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Abstract— This paper investigates the relationship between
buffer size and long-term average TCP performance in dense
wavelength division multiplexing (DWDM) networks. By investi-
gating TCP NewReno, we demonstrate that buffer requirements
are related to the number of wavelength channels at a bottleneck.
With sufficient wavelengths, high throughput can be obtained
with a buffer of one packet per channel; furthermore, there may
be situations where an entirely bufferless optical packet switching
(OPS) will become feasible.

For this study, we develop new evaluation tools. First, we pro-
pose a method based on a two-part analytical model, with a new
“open loop” component which approximates packet discarding
in a bottleneck DWDM switch, and a “closed loop” fixed point
which reflects the impact of TCP. This analytical method provides
accurate and scalable approximations of throughput and packet
loss rate that can be used as part of a tool for DWDM network
and switch design. Second, we propose an extrapolation technique
to allow simulation of TCP over long ultra-high bit rate link s,
avoiding the intractable processing and memory requirements
of direct simulation. This extrapolation technique enables us
to validate the analytical model for arbitrarily high bit ra te
scenarios.

Index Terms— TCP, DWDM network, bufferless optical packet
switching (OPS).

I. I NTRODUCTION

In the past, it had been widely believed that Internet
switches need large buffers to achieve high throughput. A
common rule-of-thumb [1], [2] states that a switch needs a
bitrate-delay product (BDP) of buffering,B = C0 × RTT ,
in order to fully utilize bottleneck links. Here,B is the size
of the buffer,CO is the capacity of the bottleneck link, and
RTT is the average round trip time of the TCP flows running
in the bottleneck link (where “round trip time” is the time
between when a packet is sent and when its acknowledgment
is received, when all queues are empty). Internet design using
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large buffers results in many queued and hence delayed packets
in the network, and these packets delay other packets. It is
therefore advantageous to consider designs that reduce queue-
ing delay while still maintaining high network utilization.

Appenzelleret al. [3] proposed to use the ruleB = C0 ×
RTT/

√
N instead, whereN is the number of simultaneous

TCP flows. As argued in [4], [5], there is interdependence
between small buffers in routers and network stability. Enach-
escu et al. [6] then suggested that the buffer size need
not be larger thanO(log(W )), where W is the maximum
window size of the TCP flow control used by the operating
system of the receiver. Based on this rule, Beheshtiet al. [7]
suggested that optical packet switches may only need 10-20
packet buffers, at the cost of a certain reduction in utilization.
None of these studies has considered the effect of wavelength
division multiplexing (WDM) or dense WDM (DWDM) [8],
an important feature of present and future networks, in which
there are multiple wavelength channels on each core trunk.

Eramo et al. [9], [10] showed that switches with highly
symmetric load need only a small number of wavelength
converters to achieve a low packet loss probability. Wong
and Zukerman [11] proposed a queueing model for DWDM
switches and demonstrated that only small, but possibly non-
zero, buffers are needed if many wavelength channels per trunk
and full wavelength conversion are available.

These early publications indicate limited need for buffers
for TCP traffic and in DWDM switches. However, the
interaction betweenthese two has not been studied previ-
ously. In this paper we consider a “closed-loop” model of a
scenario that includes both TCP and core trunks with multiple
wavelength channels and we provide a scalable and accurate
analytical method for the evaluation of TCP throughput and
packet loss rate for DWDM networks. This method enables
practical conclusions on buffer sizing to be drawn and can
lead to a useful tool for network and switch design.

The small buffer requirements predicted by [6], [7] are
partially due to the limit imposed on TCP windows by today’s
small receiver buffers. In the present paper, we place no
limit on the maximum window size. We assume that the
TCP sender and receiver buffers are large enough that TCP’s
congestion window determines the transmission rate. This is
a conservativeassumption and is likely to be necessary for
future networks.

