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A DTI-Derived Measure of Cortico-Cortical
Connectivity

Andrew Zalesky and Alex Fornito

Abstract� We arm researchers with a simple method to chart
a macroscopic cortico-cortical connectivity network in living
human subjects. The researcher provides a diffusion-MRI data
set and N cortical regions of interest. In return, we provide
an N � N structural adjacency matrix (SAM) quantifying the
relative connectivity between all cortical region pairs. We also
return a connectivity map for each pair to enable visualization
of interconnecting �ber bundles. The measure of connectivi ty
we devise is: (i) free of length bias, (ii) proportional to �b er
bundle cross-sectional area and (iii) invariant to an exchange
of seed and target. We construct a three-dimensional lattice
scaffolding (graph) for white-matter by drawing a link between
each pair of voxels in a 26-voxel neighborhood for which their two
respective principal eigenvectors form a suf�ciently smal l angle.
The connectivity between a cortical region pair is then measured
as the maximum number of link-disjoint paths that can be es-
tablished between them in the white-matter graph. We devise an
ef�cient Edmonds-Karp-like algorithm to compute a conserv ative
bound on the maximum number of link-disjoint paths. Using
both simulated and authentic DTI data, we demonstrate that
the number of link-disjoint paths as a measure of connectivity
satis�es properties (i)-(iii), unlike the fraction of inte rsecting
streamlines�the measure intrinsic to most existing probab ilistic
tracking algorithms. Finally, we present connectivity maps of
some notoriously dif�cult to track longitudinal and contra lateral
fasciculi.

Index Terms� MRI, DTI, �ber tracking, tractography, white
matter, cortical network, cortical connectivity, structural adja-
cency matrix (SAM), shortest path, link-disjoint paths, Edmonds-
Karp algorithm.

I. INTRODUCTION

D IFFUSION-tensor imaging (DTI) [7], [23] has long been
touted as a means to chart the macroscopic cortico-

cortical connectivity network of the human brain�that is, a
means to piece together a circuit diagram of sorts for human
neuroanatomy.

Neuronal circuits have been charted in the past. Using
dissection and electron microscopy, the network of 302 neu-
rons comprising the nematode Caenorhabditis Elegans was
completely charted [42] and represented as a 302 � 302
adjacency matrix [1], where element (i; j) is populated with
a one if the axon of neuron i makes a synaptic connection
with neuron j, otherwise, (i; j) is zero. Charting connectivity
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at the microscopic neuronal/axonal scale in the human brain is
beyond the limited resolution of DTI, and moreover, the sheer
magnitude of a 1011 � 1011 adjacency matrix comprising in
the order of 1015 nonzero elements is unmanageable.

At the macroscopic scale, the basic unit of connectivity are
�ber bundles, each of which comprise in the order of 103 �
105 closely packed axons following a common trajectory in
the sub-cortex. Fiber bundles serve as long-distance pathways
between distinct regions located in the cortex. Connectivity at
the macroscopic scale is approximated with a network (graph)
model, where distinct cortical regions play the role of nodes
(vertices), while �ber bundles form the interconnecting li nks
(edges).

Tracer methods have been used to chart macroscopic con-
nectivity in the macaque [16], [43] and feline [33] brain.
The cortico-cortical adjacency matrices resulting from these
studies have been investigated [22], [35] for generic features
exhibited by network models such as small-worldliness [40],
scale-freeness [6] and repeated motifs [25]. However, claims of
the form ‘brain shown to exhibit property X’ must be accepted
cautiously, since a microscopic neuronal/axonal network is
not necessarily endowed with the same properties as its
macroscopic approximation.

In humans, DTI coupled with a �ber tracking algorithm
serves as a feasible alternative to the tracer methods used
in lower primates. DTI provides estimates of the local �ber
bundle direction (tangent) at each voxel. Global �ber bundl e
trajectories are then inferred from the local estimates using
a �ber tracking algorithm. Although advancements in post-
processing of DTI have featured prominently in recent lit-
erature, deriving a human cortico-cortical adjacency matrix
has received little attention, except for very recent work [18],
[21] (see Section III). An adjacency matrix of this kind�tha t
is, a structural adjacency matrix (SAM)�can be examined
for correlation with existing functional adjacency matrices
associated with network models of brain function [2], [14].
This approach may ful�l the promise touted of DTI as a
means to reconcile brain function with brain structure and
connectional anatomy [9], [10], [30].

Advancements in post-processing of DTI re�ect a desire to
reconstruct evermore intricate white-matter structures with ev-
ermore precision. The assortment of sophisticated �ber tra ck-
ing algorithms available today are testament to this pursuit.
Although faithful reconstruction of a trajectory traced out by
most white-matter structures is now possible, little effort has
been devoted to quantifying the relative connectivity between
two cortical regions at opposing ends of a �ber bundle. For
example: How much information can be transmitted per unit

Authorized licensed use limited to: UNIVERSITY OF MELBOURNE. Downloaded on February 10, 2009 at 01:43 from IEEE Xplore.  Restrictions apply.



2

Length, l

C
(l

)
b
l1

b
l2

(a) Length Biased

C-S Area, a

C
(a

)

b
a1

b
a2

(b) C-S Invariant

Fig. 1. As a measure of connectivity, the fraction of intersecting streamlines
is length biased and cross-sectional area invariant.

of time between two cortical regions at opposing ends of
a �ber bundle? Inferring a meaningful quantitative measure
of connectivity from DTI is a crucial step in constructing a
SAM for the human brain. For example, SAM element (i; j)
could be populated with the net capacity provided by all �ber
bundles interconnecting cortical regions i and j.

