2
. L
Wewll oo
such that (6)
_ _ D 0 (D0
min _ inf Fi (G, K) - <1,
Kekt" peDly 5 I\ 0 1, 0 Wt

o0

where
Definition 8 Given (Ap, Bp) € E(a,,8,) and (Aw, By) € Ea,,,B,,), define
DIr ={D =

(ADvBD)

TF — 1 —
Widg.w) = W =

3 Solving the Synthesis Problem

Results underpinning the algorithm that will be proposed for solving the op-
timisation problem (2), are established in this section. The results show that
the related optimisation problem (6), although not simultaneously convex in
all parameters, is simultaneously convex in D and W when K is fixed, and K
and W when D is fixed. As such, a D-K style iteration can be formulated for
synthesis.

3.1 The Cost Function

The following theorem establishes that the cost is a linear function of the
weight parameters.

. AT BY TF R .
Theorem 3 Given Y(s) = € Y with Ay Hurwitz, (Ayw, By) €
Cy| 0

E(ay,By) and any W(s) € W(F‘TW’BW), define T, (s) as in equation (3) and
let W € By, be such that Tg, (jw) WTE, (jw) = W (jw)* W (jw) Vw € RU{oco}.

14



HV_VTHz = chec(W>

where
]511 0 '[511 0
C = — X
0 Cy 0 Cy
-1
Aw By Cy Ay By Cy
X S
0 Ay 0 Ay
0 0
X ® vec(I,).
By By
Proof See Appendix A for proof. O

— 2 —
It is consequently noted that ‘Minimising HWTH2 over W(s) € W&FW’ Byy) SUb-
ject to some constraint’ is equivalent to ‘Minimising ¢’ vec (W) over W € By,

subject to the same constraint’, provided that Tv"v(jw)*WT‘%,(jw) >0 Yw €
R U {00} is implicitly guaranteed by the constraint.

3.2 Holding K Fixed in the Constraint

The following theorem shows that for a fixed K € KA, the constraint of
optimisation problem (6) can be rewritten as a set of LMIs that are also

(9

simultaneously affine in W.

Theorem 4 Given (Ay, Byy) € E(a,.5,,) and any W (s) € W(TfW,BW), define
1% (s) as in equation (3) and let W e By be such that T“,)—V(jw)*WTI%,(jw) =

W(jw)* W (jw) Yw € RU{oc}. Then given also

Acl Blcl B2 cl
Fi(G,K) = | Cya| D11 Diga | -
C’2 cl D2lcl D22 cl

where A, € R**%d 45 Hurwitz and the partitioning is consistent with Figure 1,
the following two statements are equivalent for any (Ap, Bp) € Ea,,B5):

. . D 0 (D
(1) inf Fi (G, K) B < 1.

PeDIF 1
€ (AD,BD) 0 Im 0 W ~

15



(i) 3D € By, X = XT e R and Y = YT € Rlsat2sotsy)x(sat2sytsy)

such that
XA-+ALX XB- o
o Pl +D>o,
By X 0
YA+ ATY YB| |CT| (1. .
. + . 1@ [C D} <0
BTY 0 DT
where 121, B, C‘, D and Q are defined by
Ap 0 0 0 ' Bp 0
0 Aw O 0 : 0 By,
0 0 Ap BpBl, : BpDfg BpDsya
000 Ax o Gl G
. s 0 0 I, 0 0 0
A B o T T
O D = 0 0 0 Blcl : Dllcl D2lcl ’
0 0 0 Bgcl : DF{Z cl D;Z cl
I, 0 0 0 0 0
|
0 0 O o I 0
|
0 I, 0 0 0 0
|
0 0 O 0 0 I,
Q) :=diag (D, L,, —D, —W)
. 0 ﬁlg 0 ﬁu 0 le
:dlag s tmy o o ] o o
DL, Dy, DL, Dy, WL ng_
Proof See Appendix B for proof. O

3.8 Holding D Fized in the Constraint

The following theorem shows that for a fixed D € ’D(T;f; By the constraint
appearing in optimisation problem (6) can be rewritten as a set of LMIs that
are also simultaneously affine in W.

Theorem 5 Given scalings D(s) € D™ and a generalised plant G(s) satis-

16



fying the standard assumptions stated in Definition 3, define the scaled gener-
alised plant G(s) by

D(s)™T 0 0 D(s)T 0 0
Gs)=| 0 I,0|G()| 0 1,0/,
0 01, 0 01,
and let
[ A Bl BQ ! B3 ]

él Dn DIQIDIB
_612 D21 D31 Do
_63 D31 D32:D33_

be a stabilisable and detectable realisation for G(s) with A € R%*%, Dy, €
R™", Doy € R™™ and D33 = 0 € RT*P. Furthermore, given (Aw, Bw) €
Eay,By) and any W(s) € W(TvaBW), define T, (s) as in equation (3) and
let W € By, be such that TS, (jw)* WTS (jw) = W (jw)*W (jw) Yw € RU{co}.
Then the following two statements are equivalent:

‘ , D 0 s (D7t 0
(i) min F (G, K) - < 1.
Kerg™ I\ 0 I, 0 w!