We consider the network model shown in Figure 1. TCP
sources transmit packets via access links to edge routers
(ERs) which have large electronic buffers that have negligible
probability of overflowing.The TCP sources are assumed to
be greedy, i.e., they always have data to transmit.From the
ERs, the packets are transmitted to a symmetric core DWDM
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Fig. 1. Network topology of an optical network with a bottleneck symmetric
switch

switch from which they are forwarded to other switches. Note
that our model is also applicable to topologies that do not
involve ERs, but instead allow packets from one or more
sources to be stored in a router on the customer premises and
transmitted directly to the network.

The analysis presented in this paper applies to electronic
packet switches and to optical packet switches, with buffers
of equal (possibly zero) size at each output port. However,
the demonstration of zero buffering requirement is particularly
relevant to optical switching.

This paper also covers the case of hybrid (optical/electronic)
switching, where, for instance, buffering and wavelength con-
version are performed electronically but incoming packetson
a given wavelength may cut through optically if the same
wavelength is available at the output [14], [15].

We will use the following terminology and notation. A con-
nection between two nodes is called a trunk. A trunk consists
of independentlinks (also calledwavelength channels). Every
link is connected to the switch at aport. Each input link
terminates on an input port of the switch and each output link
originates at an output port of switch. Note that we consider
the typical case where the number of TCP sources is much
larger than the total number of input links on all input trunks.
Moreover, since there are multiple trunks, the total numberof
input links is larger than the number of output links on any
single output trunk. Weconsider a non-blocking switchwith
output buffering and full wavelength conversion.

Note that true electronic output buffering is not feasible
at high speeds, but it can be exactly emulated at high speed
using virtual output queues [16]. Moreover, output buffer-
ing can be achieved in optical switches using multiple-
input single-output buffers consisting of a combination of
space switching and multiple FIFO delay lines [12], [13].
For a switch that is not fully non-blocking, the overall
throughput achieved will be lower due to the additional
packet discards.

We consider a switch withL input and output trunks, where
L > 2. Each trunk consists ofK links. Consider a subsystem
consisting of theK links/ports of an output trunk and all the
packets arriving at theM = (L − 1)K input ports that aim
to access that output trunk. For any output trunk, to evaluate

the buffer size required, we assume for simplicity that this
trunk is the only bottleneck for all the sources sharing it.
Accordingly, we consider only a single subsystem associated
with one output trunk and all the sources that transmit packets
through it, and all the ERs, links and ports that forward the
packets to it.

As in previous work [6], [7], we consider switches in which
each individual connection carries a small fraction of the total
capacity, allowing us to neglect the “saw-tooth” changes in
TCP rate due to additive increase and multiplicative decrease.
This is justified by the fact that most traffic in core switches
must traverse access links with rates orders of magnitude
smaller than those of the optical links rather than by assuming
an artificial limit on the receiver’s window as done previously.
Specific networks, such as dedicated high-speed scientific
networks [20], may require different buffer sizing rules.

The contribution of this paper is fourfold, with the devel-
opment of new performance evaluation tools as well as the
buffer-sizing study.

The first contribution, in Sections II and III, is a scalable
“open loop” approximation model for the packet loss prob-
ability as a function of traffic load. Here the traffic load is
defined as the rate [packets/s] times the mean packet size
[bits]. We demonstrate that our approximation is accurate in
a wide range of scenarios. Although the open loop model is
a component of our closed loop model, it has a value on its
own as it is applicable to dimensioning networks that carry a
significant amount of non-TCP traffic, which are expected to
be prevalent [21].

The second contribution, in Section II-B, is a closed-loop
analytical model to estimate bottleneck throughput. This model
includes the open-loop model and also the feedback provided
by TCP, whose throughput is determined by the packet loss
probability [22], [23]. A fixed-point solution of this closed-
loop model can be calculated by a binary search algorithm.
By comparing it with ns2 [24] simulation results, we show
that this analytical model provides an accurate approximation
to the throughput.