State-of-the-art �ber tracking algorithms [8], [11], [17] ,
[20], [28] generate thousands of independent probabilis-
tic streamlines seeded from cortical region i. A common
(mis)interpretation is that connectivity between cortical region
i and any other arbitrarily de�ned cortical region j can be
quanti�ed by the fraction of streamlines that intersect wit h j.
The fraction of intersecting streamlines is useful as a measure
of con�dence/uncertainty, but as a measure of connectivity , it
is problematic: Consider a hypothetical �ber bundle of leng th
l mm, uniform cross-sectional area a mm2 and with cortical
regions i and j located at its opposing ends. Let Ci;j(l; a)
denote the fraction of probabilistic streamlines seeded from i
that intersect j. Using Ci;j(l; a) to quantify the connectivity
between regions i and j is problematic for several reasons:

1) C(l) is length biased1

2) C(a) is cross-sectional area invariant: C(a1) = C(a2),
3) Ci;j is seed biased: Ci;j 6= Cj;i,

where l1 < l2 and a1 < a2. See Fig. 1.
We contend that a meaningful measure of connectivity

should in fact be endowed with precisely the converse of
properties 1 - 3. Consider the simple analogy of water �ow in
a pipe. The pipe represents our hypothetical �ber bundle, th e
water symbolizes information transmitted between opposing
ends of our �ber bundle, while �ow is a stand in measure for
connectivity. The rate of water �ow remains approximately
constant throughout the length of the pipe. However, the rate of
water �ow increases in proportion to the cross-sectional area
of the pipe. Therefore, we contend that a meaningful measure
of connectivity should be length invariant and increase in
proportion to cross-sectional area�the precise converse o f
properties 1 and 2. The intuition is simple: a �ber bundle wit h
greater cross-sectional area implies a �ber bundle compris ing
more axons, and more axons enable the transmission of more
information per unit time. Physiological studies [31] have
indeed posited the notion of an axonal conduction velocity,
which was found to be proportional to axonal diameter. There-
fore, taking the square-root of a measure of connectivity that

1Efforts have been made [11, FSL 4.0] to compensate length bias by
considering the mean length of all intersecting streamlines instead of C.
However, we show this can in fact overcompensate.

is proportional to cross-sectional area results in a measure that
remains true to the notion of conduction velocity. Conduction
velocity re�ects the speed at which information is transmit ted
through an axon.

Note that we are considering conduction velocity at the
macroscopic level (with respect to a �ber bundle), whereas
[31] considers this notion at an axonal (microscopic) level. In
extrapolating this notion to the macroscopic level, we tacitly
assume m axons of diameter d �m exhibit a commensurate
net conduction velocity (and commensurate bundle diameter)
as m=2 axons of diameter 2d �m. The potential to resolve
axonal diameter using diffusion-MRI has been demonstrated
in [5].

Fiber bundles are considered unidirectional�information
can be transmitted in one direction only. Since directionality
cannot be resolved using DTI, we contend that a meaningful
measure of connectivity should �nally satisfy invariance t o
which end of a �ber bundle serves as a seed, namely Ci;j =
Cj;i.

This paper presents a new measure of connectivity that
remains faithful to the key properties of length invariance,
proportionality to cross-sectional area and seed invariance. The
measure is primarily intended to provide researchers with a
means to populate a SAM using DTI. Arming researchers with
a means to populate a SAM unlocks the door to quantitative
investigations of the hypothesized link between brain function
and structure. Undertaking these investigations, however, is
not the purpose of this paper. This paper rather establishes a
simple method to compute our new measure of connectivity
and demonstrates its ability to remain faithful to the key
properties we have contended that a meaningful measure of
connectivity should satisfy.

The method established in this paper is a de facto �ber
tracking algorithm, in that it also yields �ber bundle traje c-
tories of the same nature as existing probabilistic tracking
algorithms. The crucial distinction is that the thousands of
streamlines accumulated to yield a �ber bundle trajectory a re
each computed to satisfy a global optimality criterion. In con-
trast, probabilistic tracking algorithms in common use today
compute each streamline greedily2. This paper demonstrates
that preserving global optimality enables precise tracking of
notoriously dif�cult to track white-mater structures, suc h as
the contralateral and longitudinal fasciculi.

II. A NEW MEASURE OF CORTICO-CORTICAL

CONNECTIVITY

This section establishes a new DTI-derived measure of
cortico-cortical connectivity based on the notion of informa-
tion �ow. The measure is intended to re�ect the maximum
rate at which information can be transmitted between a pair
of cortical regions, which is quanti�ed by the net capacity o f
all interconnecting �ber bundles. In analogy to the capacit y
of a pipeline, the capacity of a �ber bundle is dictated by
its minimum cross-sectional area (bottleneck). The minimum
cross-sectional area of a �ber bundle is assumed to constric t

2Streamlining is considered greedy because the direction of each line
segment is solely determined based on the local tensor.
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the maximum number of axons it can support, and thus
determines its maximum rate of transmission, or capacity.
This assumes uniform axonal density�axons cannot be more
closely packed at a bottleneck�and each axon contributes a
capacity that is proportional to its individual cross-sectional
area.

Certain pathologies may invalidate the assumption of uni-
form axonal density. For example, expansionary forces owing
to a tumor may compress a �ber bundle and thereby increase
local axonal density. Note also that other neurophysiological
effects such as the degree of axonal mylenization may have a
profound in�uence on connectivity. Any potential neurophy s-
iological in�uences are not considered herein. Axonal den-
sity may also exhibit substantial natural variation throughout
white-matter.

The purpose of this section is to present a simple method to
compute our measure of connectivity. Let I be the set of all
voxels comprising DTI space. Using either manual tracing or
any of a number of automated segmentation algorithms [45],
I is partitioned into two subsets: white-matter, W , and grey-
matter, G. Any voxels not in W [G play no further role.

The set G is then sub-divided into N contiguous cortical
regions according to existing functional sub-divisions of the
cortex or any other meaningful cortical sub-division of interest
to the researcher. Let gn be the set of voxels comprising
cortical region n = 1; : : : ; N .