(ii) 3P = PT € REwtse)x(utss) R = RT € Row*sw S € R and T =
TT € R%*% such that

P>0, R>0, T>0,

R —S
P

0 I,

i | > o,
R 0 R 0O
—STIS@ 0T

17



and

Az 0
P w ~ + {}T
0 AT
*
*
R S AW 0 T
T I {}
—STrl|l o0 A
o B7| [1, o
0 BI| |sTT
0 C,||R-S
Blj/[j/ C~12 0 ISC

18
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where

ol [o o 1, o] [o o]

0 00 0 Yy 00

0 00 0 00

v, = (G ’ Wy = Vs

0 93 00 0 s 00

0 0 I, 0 0 0 I, 0

0 0 0 I 0 0 0 I,
1 Yy

and the columns of || (resp. |i5|) form bases for the null space of

V3 Vs

Bf Diy D}

(resp. [03 D3, D32p-
Proof See Appendix C for proof. O

The following corollary gives a necessary and sufficient condition for the ex-
istence of controllers of order s, in K" that satisfy the norm constraint
together with a procedure for constructing such controllers.

Corollary 6 Let the suppositions of Theorem &5 hold. Then there exist con-
trollers K € KlgF of order s, satisfying

Do o [D71 0
Fi (G, K) - <1
0 I, 0 Wt
if and only if the LMI constraints given in Part (ii) of Theorem 5 hold for
some P = PT € Réwtsa)xGutsy) R — RT ¢ RowXsw, § € R and T =

TT € R%*% that further satisfy

[S - S [5 N O R 0
rank ! Pl — < S
0 I, ST I, 07!
Ak |Bk
Such controllers K(s) = can then be constructed by solving
Ck|Dk

F+ UV +VIoLU <0
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AK BK
for the controller parameters @ =

Ck Dk
by:
A 0 0 0 By
X|o ATo| + {}" Xx|¢rer
0 00 0 0
F = 1, 0
%
0 0
* *
_ISWO—
00
_OO_
- 1| . (|Ls, 00 00| |00
- 00 W 9
0 00| [01,] |00
0 I,
00
00
00 I, 0 0 00
U = ~ ) o ,
0BT 0 DT, DI, 0 0

00 I, 0 0
V = ~ '
0Cs 0 0 0
and X 1is constructed as follows:

I, 0| |RYO| |, S

STI || o 7|0 1|

e Factorise P — Q7! _ HHT with H € R(SH‘*S(})XSA’,
P H

HT I, |

e Define () :=

o Define X :=
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, where ', U and V are defined




Proof See Appendix D for proof. O

4 The Synthesis Algorithm

This section serves to outline an iterative algorithm for solving optimisation
problem (2). Recall that the convex approximation made in Section 2.3 relies
on fixed “close to optimal” values for (Ay, By) € E(a,,.5,,) and (Ap, Bp) €
E(4p,B5)- These “close to optimal” values are constructed in Phase 1 of the
algorithm (i.e. during the first few iterations) by solving optimisation prob-
lem (7) pointwise in frequency followed by a rational approximation of the
results. In Phase 2 of the algorithm (i.e. during the last few iterations), the
state-space characterisations developed in preceding sections are used together
with these fixed “close to optimal” values to solve the weight and controller
synthesis problem.

Observe that in Phase 1 of the algorithm, the problem is over-constrained
(since y; < 1). This is to accommodate the introduction of error when reason-
ably low order rational approximations of the pointwise optimal D-scales and
weights are constructed. In Phase 2, it is no longer necessary to over-constrain
the problem (so 7, can be set to 1), because the state-space characterisations
with fixed (A, Byy) and (Ap, Bp) are exact (i.e. there are no approximation
erTors).

Inputs to the algorithm:

e Generalised plant G(s) satisfying the standard assumptions stated in Defi-
nition 3,

e Optimisation directionality matrix transfer function Y(s) € ¥ **.

The solution algorithm:

Phase 1 of the algorithm involves Steps 3 and 5 but not Step 4 whereas Phase 2
of the algorithm involves Steps 4 and 5 but not Step 3.

1. First find a controller K which robustly stabilises the interconnection
Fu( (G K5), ) for all A € BA™, where
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Let 7, be some number in the interval (sup DinfD E[Dw]-"l(@, KS)DJI] : 1).
w w€

Such a vy < 1 always exists if the robust stability problem above admits a
solution. Now set i = 0 (where ¢ denotes the iteration number) and n§ = oo.
2. Increment ¢ by 1.
3. If v,_;, < 1: (i.e. during the first few iterations)
(a) Solve the following convex optimisation problem

_min V_VTH2
wewTt 2
subject to (7)
, D 0 r (D' 0
_inf Fi (Gv Ki*q) - < Yi-1;
DeD™ I\ 0 I, 0 w-t

oo

pointwise in frequency and on a sufficiently dense, but finite, grid using
the reformulation given in optimisation problem (5), after normalising
the above constraint to unity. Let the optimal values of v, (w) and
©, at each grid frequency w = w, (these are vector/matrix decision
variables in optimisation problem (5)) be denoted by Uy, and O
respectively.