Third, in Section IV we provide an extrapolation method
to estimate the performance of high bit rate optical networks.
Having a high bit rate means that simulations require a large
amount of memory to store all the packets which are “in
flight”. Moreover, current CPUs require a very long time
to process the large number of packets. Moore’s law [25]
cannot alleviate this plight because bit rates are scaling up
as fast as the volume of memory and speed of CPUs [26].
The extrapolation method simulates a network with the same
topology but lower bit rates and fewer flows, and then scales
the results up to the desired bit rate [27].

Finally, Section V contains the main numerical study. We
show that increasing the number of wavelengths dramatically
reduces the buffering requirements, and that previous rules-of-
thumb which disregard this effect will be overly conservative.
The impact ofTCP Pacing [28], [29] is also investigated, and
we demonstrate that it will typically not have a major effect
on the throughput of high-bandwidth core switches.
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Fig. 2. Interaction between TCP protocol and the bottleneckDWDM switch

II. M ODEL

Consider a DWDM switch carrying TCP traffic. The
throughput and packet discard probability of this system will
be studied by decoupling the closed-loop TCP-over-DWDM
system and anlyzing two interconnected models: one is a novel
“open-loop” queueing model and the other is a standard TCP
model. This is illustrated in Figure 2.

After introducing the notation, the rest of this section will
describe the TCP model. The open-loop queueing model is
more complex, and will be described in the following section.

A. Notation

Packets arrive at the DWDM switch through any of itsM
input ports. For each input port, let1/λ [seconds] be the mean
idle time between two consecutive packets, measured from the
end of one packet to the start of the next.

The packet timeis the time it takes for an entire packet to
be received by an input port. Let1/µ [seconds] be the mean
packet time. An input port is said to bebusyduring the period
it receives a packet.

The switch has a buffer consisting ofB buffer spaces. Each
buffer space can store a single packet indefinitely, and is avail-
able to store a new packet if either it is not currently storing
a packet, or the packet it is storinghas been completely
received and is currently being output. An incoming packet
will be discarded if there is neither an idle output port nor
an available buffer space. The packet loss probability,PD,
estimates the proportion of packets which are discarded by
the input ports.

The average rate of TCP flow is denoted byr
[packet/second], andRTT [seconds] is the round trip time.

B. TCP model

Mathis et al. [22] proposed that the rate of a TCP flow (in
packets/second) as a function of the packet loss probability is

r =

√

1.5/PD

RTT
≈ 1.22/

√
PD

RTT
(1)

if the flow is dominated by TCP’s “congestion avoidance”
phase [30]. This equation applies to a family of TCP protocols,
called by us ”Reno”, including Reno [30], NewReno [31] and
SACK [32], which are all essentially the same at the level of
abstraction we consider. More accurate expressions have been
developed (see for example [23]). However if each flow is
a small fraction of the total throughput, bursts are smoothed
by the access links, and the buffer is sufficiently small for
queueing delay at this switch to be negligible, then (1) is
accurate enough for our purposes, as demonstrated by the
simulations in Section V.

If all the TCP flows have the same long-term average packet
loss probabilityPD, the effective aggregate rate of all the TCP
flows is

Ragg =
N
√

1.5/
√

PD

RTTH

(2)

whereRagg [packets/sec.] is the aggregate rate of TCP flows,
N is the total number of TCP flows andRTTH is the weighted
harmonic mean round trip time of theseN TCP flows, namely
RTTH = Ragg/

∑

i(ri/RTTi), whereri and RTTi are the
rate and round trip time of theith flow, and the sum is taken
over all flows.