We adopt a simpli�ed view of white-matter as a com-
munications network facilitating long-distance communication
between a set of N cortical regions. We therefore wish to
populate an N � N SAM, where each of the N nodes
corresponds to a cortical region.

A. Modeling the White-Matter Graph

We model the �ow of information through white-matter
using an undirected graph termed the white-matter graph. The
center of each white-matter voxel serves as a node3. A link
may be drawn between any pair of voxels that lie within a 26-
voxel neighborhood. Therefore, the maximum possible nodal
degree is 26. Links are drawn selectively to constrain the �o w
of information according to the geometry of the underlying
white-matter. Let L be the set of all drawn links.

Each link is assumed to support the transmission of one arbi-
trary unit of �ow per unit of time. Links serve as the building
blocks for long-distance cortico-cortical communication. An
ordered set of M links L = (l1; : : : ; lM ) � L is termed a
path if all the pairs of links (lm; lm+1) � L share a unique
node that no other pair of links share.

Modeling the white-matter graph entails deciding where
links should be drawn to ensure any resulting paths conform
with white-matter structure. Standard processing of a DTI ac-
quisition [41] furnishes a principal eigenvector for each voxel
in white-matter. Let vi = (vx; vx; vz) denote the principal
eigenvector assigned to voxel i 2 W .

A voxel may be traversed by either one, many or no �ber
bundles. The principal eigenvector is most informative in the

3We therefore use voxel and node interchangeably, since there is a one-to-
one correspondence between the two.

case that a voxel is traversed by a single �ber bundle. In
this case, the principal eigenvector is locally tangential to the
longitudinal axis of the �ber bundle. In the second case, the
principal eigenvector is less informative and merely represents
a consensus average of tangents. The principal eigenvector is
randomly oriented in the last case.

An undirected link is drawn between a pair of nodes i; j 2
W in the white-matter graph if and only if:

1) i and j lie within a 26-voxel neighborhood; and,
2) the minimum angle formed between vi and vj is less

than a prescribed angle �. Speci�cally,

� > arccos(jvi � vj j) () li;j 2 L; (1)

where li;j denotes the link between nodes i and j. This is
called the minimum angle criterion and � is the minimum
angle threshold.

Note that in the case of multi-�ber models [4], a voxel
may be �tted with more than one vector (as opposed to a
single principal eigenvector), each of which models a distinct
local trajectory. In this case, the minimum angle criterion is
considered for each pair of vectors, where one of the vectors
comprising a pair pertains to voxel i and the other pertains
to voxel j. Also note that a potential re�nement may involve
adjusting the minimum angle threshold according to the length
of each link. This re�nement may prove particularly useful i n
the case of anisotropic voxel dimensions.

For modeling purposes, we suppose each �ber bundle
has a clear-cut periphery. We refer to the volume of space
encapsulated by a �ber bundle as its internal volume. A node
is said to be internal with respect to a given �ber bundle if
it is located within the inner volume. An external node is
de�ned complementarily. An internal node pair refers to any
two internal nodes that lie within a 26-voxel neighborhood.
An external-internal node pair refers to any two nodes that
lie within a 26-voxel neighborhood, where one node is internal
while the other is external, with respect to a given �ber bund le.

The minimum angle criterion encourages links to be
drawn between internal node pairs. Conversely, links between
external-internal node pairs are discouraged.

The minimum angle threshold � in (1) enables a binary
classi�cation of each node pair as either internal or extern al-
internal. We choose � suf�ciently large to absorb any small
changes in tangent due to legitimate �ber bundle curvature.
Inner volumes are overin�ated if � is chosen too large.

Drawing links only between internal node pairs is intended
to constrain the trajectory of any paths that may be found in
the white-matter graph in a way that remains consistent with
the underlying white-matter geometry. In particular: A path in
the white-matter graph is constrained to the inner volume of
a single �ber bundle. To escape from an inner volume, a path
has no choice but to exit via an external-internal node pair.
However, such an escape route does not exist, since links are
not drawn between external-internal node pairs. We refer to
this as the inner volume constraint.

A path in the white-matter graph can be viewed as a discrete
analogue of a streamline associated with existing �ber trac king
algorithms. A path can be steered in 26 possible directions,
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and thus the tangent at any point along a path is limited to
one of 26 discrete values. A path in the white matter graph
need not be tangential to the longitudinal axis of its inner
volume. This is because a link is drawn between all internal
node pairs, not just the subset that is tangential. Therefore,
a path that zig-zags through an inner volume is feasible, for
example.

Alternatively, we could adopt a more conventional approach
and only permit tangential links in the white-matter graph.
This would require a simple modi�cation of the minimum
angle criterion and would render infeasible any paths that
zig-zag. We have opted to draw links between all internal
node pairs (i.e. tangential, perpendicular, etc.) for the following
reasons:

� Each link is constrained to 26 possible directions. The
tangent at particular points along the longitudinal axis
of a �ber bundle may be poorly approximated by all 26
directions. Therefore, if we were to only permit tangential
links, a plausible link may not be established because
each of the 26 angles formed between the principal
eigenvector and the 26 possible link directions is too large
to satisfy the minimum angle criterion.

� Permitting perpendicular links, and hence paths that zig-
zag, provides better noise resilience. Speci�cally, a prin -
cipal eigenvector may be perturbed by noise to an extent
that precludes establishment of a tangential link (i.e.
minimum angle criterion is not satis�ed). Establishing
a perpendicular link offers an alternative trajectory to a
path that would otherwise fail to reach its desired target
because of the absence of a tangential link.

We remark that all the algorithms and analysis devised in this
paper are applicable without further modi�cation to a white -
matter graph in which only tangential links are permitted.