(b) Construct a low order? W* € W' by fitting a stable minimum-phase
transfer function to each magnitude function in vg, , .

(c) Construct a low order? self-adjoint real-rational unit in Z%,, which
is positive at infinity by fitting real-rational functions to each element
in @Zk and perhaps model reducing afterwards. Denote this unit by

©*(s). Then compute a spectral factor® DF € D™ for this ©*(s).
-1
Dr 0 v (Df 0
(d) Let v, := (1+¢) Fi (G, Kﬁl) - , for some 0 <
0 ILn 0 w~

o0

e 1.
(6) If Yi < 1, then let (AVVaBW) € E(AVVvBW) and (AD,BD) G_E(ADBD)
be obtained from the appropriate state-space realisations of W*(s) and
Dy (s) respectively. Otherwise, go to Step 4(a).
4. If v,y = 1: (i.e. during the last few iterations)
(a) Let v, :== 1.

2 Low order approximations of the pointwise solutions are used since this is likely
to result in a low complexity (in the sense of [19]) controller in the end. As noted
in [19], given an appropriate bound on the complexity of the controller, significantly
stronger robustness properties can be guaranteed for the corresponding feedback
system. This is in line with the common engineering practice of employing the
lowest complexity controller to do the job.

3 Since spectral factors are not unique and the required spectral factor here has to
have a block-diagonal structure, each individual diagonal block should be spectrally
factored separately.
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(b) Solve the following convex optimisation problem

— 2
~ min HWTH
Wewli 5. 2
subject to
. D 0 (Dt 0
inf 7 (G KL ) <1
DED4 By 0 I, 0 w-t

o0

by making use of Theorem 3 and Theorem 4. Let the optimal value of
D (a matrix decision variable in the LMI constraints of Theorem 4) be
denoted by D}.

(c) Using the values of (Ap, Bp) € Ea,,p,) and the value of Df € 24
just obtained, define

O (s) := T3~ (s)D; T3(s)

and compute a spectral factor® D} € D&FD B, for ©7(s).
5. (a) Solve the following convex optimisation problem

— 2
o W,
Wewlr o)
subject to
. D; 0 o (D7h 0
min Fi (G, K) B <7
Kerkg™ I\ 0 I, 0 w!

o

by making use of Theorem 3 and Theorem 5 after normalising the above
constraint to unity. Let the value of this minimum cost be denoted by
n; and let the optimal value of W (a matrix decision variable in the
cost function/LMI constraints) be denoted by W7

(b) Using the values of (A, By) € E(ay,,B,,) and the value of Wr e By,
just obtained, define

II; (s) = T~ () W/ T35 (s)

and compute a spectral factor® W} € W(wa, By for I (s).
(¢) Using Corollary 6, find a controller that satisfies the constraint of the
above optimisation problem and denote this controller by K7 (s).
6. Evaluate (n;_, — n7). If this difference (which is always positive) is very
small and has remained very small for the last few iterations, then EXIT.
Otherwise return to Step 2.

Outputs from the algorithm: (after ¢ iterations)
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The inverse of the largest performance weights obtained by the algorithm
in V_Vi* c WTF,

The controller K € K" that achieves robust performance with respect to
these weights,

The final scalings D € D" used by the algorithm,

The value of the minimum cost 1} obtained.

5 Numerical Examples

In this section, the algorithm proposed in the previous section is illustrated
through several numerical examples. Two different examples demonstrating
the applicability of the proposed algorithm are considered. The first example
is discussed in three parts, each illustrating how the proposed algorithm can
systematically handle particular situations of interest. The second example
involves an experimental MIMO plant. It is used in order to compare our
results with a standard p-synthesis design which can be found in [1].

5.1 Sensitivity/Complementary Sensitivity reduction problem

Consider the block diagram shown in Figure 2, which captures a typical Sen-
sitivity/Complementary Sensitivity reduction problem.

Fig. 2. Block diagram for a typical S/T problem

The plant is uncertain but known to belong to the set {Po(l +AW,) : A€
RA s, |A|l < 1}, parametrised by A (see the dashed box). Here, the nominal
plant P, and the uncertainty weight W, are chosen as:
C0.01(s/wy — 1)
? (524 0.06s + 0.01)

0.1(8/0}2 + 1)2
(s/(10wq) + 1)2

and W, =

Different values for w; and wy are used in each of the following subsections to
illustrate different characteristics of the new approach. The uncertainty weight
W, represents any ‘a priori’ knowledge about the frequency dependent size of
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the uncertainty. In this example, the chosen W, allows the magnitude of the
actual plant to differ from that of the nominal plant by as much as 10% in
the low-frequency region (say, below wy rad/s) and by as much as 1000% in
the high-frequency region (say, above 10wy rad/s).