The total packet arrival rate to the open-loop model is

Λ =
M

λ−1 + µ−1
, (3)

where theµ−1 reflects the reduction in load caused by each
arrival, whether the packet is buffered, discarded or sent
immediately, andΛ is equal to the aggregate packet arrival rate
that all the TCP sources attempt to transmit, i.e.Λ = Ragg.
From (2) and (3), the relationship betweenλ and PD is
λ = T (PD) where

T (p) =
Nµ
√

1.5

MµRTTH
√

p−N
√

1.5
. (4)

When all RTTs are equal, the total bitrate-delay product
is MµRTT . The model (1) from [22] does not consider
timeouts, and hence only applies when flows have a window
of at least four packets, to allow packet discards to be de-
tected by three duplicate acknowledgements. The proposed
model should thus only be used whenMµRTTH > 4N .
Actually, for very low RTTs (4) is nonsensical; notice that if
MµRTTH <

√
1.5N , the arrival rateT (p) becomes negative.

Note that the model (2) applies to TCP Reno. Most new
TCP variants achieve higher throughput for a given value of
PD, and so can tolerate smaller buffers. This is particularly
true of TCP variants specifically designed for small-buffer
networks [33]. Designing buffers for Reno is therefore a
conservative approach.

C. Closed loop model

The foregoing TCP model findsλ in terms of its input:PD

and the system parametersRTT , N , M andµ. The open loop
queueing model to be derived in Section III will findPD in
given its input:λ and the system parametersN , M , µ, B and
K. Together, these two form a set of fixed-point equations,
which we call the closed loop model. This set of fixed-point
equations allowsλ, PD and, most importantly, the throughputs
r andRagg to be calculated.

III. O PEN LOOP MODEL— EVALUATION OF PACKET LOSS

PROBABILITY

As discussed, the open loop model takes as input the traffic
intensity λ along with parametersµ, M , K and B, and
estimates the packet loss probabilityPD as output. This section
provides a detailed description of the open loop model and
the method used to evaluate the packet loss probability. It



also provides information on previous related publications and
several alternative models.

The model makes a mild symmetry assumption: For a given
output port, there is a constant such that the rate of arrivals
at each input port of packets destined for this output is either
zero or that constant. Note that this does not require that the
load on each output port be equal (as assumed in work such
as [9], [10]), that the number of TCP flows using each input
port be equal, that each TCP flow obtain equal rate, or that
all pairs of input/output ports be used.

The model is based on a Markov chain, and implicitly
assumes that both idle time and packet transmission time are
exponentially distributed.The former is justifiable in our
case where we consider a large number of greedy flows.1

The latter, which was made for tractability, is not as limiting
as one might expect; for instance, certain bufferless systems
are entirely insensitive to the packet length distribution[34].
However, in the case of large buffers, and considering
realistic Internet traffic scenarios [35], [36], [37], [38],
larger losses may occur than those predicted by our model
based on these assumptions.

In principle, a multidimensional continuous-time Markov
chain can be defined to yield an exact solution of the above
described model, but because the size of the state space of the
Markov chain model is exponential in the model parameters,
such a solution will be computationally prohibitive. The state
space explosion results from the many possible interactions
between input ports, buffers and output ports. Notice that an
input port is busy when it is 1) switching a packet to an output
port, 2) loading a packet into a buffer space, or 3) discarding
a packet. A prohibitive number of states are required to record
the states of each of theM input ports and theK output ports,
and for each logical buffer position to record the identity of
the input port from which the packet is written to it, if any.
Therefore, we aim here to develop a model that will lead to
an accurate yet scalable approximation. Given thatM andK
increase with technology advancements, our model should be
of a single dimension to achieve scalability.

A. Prior work

The well-known Engset model [39], [40] which was origi-
nally developed for telephony, can be used to evaluate packet
loss probability. However, it does not consider two effects,
important for the present case: it assumes,firstly, that there is
no buffer in the switch and, secondly, that an entire packet
arrives instantaneously. This means that the Engset model
allows other packets to arrive at an input port while a packet
is being discarded, thus neglecting the reduction in trafficload
due to discarded packets. Cohen [41] introduced a generalized
version of the Engset model in which there is an exponentially
distributed delay with mean1/D after which a call is blocked
during which the source cannot make another call. Setting
D = µ, this model is sufficiently versatile to include the