Perpendicular links may potentially introduce �ctitious c on-
nections between adjacent, yet distinct �ber bundles. For
example, two distinct �ber bundles that traverse parallel t rajec-
tories and closely abut each other may be �ctitiously connec ted
by a link that is perpendicular to their longitudinal axes. In
other words, two abutting, parallel, yet distinct �ber bund les
may appear as only one large �ber bundle.

An example of a white-matter graph is shown in Fig. 2.
The white-matter graph is not to be confused with the

cortico-cortical graph and its associated SAM. The two graphs
are related in the following way: Paths in the white-matter
graph will be used to determine the maximum rate at which in-
formation can be transmitted between nodes (cortical regions)
in the cortico-cortical graph.

B. Computing Paths in the White-Matter Graph

We use the maximum number of link-disjoint paths4 that
can be established between opposing ends of a �ber bundle as
a measure of its connectivity. We refer to this as the capacity
of a �ber bundle for the simple reason that each path supports
the transmission of one unit of �ow per unit time, and thus the
maximum rate of transmission, or net capacity, is intuitively

4A set of paths is said to be link-disjoint if no two paths share a common
link.
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Fig. 2. A 30�30 transverse slice of the white-matter graph for a hypothetical
�ber bundle with trajectory modeled as Archimedes’ Spiral. Solid dots and
their interconnecting arcs represent nodes and links, respectively. Nodes of
degree zero are not shown. Voxels comprising the inner volume are shaded.
The principal eigenvector assigned to each inner node is locally tangential.
External nodes are assigned a randomly oriented principal eigenvector. The
minimum angle threshold � = 12�. Isolated links indicate external node pairs
that have satis�ed the minimum angle criterion by chance. Th e probability of
this chance event is 1 � cos(�=2) = 0:0055. A sample path is shown in red.

the sum of capacities supported by each individual path.
Enforcing link-disjointedness ensures the maximum number
of paths that can be established is �nite, since the white-ma tter
graph comprises a �nite set of links and each link can sustain
at most one path.

The maximum number of link-disjoint paths that can be
established between opposing ends of a �ber bundle is a lengt h
invariant measure that increases in proportion to minimum
cross-sectional area. These are two key properties we contend
a meaningful measure of capacity should satisfy, and indeed
vital to ensure congruency with the pipe capacity analogy.

Intuitively, it can be seen that the maximum number of link-
disjoint paths is length invariant because the capacity supplied
by each path is independent of the number of links it traverses.
In contrast, since probabilistic streamlines are not necessarily
constrained to terminate at the end of a �ber bundle 5, each
successive increment in the length of a streamline represents
a new opportunity for a wrong-turn, resulting in termination
at a location other than the end of a �ber bundle. Since the
number of opportunities for a wrong-turn increases with the
length of a streamline, successfully reaching the end of a �b er
bundle decreases in likelihood with length.

The maximum number of link-disjoint paths is constrained
at the position along the length of a �ber bundle at which
cross-sectional area is a minimum. This is because the spacing
between nodes in the white-matter graph is uniform, and thus

5 Although streamlines that fail to reach the end of a �ber bund le can be
culled, the ratio of surviving streamlines to all streamlines generated is length
biased. Furthermore, a statistically signi�cant number of surviving streamlines
may require generation of an exorbitant number of samples, particularly in
the case that the surviving streamlines correspond to a weakly connected �ber
bundle.
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the �rst position along the length of a �ber bundle that is lik ely
to become depleted of links is the position at which cross-
sectional area is a minimum. In graph-theoretic parlance, this
position is termed the minimum cut.

Lacking a model for microscopic grey-matter connectivity,
we characterize each cortical region in terms of its interface
(edge) with white-matter. Information bound for a distant
cortical region is �rst transmitted to the white-matter int erface
via a series of microscopic connections, after which it is trans-
mitted via one or more long-distance �ber bundles to arrive
at the white-matter interface at the distant cortical region, and
then disseminated to individual neurons via another series of
microscopic grey-matter connections.

Let E(i) � W denote the set of white-matter voxels
comprising the interface cortical region gi, i = 1; : : : ; N ,
shares with white-matter. We require that the subdivision of
grey-matter into N cortical regions is such that each cortical
region shares an interface with white-matter�that is, jE(i)j >
0. The construction of E(i) is governed by the simple edge
detection-like rule

v 2 E(i) () N26(v) \ gi 6= ;; (2)

where v 2 W andN26(v) denotes the set of voxels comprising
the 26-voxel neighborhood of voxel v (see Fig. 3).

A path between a pair of nodes u and v is said to be
an (i; j)-path if u 2 E(i) and v 2 E(j). Let fi;j denote
the maximum number of link-disjoint (i; j)-paths that can be
established. Since we measure the capacity of a �ber bundle
as the maximum number of link-disjoint paths that can be
established between its opposing ends, it follows that the net
capacity provided by all �ber bundles interconnecting cort ical
regions gi and gj is given by fi;j .

Given that a SAM may comprise in the order of 103 or 104

elements, an ef�cient approach is required to compute fi;j . The
max-�ow min-cut theorem [3], [15] asserts that fi;j is equal
to the maximum �ow that can be established between cortical
regions gi and gj , if each link in the white-matter graph
is constrained to a net maximum �ow of unity. Therefore,
computing fi;j is possible with any of a number of algorithms
for solving the classic maximum �ow problem.

The classic maximum �ow problem seeks to determine the
maximum �ow between a pair of nodes, referred to as a
source and sink, in a graph for which each link is subject
to a net maximum �ow constraint. Computing fi;j reduces to
the classic maximum �ow problem if all nodes comprising
E(i) are amalgamated to form a single i-super-node that
plays the role of a source node. A j-super-node is de�ned
correspondingly and plays the role of a sink node. A super-
node inherits the same links as the amalgamated set of nodes
it comprises.