The objective here is to maximise the performance weights Wg and Wr ac-
cording to some pre-specified directionality whilst ensuring that there exists
an internally stabilising controller K (s) € ICLF that achieves robust perfor-
mance with respect to these maximised weights and the uncertain plant set.
To this end, the optimisation directionality

100(s/3+1)2 0
T — | (5/03+1)2(s/105+1)
0 (s/0.3+1)2
(s/3+1)2(s/10°+1)

is considered — see Figure 3. Note that T must be strictly proper in order
that the cost function (a function of an .7 norm) in the proposed optimisa-
tion problem be finite. This directionality basically reflects that the algorithm

Directionality for W 0 Directionality for W,
,

Directionality Factors
8»

10" 107 10° 10° 10"
Frequency (radians/sec)

Fig. 3. Desired directionality for the optimisation

should maximise Wy (resp. Wr) in the low-frequency (resp. high-frequency) re-
gion and that it should not bother too much about maximising W (resp. Wr)
in the remaining high-frequency (resp. low-frequency) region. The scale on the
y-axis of this figure is unimportant as it only affects the cost associated with
the optimisation. Only the relative sizes between the different curves and the
shape of each curve across frequency is important. Note that the low-frequency
value of the solid curve in Figure 3 is equal to the high-frequency value of the
dashed curve. This reflects that the maximisation of Wy at low-frequency
should be valued as much as the maximisation of Wr at high-frequency. At
around 1 rad/s, the solid curve and the dashed curve are also equal. Again
this indicates that around this frequency, the maximisation of Wy is as equally
important as the maximisation of Wyp. However, since S + T = 1, it is not
possible to make both Wg and Wy large at this frequency. The proposed algo-
rithm systematically determines how much each of these weights can be max-
imised at this frequency, trading-off desired performance against the specified
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plant uncertainty and performance limitations due to plant dynamics. Finally,
note that the magnitude of the directionalities at 1 rad/s is about a decade
less than the magnitude of the directionalities at low and high-frequency. As
such, maximisation of Wg and Wy in this mid-frequency region is considered
less important than maximisation of Wg and W at low and high-frequency,
respectively. Correspondingly, 1 rad/s can be thought of as the desired band-
width for the closed-loop.

5.1.1  Right half plane zero and high frequency uncertainty imposing no band-
width limitations

In this subsection, w; = 100 rad/s and wy = 30 rad/s. This gives rise to the
nominal plant P, and uncertainty weight W, shown in Figure 4. This partic-

10"

10

10

10

10 10° b

Nominal Plant P
Uncertainty Weight Wu

10 °F

107

10"
10" 107 10° 10° 10" 10" 107 10° 10° 10"
Frequency (radians/sec) Frequency (radians/sec)

Fig. 4. Plant and uncertainty weight magnitude plots

ular choice of w; and wy imposes no bandwidth limitations, as the right half
plane zero of the plant and the frequency region where uncertainty becomes
significant lie far beyond the desired bandwidth of 1 rad/s (see Figure 3).
Thus, it is expected that the algorithm will be able to synthesise optimised
weights Wg and Wr (or rather their inverses) such that the bandwidth is
1 rad/s, as desired.

The proposed algorithm took 4 iterations to converge. The cost 1 associated
with the proposed optimisation problem took the following sequence of values
{2304, 543, 497, 484}, which is monotonically decreasing as expected. At each
iteration, ; took values in the non-decreasing sequence {0.50, 0.85, 1, 1}, up
to unity where the algorithm uses the exact state space solution, avoiding fre-
quency data fitting and hence, the corresponding approximation errors. The
results of the proposed algorithm are shown in Figure 5. Note that the magni-
tude plot of the sensitivity (resp. complementary sensitivity) function of any

plant in the set {Po(l + AW,) + A € #A, ||A]l, < 1} will be below the

[Ws(jw)| ™ (vesp. |[Wr(jw)|™) plot, since robust performance is guaranteed.
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Magnitude plots
e
o

P(|+PK)<1[<

. . . , . .
10” 10° 10° 10 10 107 107 10° 10° 10"
Frequency (radians/sec) Frequency (radians/sec)

Controller K

0

10 . . .

10" 107 10° 10° 10*
Frequency (radians/sec)

Fig. 5. Clockwise from top left: Magnitude plots of W5 (jw) and W (jw) in solid
line and of 5 +}3 7% and 7 JI: 113(1( in dashed line, Magnitude plot of d~!(jw), Magnitude
plot of controller K

Also note that, as expected, the desired bandwidth of 1 rad/s was achieved,
since the desired performance and uncertainty/plant-limitations were all com-
patible in this example. A controller achieving robust performance with respect
to the maximised performance weights was simultaneously synthesised by the
algorithm and is also shown in Figure 5.

5.1.2  Right half plane zero imposing bandwidth limitations

In this subsection, w; = 0.1 rad/s and wy, = 30 rad/s, giving rise to the
nominal plant P, and uncertainty weight W, shown in Figure 6. This partic-
ular choice of wy imposes no bandwidth limitations, as the frequency region
where uncertainty becomes significant lies far beyond the desired bandwidth
of 1 rad/s (see Figure 3). However, the choice of w; imposes a bandwidth lim-
itation, since the right half plane zero of the plant now lies within the desired
bandwidth. Consequently, the desired bandwidth may not be achievable. The
proposed algorithm systematically resolves this by determining appropriate
weights Ws and Wy, via the optimisation, to yield an appropriate closed-loop
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Fig. 6. Plant and uncertainty weight magnitude plots
bandwidth.