1Although TCP traffic is known to be correlated within a TCP session and
among TCP sessions, the simulations in Section V-B demonstrate that the
exponential approximation accurately predicts the queueing performance, at
least when the link is highly multiplexed and the load is not time varying
(e.g., a fixed number of greedy flows).

above reduction in load. However, Cohen’s generalized Engset
model (GEM) is still relevant only to a bufferless switch andit
does not lend itself to a simple solution [41], [42], [43]. Only
recently, by using advanced matrix methods [44], has an exact
numerical solution for the blocking probability been achieved
for the bufferless GEM for practical cases of hundreds of links
per trunk.

An attempt to introduce a buffer to the GEM was made in
[11], henceforth referred to as the WZ model, which is limited
by the assumption that no packet can arrive on an incoming
wavelength channel if a packet from that channel is already in
the switch. This limiting assumption is relaxed in the model
we introduce next which we callPacket Engset with Buffer
(PEB). Afterwards we describe two special cases of the PEB,
and in Section V, we provide numerical results over a wide
range of parameter values that compare between the various
modeling approaches.

B. Model: Packet Engset with Buffer

The PEB model is a single dimension (“birth-and-death”)
Markov chain. The statei of the Markov chain is the number
of packets either in a buffer or being output, and the steady
state probability of being in statei is denotedpi. When we
choose an approximate model, such as PEB, that aims to
capture various effects of the real system in a single dimension,
we must make certain simplifying approximations, which
compromise on accuracy. The PEB approximations are mainly
associated with the modeling of the packet arrival process.
In the real system, when a packet arrives, it is progressively
either directed to the output port, or written to the buffer,
or discarded. Each of the processes takes one packet time
to be completed. In any of these cases, no new packet can
arrive at that particular input port until the current packet
has completely arrived. In contrast, our Markov chain model
assumes a state-dependent Poisson arrival process in which
packets can arrive at any time, and they do so instantaneously.
Without these modeling approximations we will need a large
state space to capture all the relevant effects, in which case the
solution will be computationally prohibitive for large problems
and therefore impractical. Although we resort to approxima-
tions, we are able to capture in a single dimension Markov
chain model all the important effects to a high degree of
accuracy. The PEB simplifying approximations are described
in detail in Table I.

The most subtle approximation is that each busy output
link causes an input link to be busy simultaneously, reflected
in events 4 and 5. This is the reason there is no overall
change in arrival rate in the PEB at event 4. The packet that
completes the service releases both an input and an output
thus reducing the idle time between packet arrivals to all input
ports. The new packet that comes from the buffer is modeled
as simultaneously occupying an input and an output port for its
entire transmission duration. This means that idle time between
packet arrivals to all input ports is increased (by exactly the
same amount of the previous decrease) to model the fact that
the input port is unavailable. Similarly, in event 5, the PEB
arrival rate increases when a packet finishes transmission,even



if the packet which departed was being sent from the buffer.
This approximation cancels that in event 3, as follows.

As defined in Table I,τ is the time offset between when a
packet first arrives and starts entering the buffer, and whenit
starts being transmitted through the output port. For a packet
of transmission timem, there is a periodmin(m, τ) during
which the packet is being transmitted, but not causing an input
port to be busy. PEB under-estimates the arrival rate during
that period. However, in such a case there was an equal time
in event 3 during which an input port was assumed to be
idle, while in fact it was busy receiving a packet being written
to the buffer. Thus, the above two effects cancel out each
other from the point of view of the arrival rate (see more
details in Appendix I). However, they cause a slight increase
in the discard probability: the arrival rate is over-estimated
in statesi ≈ K + B, when a large fraction of packets will
be discarded, and the corresponding under-estimate occursin
statesi ≪ K + B when packets will not be discarded. This
causes PEB to be conservative and over-estimate the discard
probability slightly.