With a source and sink node de�ned, the Edmonds-Karp
algorithm [3], [13] can be used to compute fi;j in O(jWjjLj2)
time. The Edmonds-Karp algorithm is reinvoked for each
element (i; j) in either the upper (i < j) or lower (i > j) tri-
angular block of a SAM, i; j = 1; : : : ; N . SAM element (i; j)
is then populated with fi;j . The opposing triangular block is
populated based on the symmetry fi;j = fj;i. Therefore, a
SAM can be populated with N(N � 1)=2 invocations of the

E(i)

gi

E(j)

gj
b b b b b b

b

b

b b

b

b

b

b b
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Fig. 3. White-matter voxels at the interface (edge) of cortical regions gi and
gj are shaded, as dictated by the edge detection-like rule (2). Establishment
of the direct path L1 precludes establishment of the two indirect (convoluted)
paths L2 and L3, and vice-versa, due to link-disjointedness constraints. The
Edmonds-Karp algorithm establishes L2 and L3 to yield fi;j = 2, at the
expense of the more realistic direct path. In contrast, a shortest to longest
path ordering (Algorithm 1) establishes L1 to yield f i;j = 1.

Edmonds-Karp algorithm in O(N2jWjjLj2) time. The SAM
may be binarized using a prescribed threshold to yield a bona
�de adjacency matrix.

Consider a situation in which the establishment of a partic-
ular critical path precludes the establishment of a set of many
other paths (see Fig. 3). Confronted with this situation, the
Edmonds-Karp algorithm will invariably establish the set of
many paths in favor of the critical path. However, the critical
path may remain more faithful to the underlying white-matter
geometry than any of the paths comprising the set. If this is
indeed the case, we contend that the critical path should be
established, thereby furnishing a more conservative measure
of capacity than establishing the set of many paths.

Some studies may indeed call for an optimistic measure
of capacity, in which case we advocate the use of fi;j . For
researchers seeking a more conservative measure, we advocate
an alternative.

C. A Conservative Measure of Capacity

Let f i;j be the number of link-disjoint (i; j)-paths estab-
lished by an Edmonds-Karp-like algorithm, where at each
iteration, a unit of �ow is established on a shortest (i; j)-path
that is link-disjoint with respect to (i; j)-paths on which a unit
of �ow was established in previous iterations. A path is said
to be a shortest path if no other paths exist that traverse fewer
links. The algorithm terminates when no further link-disjoint
paths can be established.

We have f i;j � fi;j , since establishing paths in order of
shortest to longest does not ensure the maximum number of
paths are established.

We contend that f i;j is a more conservative measure than
fi;j . In particular, establishing link-disjoint paths in order of
shortest to longest is consistent with previous studies [12], [26]
suggesting that �ber bundles roughly follow geodesics�tha t
is, the brain is wired to minimize the total length of wiring.

Although the maximum number of link-disjoint paths may
correspond to an ordering other than shortest to longest, such
an ordering is prone to comprise indirect (convoluted) paths at
the expense of more realistic shortest paths. For example, in
Fig. 3, establishing paths in an ‘optimal’ order yields fi;j = 2,
but entails two rather indirect paths, whereas a shortest to
longest order forgoes some optimality to yield f i;j = 1 but
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Algorithm 1 An Edmonds-Karp-like algorithm for computing
a conservative bound f i;j on the maximum number fi;j of
link-disjoint (i; j)-paths

Require: White-matter graph (W ;L) de�ned by node set W
and link set L; E(i) and E(j); number of random shortest-
path orderings, K

1: Initialize path volume: P(t) = 0, 8t 2 I
2: for k = 1 to K do
3: Make a copy L of L so L = L
4: Sample u from E(i) and v from E(j)
5: Initialize net �ow: f i;j(k) = 0
6: while exists a (u; v)-path in graph (W ;L) do
7: Compute a shortest (u; v)-path L
8: Establish a unit of �ow on L
9: Increment net �ow: f i;j(k) f i;j(k) + 1

10: Increment by 1 each node in P traversed by L;
speci�cally, P(t) P(t) + 1, 8t 2 L

11: Delete all links l 2 L from L so L  LnL
12: end while
13: end for
14: f i;j = 1=K

P
k=1;:::;K f i;j(k)

15: return SAM(i; j) = f i;j and P

gives a more realistic path. In theory, the white-matter graph
should by construction preclude convoluted paths; however,
noisy eigenvectors and/or a minimum angle threshold that is
set too high increases the likelihood of erroneous links that
may conspire to enable a convoluted path.

Algorithm 1 formalizes our Edmonds-Karp-like algorithm.
Each traversal of the outermost for-loop generates a ran-
dom shortest-path ordering. An ordered set of (i; j)-paths
(L1; L2; : : :) is said to be shortest-path ordered if Ln is chosen
as a shortest-path between two randomly selected nodes u and
v, that is link-disjoint with respect to L1; : : : ; Ln�1, where
u 2 E(i) and v 2 E(j).

In Algorithm 1, f i;j(k) denotes the �ow for the kth random
shortest-path ordering generated. The while-loop is guaranteed
to terminate, since the link set L is �nite and at least one
link is deleted from L during each iteration. The running
time of Algorithm 1 is governed by the number of random
shortest-path orderings generated, which is a user-de�ned
parameter denoted with K . Setting K is a tradeoff between
fast computation time and generating a suf�cient number of
random orderings to ensure statistical adequacy of the average
f i;j = 1=K

P
k=1;:::;K f i;j(k).

We advocate the average f i;j as a substitute for fi;j for
populating SAM element (i; j), if a conservative measure of
capacity is required.

The conservative and optimistic measures of capacity we
advocate are both given in arbitrary units that are relative to
the resolution of the white-matter graph. Measured capacity
increases in proportion to a decrease in the spacing between
nodes in the white-matter graph (increase in resolution). This
is because more link-disjoint paths can be established per
unit volume as resolution is increased. Therefore, capacities
measured using a high-resolution white-matter graph cannot be

directly compared with those measured using a low-resolution
counterpart, unless an appropriate normalization is considered.
A simple normalization is fi;j  fi;j= maxi;j=1;:::;N fi;j ,
which results in unity capacity for the pair of cortical regions
between which the greatest amount of information can be
transmitted per unit time.