The algorithm took 8 iterations to converge. The cost 7} associated with the
posed optimisation problem took values in the sequence {43290, 24890, 12923,
9811, 6479, 5251, 4649, 4531}, which is monotonically decreasing as expected.
At each iteration, «; took values in the non-decreasing sequence {0.38, 0.45,
0.62, 0.69, 0.85, 0.93, 1, 1}, up to unity where the algorithm uses the exact
state-space solutions, avoiding frequency data fitting and hence, the corre-
sponding approximation errors. The results of the proposed algorithm are
shown in Figure 7. Note that the weights Wg and W7 have been maximised in
the appropriate frequency regions. Furthermore, the limitation arising due to
the right half plane zero of the plant has been accounted for, with the achieved
bandwidth being approximately 0.1 rad/s, despite the directionality factors
reflecting a desired bandwidth of 1 rad/s. That is, the proposed algorithm
has systematically traded-off desired performance against a fundamental lim-
itation due to plant dynamics.

The magnitude plot of the sensitivity (resp. complementary sensitivity) func-
tion of any plant in the set {P,(1+AW,) : A € &, |A|,, < 1} will

be below the |Ws(jw)| ™" (resp. [Wr(jw)|™") plot, since robust performance
is guaranteed. A controller achieving robust performance with respect to the
maximised performance weights was simultaneously synthesised by the algo-
rithm and is also shown in Figure 7.

5.1.3  High frequency uncertainty imposing bandwidth limitations

In this subsection, w; = 100 rad/s and wy = 0.03 rad/s, giving rise to the
nominal plant P, and uncertainty weight I, shown in Figure 8. This particular
choice of w; imposes no bandwidth limitations as the plant right half plane
zero lies far beyond the desired bandwidth of 1 rad/s (see Figure 3). However,
the choice of wy imposes a bandwidth limitation as the frequency region where

28



107

7 mpry?

Magnitude Plots

Inverse D-scale: Dbar

\
P(I+PK) VK
|
N

-2

10" 107 10°
Frequency (radians/sec)

10

2 4 4 -2 0

10 10 10° 10 10

Frequency (radians/sec)

Controller K

10 10° 10 10
Frequency (radians/sec)

10 10
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Fig. 8. Plant and uncertainty weight magnitude plots

uncertainty becomes significant now lies well within the desired bandwidth.
Consequently, the desired bandwidth may not be achievable. This will be
resolved by the algorithm by synthesising appropriate weights Wg and Wr (or
rather their inverses) in order that a controller achieving robust performance
with respect to these weights exist.

29



The algorithm took 5 iterations to converge. The cost n; associated with the
proposed optimisation problem took values in the sequence {444860, 104920,
9438, 4869, 4773}, which is monotonically decreasing as expected. At each it-
eration, 7; took values in the non-decreasing sequence {0.35, 0.55, 0.82, 1, 1},
up to unity where the algorithm uses the exact state-space solutions, avoiding
frequency data fitting and hence, the corresponding approximation errors. The
results of the proposed algorithm are shown in Figure 9. Note that the weights

10° . . . 10°

.
O»

N
om

_. ~1
10t Wy

o EI;PK)’I

Magnitude Plots

[

o

=

KA

Inverse D-scale: Dbar

= =
OH OM

P(I+PK) i |

10 10° 10° 10° 10* 10 107 10° 10° 10"
Frequency (radians/sec) Frequency (radians/sec)

Controller K

. .
10 107 10° 10° 10°
Frequency (radians/sec)

Fig. 9. Clockwise from top left: Magnitude plots of W 1(jw) and W, 1(jw) in solid
line and of 7 JJD 7 and 7 f I{fK in dashed line, Magnitude plot of d~!(jw), Magnitude
plot of controller K

Ws and W have been maximised in the appropriate frequency regions. Fur-
thermore, observe the trading-off of desired bandwidth (1 rad/s) against the
specified plant uncertainty, as can be seen from the achieved bandwidth of
approximately 0.1 rad/s.

The magnitude plot of the sensitivity (resp. complementary sensitivity) func-
tion of any plant in the set {Po(l + AW,) + A € B, ||A], < 1} will

be below the |Ws(jw)| ™" (resp. [Wr(jw)|™") plot, since robust performance
is guaranteed. A controller achieving robust performance with respect to the
maximised performance weights was simultaneously synthesised by the algo-
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rithm and is also shown in Figure 9.

5.2 Pitch axis controller design for an experimental highly maneuverable
aeroplane

An example from [1], used therein to illustrate the standard p-synthesis ap-
proach to design, is now considered in order to facilitate comparison with
the new approach to robust performance problems developed in this paper.
The example involves the design of a pitch axis controller for an experimental
highly maneuverable aeroplane, the HIMAT. A block diagram for the closed-
loop system is shown in Figure 10. The state-space realisations of P,, W, and

dy

Fig. 10. Block diagram of HIMAT and required feedback structure

W, can be found in [1]. The plant P is uncertain but known to belong to the
set {Po(I + AW,) : A € 2o, || A, <1}

The objective in this design example is to maximise the performance weight
W, in appropriate frequency regions subject to the existence of an internally
stabilising controller K guaranteeing robust performance with respect to this
weight. In standard p-synthesis based design W, is fixed by the designer.
By contrast, recall that the new approach proposed in this paper involves
the synthesis of a suitable W, via a constrained optimisation problem, with
cost reflecting the desired performance through an appropriate directional-
ity function. For a sensible control problem, W, should be maximised in the
low-frequency region, thereby yielding good disturbance rejection at the plant
output at these frequencies. In order to capture this, the optimisation di-
rectionality T = %I is used here. This is consistent with the desired

510.005) * 2
performance requirements specified in [1].

The results obtained by applying the proposed algorithm are shown in Fig-
ure 11, together with the results obtained via the design presented in [1], in
order to facilitate comparison. Observe that unlike the p-curve obtained in [1],
the final p-curve obtained via the new approach is flat across frequency and
very close to unity. This reflects that robust performance has been optimised.
In fact, it can be seen that the inverse performance weights synthesised by
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the proposed algorithm are everywhere less than those used in [1]. That is, a
higher level of robust performance is attained. The final controller synthesised
by the proposed algorithm had 26 states and hence, was of the same order as
the scaled generalised plant, as expected. The magnitude plot of the resulting
controller is also shown in Figure 11.

6 Conclusions

A new approach to robust performance problems is developed in this paper.
The rationale behind the new approach is related to that of using skewed-
1 to determine worst-case performance in the face of prescribed uncertainty,
in that it involves the optimisation of so-called performance weights, which
scale over frequency the performance channels in a standard LFT setup for
robust performance problems. The optimisation is constrained, in terms of
the structured singular value, to ensure the existence of a stabilising feedback
compensator that achieves robust performance with respect to the optimised
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performance weights and the specified uncertain plant set. Optimisation of
the performance weights, with respect to a cost that reflects desired perfor-
mance, in the way proposed here, gives rise to an algorithm for systematically
trading-off the desired performance against specified plant uncertainty and
performance limitations due to plant dynamics. In this sense, an indication of
achievable performance is also provided.

As formulated, the optimisation problem admits a state-space solution in
terms of LMIs. Further LMI constraints could be incorporated to capture
closed-loop objectives in addition to the 57, performance criterion consid-
ered here, such as pole placement and -norm minimisation, for example.

Software has also been developed and can be requested via email from the
first author.
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A Proof of Theorem 3

First note that

T (jw) W (jw) W (jw) Y (jw) = T(jw) Ty (jw) WTE (jw) T (jw)

= p(jw)*

where
-1
Ay By Cy 0
sl —
p(s) == 0 Ay By
I,

Using the fact that parahermitian rational functions can be split into the sum
of stable and anti-stable transfer functions [4,21,12], it follows that

T (jw) W (jw) W (jw) T (jw) = E(jw) + E(jw)*

where
Ay B Cr | 0
E(s):==| 0 Ay |By
(0 BE)x]| 0

and the real matrix X = X7 is the unique solution to Lyapunov equation

T
Ay By C' Ay By C' I, 0| . |, O
x [T WY = - " ! (A1)
0 Ay 0 Ay 0 CL 0 Cy
Consequently,
HWTH2 _ 1 /OO trace{T(jw)* T (jw)*W(jw)T(jw)}dw
2 21 J -0
IE S
== R [t E(y d
7T/_Oo _race{ (jw)}} w
-1
1 00 Ay B‘C 0
= R |trace ()B%X.—/ jwl — W dw .
T J—oo 0 AY BT
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= trace§ |0 BL| X by a standard calculus result
By
T
(10 0
= vec(1,) ® vec(X). (A.2)
Bry Bry
. . |Aw BwCr| | . .
Since the matrix is Hurwitz, Lyapunov equation (A.1) can be
0 Ay
rewritten as
-7
Ay By C Ay By C
vec(X) = — v WT@ weEwE
0 Ay 0 Ay

Isu' 0
0 Cy

[sn' 0

vec(W). (A.
OCT> (7). (a3)

l

The required result then follows directly from equations (A.2) and (A.3).

B Proof of Theorem 4

Statements (i) and (ii) in the Theorem will be connected by a sequence of
equivalent reformulations.

(D o) T(Dl 0 )
Fi(G,K) B
01, 0 Wl

b) 3D € DIF . | such that
(AD’BD)

(a) inf <L

DeDTr
(Ap,Bp)

o0

D(jw)*D(jw) 0
0 I,

_ D(jw)*D(jw) 0
0 W (jw) W (jw)

7 (Gl), K ()| ( ) (G, K ()]

for all w € RU {o0}.
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(¢) 3D € =} such that

Tp(jw)* DTH(jw) > 0
and p(jw)"Q p(jw) <0

for all w € RU {oo}, where T3 (s) is defined as in equation (3) and

T]:%(S) 0 T
Fi(G(s), K(s))
0 I,
p(s) = ,
T¢(s) O

N v

Q = diag (D, In, —D, —W) .