D. A Fiber Tracking Algorithm

Algorithm 1 also serves as a defacto �ber tracking algo-
rithm. In Algorithm 1, P maintains a count for each voxel
i 2 I. (Recall that I denotes the set of all voxels comprising
DTI space.) Initially, P(t) = 0 for all t 2 I. For each new path
L generated during an iteration of the while-loop, the count
for each voxel (node) comprising L is incremented by one.
Speci�cally, P(t)  P(t) + 1 for t 2 L. In the same spirit
as existing probabilistic tracking algorithms, the �nal co unts
can be viewed slice-by-slice as an intensity image to visualize
�ber bundle trajectories and yield a connectivity map.

Paths in the white-matter graph play the same role as
probabilistic streamlines. The crucial distinction is that paths
are determined according to a global criterion�each path is
a globally shortest path in the white-matter graph; whereas
streamlines are determined according to a locally greedy
criteria. Each local decision presents an opportunity for a
streamline to take a wrong-turn. A global criterion is better
equipped to navigate through noisy voxels, since deciding
which direction to take at a particularly noisy voxel is not
solely reliant on the local principal eigenvector or Bayesian
posterior, which are potentially erroneous.

We contend that constructing an intensity image (connec-
tivity map) using the �nal counts stored in P provides a more
realistic visualization than using the fraction of intersecting
streamlines because:

� The cross-sectional area of a visualized �ber bundle now
corresponds to its actual cross-sectional area, rather than
an indication of data con�dence/uncertainity.

� The integrity of a visualized �ber bundle no longer
deteriorates as a function of the length from its origin.

Furthermore, if streamlines that do not reach a prescribed
target are culled, the number of surviving streamlines may
be statistically insuf�cient to produce a reliable visuali zation.
In contrast, since a path is guaranteed to reach its target,
computational effort is never wasted on generating samples
that are ultimately culled.

III. RELATION TO PREVIOUS WORK

The concept of globally optimal paths as a basis for �ber
tracking in DTI has been advocated in the past [18], [19], [27],
[29], [36], [37], [38], [44], either in the guise of fast marching
or shortest paths. Typically, a graph is constructed such that
the center of each voxel serves as a node and all links in either
a 6- 26- or 50-voxel neighborhood are included. Each link is
assigned a weight (probability) based on any of a number of
proposed heuristics, which seek to assign a larger weight to
links that are aligned with underlying white-matter structures.
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The weight of a path L is quanti�ed by the product

w(L) =
Y

l2L

w(l); (3)

where w(l) denotes the weight assigned to link l.
The connectivity between two voxels (nodes) is then mea-

sured as the weight of a maximum weight path between them.
Speci�cally, the connectivity between nodes i and j is given
by Ci;j = maxLi;j w(Li;j). This measure of connectivity is
however length biased and invariant to cross-sectional area�
two properties we have contended a meaningful measure
of connectivity should not exhibit. Its length bias can be
understood as follows: Let L1 and L2 denote two paths such
that L1 is longer than L2. Consequently, jL1j > jL2j, and thus
w(L1) is typically less than w(L2), since the product in (3)
involves more terms.

In [18], a 71� 71 SAM is derived for �ve human subjects
using a shortest paths tracking algorithm. Length bias is
identi�ed as a confound. To compensate for length bias, the
connectivity between nodes i and j is instead given by Ci;j =
maxl2L�

i;j
w(l), where L�

i;j = arg maxLi;j w(Li;j) denotes a
maximum weight path between i and j. The drawback of
this compensation for length bias is that a misleadingly high
measure of connectivity can result if a path traverses only one
highly weighted link. In simple terms, this compensation is
analogous to quantifying the strength of an entire chain solely
in terms of the strength of its strongest link.

In [20], a novel approach to global �ber tracking is ad-
vocated. Therein, a spline serves to parameterize potential
trajectories between two regions of interest. Bayesian priors
are de�ned for the spline control points. A sample trajector y
can then be established by drawing a sample from each
control point distribution. Initializing and ef�ciently s ampling
the proposal distribution for the control points is a potential
shortcoming of this approach.

In [21], a � 1000 � 1000 SAM is derived for two human
subjects using a streamline-inspired tracking algorithm tailored
to data with suf�cient angular resolution to infer non-Gaus sian
diffusion (diffusion spectrum imaging). The way in which
streamlines are initialized introduces a unique kind of ‘posi-
tive’ length bias, in that longer �bre bundles are more likel y to
be traversed by a greater number of streamlines. It is contended
that this ‘positive’ bias increases linearly with length, which
allows for a straightforward compensation. Compensating for
the usual ‘negative’ length bias is however not considered. The
derived SAM exhibits an exponential nodal degree distribution
and small-worldliness. This is somewhat contradictory to
graph-theoretic analysis of a macaque and feline SAM derived
using tracer methods [22], [35].

IV. VALIDATION

The purpose of this section is to demonstrate that capacity
as a measure of connectivity (see Section II) is endowed
with the key properties of length invariance, proportionality
to cross-sectional area and seed invariance (see Section I). We
further demonstrate that the fraction of intersecting streamlines
as a measure of connectivity exhibits the precise converse
of these properties. Finally, we demonstrate that constructing

an intensity image (connectivity map) based on capacity (see
Section II-D) provides a more realistic visualization than the
fraction of intersecting streamlines.

We use Algorithm 1 (see Section II-C) to compute capacity.
The fraction of intersecting streamlines is a popular and well-
recognized measure that can be computed using any of a
number of existing probabilistic algorithms [8], [11], [17],
[20], [28]. We speci�cally use the algorithm devised in [11] ,
as implemented in the diffusion toolbox (ProbtrackX) from the
FMRIB Software Library 4.0 (FSL) (www.fmrib.ox.ac.uk/fsl),
which we henceforth refer to as FSL.