Observe that (b) < (c) follows from simple algebraic manipulations after
replacing D(jw)*D(jw) with T3 (jw)* DT (jw) and W (jw)*W (jw) with
T o) W (o).
(d) 3D € Ej such that
" (jwI = Ap) 'Bp
D >0
I,

(jwI = Ap) 'Bp
Ir

*

(jw[ — A)AB
I

CfT

DT

(jw[—/\l)ilB
I

and <0

Qe )

for all w € RU{o0}, where A, B, C, D and Q are defined as in Part (i) of

\

the Theorem. Then (c) < (d) easily follows by noting that ¢(s) =

() IDE€Ey, X = XT e R and Y = Y7 € RGat2sotsu)x(sat2sptsu) guch
that

XA-+ATX XB- 5
b b PlyD>o,
BIX 0

YA+ ATY YB el

+ Q[CD}<O.

BTY 0 DT

The equivalence (d) < (e) follows from the KYP Lemma [20,15].
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C Proof of Theorem 5

Before proving the equivalence between the Theorem’s two statements, some
notation needs to be defined. To this end, let the controller K (s) € K" have

x| Bx
a state-space realisation , where Ax € R*<** and Dy € RP*?. The

Ck|Dk
order s, of this controller is not yet known (i.e. s, is a variable), as the set
KgF contains all internally stabilising controllers for G of any order. Define

A B B B |
Gy Dy Dig Dyy| |G 0 PPz 0 Dis
Cy Doy Doy D : Cy 0 ;[721;[)22; 0 Dy |
_C':s D31 Dy of | |

0 L, 00 1A% CF

Cs 0 'Dsy'Dsgy' BE DL

Acl Blcl BQCZ A Bl B2 BB
and C~Y1cz Dllcl D12 |l T él Dll [712 + [713 Py [é3 [731 D32} .
C~'2 cl DQlcl D22 cl C’Q Dm ﬁ22 D23
Acl Blcl BZ cl

Then ]-"l(é, K) = | C1o1|Dy1y Dyny | and K € IC(T;F if and only if K € K,'GTF.

Statements (i) and (ii) in the Theorem will now be connected by a sequence
of equivalent reformulations.

_ 0 s (Dt 0
(a) min Fi (G, K) ~ < 1.
Kexg" |\ 0 I, 0o w-!

[e.9]
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(b) 3K € KCL" such that

*

Fi(Clw), K(jw))

I, 0
< - - VYw € RU {o0}.
(o W(jw)*wum)

F(Gw), K ()"

This easily follows by using the definition of G (s).
(c) 3K € KL such that

F(GG.KG) (1m0 Fi(Gliw). K (jw))
L 0 R A L 0 <0
0 T2 (jw) 0 —W 0 T (jw)

for all w € RU{oo}. Observe that (b) < (c) follows from simple algebraic

manipulations after replacing W (jw)*W (jw) with T, (jw) WTg, (jw).
(d) 3s, € Z, and P € REFP)*(s5H49) guch that

flcl is Hurwitz,
* A
(jwI—A) B

<0 VweRU({oo},

1

{( jol - A) B

where A, B, C, D and Q are defined by

(Ap 0 ' 0 By
|
0 AL Cl, CF,

______________

5T | T DT
0 Biu : Diye Do

AB

&b — 10 Bgcllbclgclbgécl ’
o o0 v I, 0
Lo 0 0
0 O : 0 I,

. 0 Wi
Q:=diag | I, Ln, — 1., — | _ .
Wf; Woo

) |

The equivalence (c) < (d) follows by noting that K(s) internally sta-
bilises G(s) if A, is Hurwitz, and A is Hurwitz if there is a stabilisable
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and detectable state-space realisation for K(s) which internally stabilises
G(s) [7, Lemma A.4.1].

(e) s, € Zy, B € REFPX(c4) and X = XT € REwtsstsn)x(sutsetsn) quch
that

X >0,
XA+ ATX XB Tl oL, .
, + Q[C D} <0, (1)
BTX 0 DT

where A, B, C, D and Q are defined as in (d) above. Since inequality (C.1)
implicitly guarantees that X A + ATX < —CTQC < 0, a standard Lya-
punov type argument gives X > 0 if and only if A is Hurwitz. Now A is
Hurwitz if and only if A, is Hurwitz, as Ay is already restricted to be
Hurwitz in the set 24, p,.). Then (d) < (e) follows from a straightfor-
ward application of the KYP Lemma [20,15].

(f) 3s, € Zy, P € REHIX(H0) and X = X7 € REwFsetsu)x(sutss+sn) guch

that
X >0,
A 0 [0 By 0 0
W x| [ ~ ]
0 Acl _Clcl C2cl By Bael
§ ~1I, 0 Di1er Dig g
i 0 O 152101 D22cl
-1, 0
* *
0 —1I,
ISW 0
00
00 9 I, 0f [0 0 00
< w )
0 I, 0 0] [0Z,] (0O
00
00

Note that (e) < (f) follows by applying Schur Complement Lemma [9]
around the (3,3)-block of the above inequality and then re-arranging to
give inequality (C.1).
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(g) 3 S, € ZJ” @K c R(SI\'+I7)X(31\'+‘1) and X = XT c R(sw-‘rs@—l—s,\,)x(s“~+s(;,+s,\,) such
that

X >0,
F+U"®.V+VToLU <0,

where the real matrices F', U and V are defined as in Corollary 6. This
equivalence follows by simply extracting ® from the closed-loop matrices.