We consider reconstructing hypothetical tubular �ber bun-
dles of differing radius r = 1; 2; 3; 4 mm. The longitudinal
axis of each �ber bundle is restricted to the x-y plane and
modeled as an Archimedean Spiral

X(t) = (�t cos(�t) + �x; �t sin(�t) + �y; �z) 2 R3;

where t 2 (�=2; 2�], � and � are parameters governing
curvature and (�x; �y; �z) are constants chosen to ensure the
spiral is centered relative to the �eld of view. We set � = 18
and � = 2, which yields a curvature from 2 to 13 degrees
per mm and a maximum �ber length of about 8 cm. This
is intended to provide a realistic model for �ber bundles
exhibiting tight curvature and shallow pitch, such as the U-
�bers, splenium and Meyer’s loop [24].

We simulate a diffusion-weighted acquisition sequence
(256 � 256 mm2 �eld of view) comprising 30 isotropically
distributed gradient directions with b = 1000 s/mm2 acquired
over a 256�256 image matrix at 14 consecutive axial slices of
thickness 1 mm, thus resulting in voxel dimensions of 1�1�1
mm.

To model partial volume effects, each voxel is subdivided
into 8 isotropic sub-voxels, each of dimensions 0:5�0:5�0:5
mm. Let xi = (x; y; z) denote the coordinate of the center
of sub-voxel i, i = 1; : : : ; 8. Sub-voxel i is considered to
encompass white-matter (form part of the inner volume) if
and only if mint jjX(t) � xijj � r. (Recall that r denotes
�ber bundle radius.)

A signal is simulated for each sub-voxel. Let ai denote the
signal intensity simulated for sub-voxel i, which we generate
using the constrained tensor model [17] in which the second
and third largest eigenvalues are set equal and denoted with �.
In the absence of fanning, merging and/or crossing structures,
it sensible to adopt an exclusively prolate tensor model by
forcing equality of the second and third largest eigenvalues.
Speci�cally, for gradient direction g = (gx; gy; gz),

ai =

8
<

:

I0e�b(�+�(g�u)2); mint jjX(t) � xijj � r;

I1e�b�; otherwise,
(4)

where I0; I1 are the white- and grey-matter reference sig-
nal intensities, �� = � + � is the largest eigenvalue and
u = (ux; uy; uz) denotes the tangent of X(t�) at t� =
arg mint jjX(t) � xijj. We have u = rX(t�)=jjrX(t�)jj.
We set �� and � according to the ratio ��=� = 3, which
corresponds to experimental observations in the splenium [34].
We set I0 = 500 and I1 = 800, which are typical experimental
values in white- and grey-matter, respectively.
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Let A denote the signal intensity simulated for a voxel.
We assume each sub-voxel contributes equally to the signal
composition of its parent voxel and water exchange between
sub-voxels is negligible. Therefore, A = ha1 : : : a8i.

The simulated signal intensity A is corrupted with Rician
noise to resemble a genuine MRI signal intensity derived from
the modulus of a complex Fourier transform. Speci�cally,
~A =

p
N2

R + N2
I , where NR � N (A; �) is the real channel,

NR � N (0; �) is the imaginary channel and ~A denotes a
noise-corrupted realization of A. We use N (�; �) to denote
the Gaussian distribution with mean � and variance �2. This
noise model induces the well-known bias: E( ~A) > 0 even if
A = 0. As inferred from typical experimental MRI data in
[24], we set � = 21:7, which yields a white-matter SNR of
I0=� � 23.

We use weighted least squares estimation [32] to determine
the principal eigenvector v required for evaluation of the
minimum angle criterion (see Section II-A).

A. Validation Results and Discussion

Fig. 4 enables qualitative comparison of the connectivity
maps yielded with Algorithm 1 (see Section II-C), FSL and
FSL with compensation for length bias (the -pd option). To
construct the connectivity maps shown in Fig. 4, paths and
streamlines were seeded from a spherical mask of radius 4 mm
centered at X(�=2), which corresponds to the inner end-point.
A minimum angle threshold of 10� was used to construct the
white-matter graph and K = 1000 shortest path orderings
were generated (see Algorithm 1). FSL was used with default
parameter settings.

In discussing Fig. 4, for brevity, we use r(l) to denote the
radius of our hypothetical �ber bundle at length l from its
origin. We can infer r(l) from the connectivity maps shown
in Fig. 4. By construction, we know r(l) should be constant.
However, FSL wrongly indicates r(l) is decreasing�a direct
consequence of length bias. FSL with compensation for length
bias indicates r(l) is decreasing for r = 1 mm, but increasing
for r = 4 mm. This implies insuf�cient compensation is
provided for r = 1 mm, while r = 4 mm is overcompensated
for length bias. In contrast, Algorithm 1 correctly indicates
r(l) is constant and enables clear visual distinction between
r = 1; 2; 3; 4 mm.

Streamlines that take a wrong-turn may continue to prop-
agate forward several millimeters in an extraneous direction
before �nally satisfying a termination criterion. Any exte nsion
of a streamline from the point a wrong-turn is taken contributes
to the degradation that is particularly evident for r = 1
mm. Streamlines that take a wrong-turn may breach the �ber
bundle periphery (escape the inner volume) yet fail to satisfy a
termination criterion, and thus continue to aimlessly propagate
outside the �ber bundle. This results in a connectivity map i n
which peripheries are dif�cult to discern and cross-sectio nal
area is overin�ated.

Although it appears intuitive to compensate for length bias
by considering the mean length of all intersecting streamlines,
the same intuition also holds when considering length squared,
length cubed, length square-rooted, or for that matter any other

nonnegative exponent or monotonically increasing function of
length. There is no theoretical justi�cation for choosing a n
exponent of one, other than that this is the simplest choice.
In view of Fig. 4, an exponent of one provides reasonable
compensation for r = 2; 3 mm, overcompensates for r = 4
mm and provides insuf�cient compensation for r = 1 mm.
Apart from resorting to brute-force experimentation, we have
no means to determine an optimal exponent that provides the
most robust compensation for length bias.

Considering Fig. 4, we contend that Algorithm 1 yields the
most realistic visualization, since peripheral clarity remains
sharp and accurately coincides with the true periphery and
cross-sectional area of our hypothetical �ber bundle.

To improve the performance of FSL for r = 1 mm, we
considered specifying a spherical target mask of radius 4 mm
centered at the outer end-point X(2�). Streamlines that fail to
reach the target mask were culled (see footnote 5). However,
when a target (waypoint) mask is speci�ed, very few of the
original streamlines generated survive, thereby yielding an
effectively blank connectivity map.

Fig. 5 serves to provide quantitative support for the remarks
inferred from Fig. 4. In Fig. 5, spherical target masks were cen-
tered at 10 uniformly positioned points along the longitudinal
axis of each �ber bundle. The number of streamlines/paths
intersecting the target mask was counted to yield 10 mea-
surements of connectivity. In Fig. 5, an ideal length invariant
measure would yield a horizontal line intersecting the vertical
axis at 1. Fig. 5 shows Algorithm 1 is closest to an ideal length
invariant measure.

FSL adheres to the same tracking paradigm intrinsic to
most well-known probabilistic tracking algorithms�in par tic-
ular, thousands of independent streamlines are generated in a
Monte Carlo-like fashion, where each streamline is iteratively
lengthened by a few millimeters in a direction determined
by sampling a local orientation distribution function (ODF).
The key feature distinguishing many tracking algorithms is the
ODF model adopted. (See [4] for a survey of ODF models that
have been investigated.) We remark that the choice of ODF
does not mitigate length bias or invariance to cross-sectional
area. These undesirable properties are rather ascribable to
the local greediness intrinsic to the process of iteratively
lengthening a streamline in a direction determined by sampling
any arbitrary ODF. We therefore contend that our FSL-speci� c
remarks should in theory generalize to most locally greedy
tracking algorithms.

V. RESULTS AND DISCUSSION

The purpose of this section is to demonstrate Algorithm 1
(see Section II-C) enables precision tracking of notoriously
dif�cult to track white-mater structures, including the co n-
tralateral and longitudinal (association) fasciculi. For reasons
declared in Section 4, we use the algorithm devised in [11],
as implemented in FSL, to serve as a benchmark to gauge the
precision of Algorithm 1.

Diffusion-MRI data was acquired from a healthy 47 year
old female with no known neurological disorders using a 1.5
Tesla Magnetom scanner (Siemens, Erlangen). The spin-echo
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Fig. 4. Tracking a tubular �bre bundle of uniform radius r mm using (i) Algorithm 1, (ii) FSL, (iii) FSL with compensation for length bias (the -pd
option). 256 � 256 transverse slices with resolution 1 � 1 mm are shown. Paths and streamlines were seeded from a spherical mask of radius 4 mm centered
at the inner end-point. The DTI acquisition was computer-generated using 30 isotropically distributed diffusion gradient directions with b = 1000 s/mm2

and Rician noise yielding a white-matter SNR of I0=� = 500=21:7 � 23 [24]. Partial volume effects were modeled. Notice (indicated with arrows) the
overcompensation for length bias (r = 4 mm) and distal fading (r = 1 mm).

EPI sequence (TE = 106 ms, TR = 6.1 s, 230 � 230 mm2

�eld of view) consisted of 30 isotropically distributed gra dient
directions with b = 1100 s/mm2 acquired over a 256 � 256
image matrix at 40 consecutive axial slices of thickness 2.5
mm, thus resulting in voxel dimensions of 0:9�0:9�2:5 mm.
An additional 10 volumes with b = 0 s/mm2 were acquired at
a set of evenly distributed points in the sequence.

The 10 volumes with b = 0 s/mm2 were aligned to the
�rst one using an af�ne transform and then averaged to yield
a single reference volume. To correct for head motion and
eddy-current artifacts, the 30 volumes with b = 1100 s/mm2

were individually registered to the reference volume using
an af�ne transform. We performed this step using the eddy-
current correction tool available as part of FSL. Each gradient
direction was then rotated according to the transform that takes
its corresponding volume to the reference volume. Finally, all
of the volumes were skull-stripped using the brain extraction
tool from FSL.

As prescribed in Section II, we partition the set of voxels
comprising DTI space into two subsets: white-matter and grey-
matter. Any voxels not belonging to either of these subsets play

no further role. Partitioning was performed with the automated
segmentation tool that forms part of FSL, with some manual
intervention to correct for anomalies. The resulting set of
grey-matter voxels was then sub-divided into 90 contiguous
cortical regions according to a functional sub-division of the
cortex derived from the automated anatomical labeling (AAL)
atlas [39]. Fig 6(a) shows each distinct region included within
a particular axial slice. The white-matter interface of each
of the 90 cortical regions was determined using the edge
detection-like rule given by (2). The white-matter interface
of each cortical region serves as a seed/target mask (see
Section II) and is shown in Fig. 6 for a particular axial slice.
Grey and white matter partitions were generated using the
FAST module available as part of FSL. Following preliminary
experimentation, we opted to omit 20 of the original 90 cortical
regions for the purpose of generating the SAM. The 20 omitted
regions were primarily sub-cortical and were omitted for the
following reasons: to effect a reduction in computation time;
registration of the AAL template to diffusion space performed
marginally poorer in the sub-cortex; and, manual intervention
was required to re�ne the white-matter periphery for some
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