(h) 3s, €7, and X = XT € REwtsstsa)x(sutsstsi) guch that
X >0,
VLFY, <0 and WLFU, <0,
where F' is defined as in (g) and ¥, and ¥, are matrices with columns

that form bases for the null spaces of U and V respectively. One possible
choice of ¥;; and ¥y, is

I, 0] [0 0
0 ¢1| [0 0
[0 0] [0 0]
Uy == |10 4| |00
0 ¢3| [0 0
0 0| [I 0
0 0| |01,

and

I, 0| |00

0 ¢ |00

o o 0 0] |00

Uy o= | 0 Ly, 0 0 ol [z 0]
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(1 (0N

Here, the columns of |4, | (resp. |¢5|) form bases for the null space of

Vs Vs
{B?)T DT, DL,| (resp. [6’3 Day [)32}). The equivalence (g) < (h) follows

from the Projection Lemma [5,2].
(1) EISK I Z_’_? P = pT I R(Su’+s@)x(sn'+5@) and Q = QT I R(Sw+sg)><(su'+5(;)

such that

P>0, Q>0

P >0 rank (P — Q_l) < 5,

?

IQ

Ay 0 T 0 By 0 0

AT +{} ~T AT B B

—I. 0 D,, D

o § ~11 ~12 U,

0 0 Dy, Dy,

—I, 0

* *

0 —1I,
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Ay O Q+{-}T 0 0 0 0 By

0 AT 3, B,|  |CT ¢
\I/T * _‘[7" 0 ‘D,{1 Dgl U
Q - -¥Q

0 —In] DY, DL,

-1, 0

* *
0 0

I, 0 I, 0
w Q W
!01/’{] [00] ol | o] oo
< Wl o | . (C.2)
!0 0] 00 0wl o1,

0 I,

where Wy, and ¥, are defined as in Part (ii) of the Theorem. Note that
(h) < (i) follows after some algebra by exploiting the all-zero rows/columns
and through the application of the Decoupling Lemma [13, Lemma 6.2].

(J) HSK c Z-‘ra p = pT c R(sw—i-sé)x(sw—&-sc)’ R = RT c Rs“'xs”’, S € Rswxss
and T =TT € R*”*: such that the LMI constraints given in Part (ii) of
Theorem 5 hold together with

L S| |1, o| |R 0
Pl — <s

0 I, ST I, 07!

rank

The equivalence (i) < (j) follows by observing the following four facts:
o Any Q = QT € RGwTsa)x(sutse) gatisfying @ > 0 can be decomposed as

follows:
I, 0| |RYO| |L, S
Q= :
STI, || 0 T||0 I,

where R = RT € Row>sw S € R % and T = TT € R%*% are com-
pletely independent variables which fully parametrise (). Furthermore,
@ > 0 if and only if R > 0 and T" > 0.
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e Using such a decomposition for @),

.
P w
[P I [0 s ]
> & >0
re L, 0 R0
-ST I, 0 T
R-S
P
0 I,
& ] | >0
R 0 R 0
-ST I, 0T

e Again, using the above decomposition for @),

rank (P — Qfl)
I, -S| |R O I, 0
= rank | P —
0 I, | |07 [-ST I,
ISH’ S Isu' 0 R 0
= rank P — .
0 I, ST I, 07!

e Finally, the equivalence between inequality (C.2) and the last LMI con-
straint in Part (ii) of Theorem 5 is obtained through the application of
the congruence transformation

0 1

R S¢1

on inequality (C.2) and some algebra to rearrange the result.

(k) The proof is completed by noting that for any s, > (s,, + S5), the ‘rank’
constraint in (j) is redundant and the remaining conditions are exactly
those stated in Part (ii) of the Theorem. The controller order s, can
be chosen as desired since the set KlgF contains all internally stabilising
controllers for G of any order (as stated at the beginning of the proof).
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D Proof of Corollary 6

The additional ‘rank’ condition for the existence of internally stabilising con-
trollers of order s, directly follows from Step (j) in the proof of Theorem 5
given in Appendix C, whereas the LMI for the construction of such controllers
follows from Step (g) of the same proof on noting that it is always possible to
construct an X = X7 € RGw+sets)x(utsetsi) gatisfying

P
X = ¢ >0 and X 1= @e

¢ (X

where ¢ denotes “Don’t Care” elements. This is because given

X, X
PG Rl I}
X{y Xo
it is easy to verify that
(X = X X' XT5) ™" ¢
¢ ¢

Xt =

Consequently, if X;, = P and (X;; — X, X5 X{5)™" = Q, then one possible
way of constructing the matrix X using the given P and (@) is by letting X,, = 1
and computing X, from the following factorisation P — Q™! = X, XT,.
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