The task is now to find state transition rates dependent
on PD. In event 2, packets that arrive at the input port are
discarded. The one-dimensional model cannot keep track of
the number of input ports discarding packets, and so the model
allows packets to arrive at the input port immediately after
a discarded packet arrives. To compensate, as in [11], the
average time per arrival spent discarding packets,PD/µ, is
modelled by increasing theeffectivemean idle time, between
when a packet finishes being received and when the next
arrives, from1/λ to

1

λ∗
=

1

λ∗(λ, PD)
≡ 1

λ
+

PD

µ
. (5)

As shown in Appendix I, this yields a model whose mean
arrival rate is equal toΛ, the correct rate for the “real”
multidimensional Markov system.

Under the approximation that there is exactly one busy input
port for each busy output port, the number of busy input ports
in statei is simplymin(i, K). The number of idle input ports
is thusM−min(i, K), and the arrival rate in statei equals the
number of idle input ports times the reciprocal of the effective
mean idle time. Thus, the effective arrival rate in statei is
[M −min(i, K)]λ∗. Similarly, the departure rate in statei+1
is the number of busy output ports times the reciprocal of the
mean busy time, namelymin(i+1, K)µ. The resulting steady
state equations are

pi+1

pi

=











(M − i)
λ∗

(i + 1)µ
0 ≤ i ≤ K − 1

(M −K)
λ∗

Kµ
K ≤ i ≤ K + B − 1

(6)

together with the normalization equation

K+B
∑

i=0

pi = 1. (7)

Recall that the mean arrival rate of the PEB model is
equal toΛ, given by (3). Moreover, since packet loss only
occurs when the buffer is full, the rate of packets arriving and

being discarded is the arrival rate in stateK + B, namely
[M − min(K + B, K)]λ∗, times the probability of being in
that state,pK+B. The packet loss probability, given by the rate
of discards over the mean total arrival rate is thus

PD =
(M −K)λ∗pK+B

Λ
. (8)

Notice that the steady statepK+B is a function ofλ∗ which
is actually determined byPD. This gives rise to another fixed-
point relationship. Ifλ is known,PD can be obtained through
an efficient algorithm provided in [11], solving the fixed-point
equations of (5) and (8). Then, the closed-loop system solution
can be obtained by the algorithm provided in Appendix III.
The closed-loop system combines (5) and (8) with (4) into
a larger set of fixed point equations. Appendix II proves the
existence of a unique fixed-point solution for the closed-loop
system and Appendix III proves that our algorithm converges
to this fixed-point solution.

C. Related models

As well as the foregoing model, three related models will
also be evaluated numerically in Section V.

The first simplified model is theEngset with buffer(EB),
derived from PEB by assuming that the mean idle time from
the point of view of the switch equals1/λ. This means that
EB neglects the reduction in traffic load due to the effect of
progressive packet discarding. The packet loss probability in
this special case, denotedPD(EB), is obtained by substituting
the approximation

λ∗ ≈ λ for all 0 ≤ i ≤ K + B

into (6), and after using (6) and (7) to obtainπK+B, PD(EB)
is obtained by

PD(EB) =
(M −K)λpK+B

ΛEB

, (9)

where

ΛEB =
M

1/λ + (1 − PD(EB))/µ
, (10)

which gives

PD(EB) =
(M −K)pK+B(µ + λ)

Mµ + λ(M −K)pK+B

. (11)

Notice that for the caseB = 0, the EB model reduces to the
classical Engset model.

This over-estimates the arrival rate, and will yield an over-
estimate of the discard probability. This effect is more apparent
in high loading where discard probability is high, making
higher impact onλ∗ as can be seen in (5).

The second is the M/M/K/(K +B), a “textbook” model
which assumes a state-independent Poisson arrival process,
and thus ignores the correlation between the arrival rate and
the state of the ports. This approximation will yield accurate
results only when the number of input ports is significantly
larger than the number of output ports plus buffer spaces
(M ≫ K + B).



TABLE I

COMPARISON BETWEEN A PHYSICAL SYSTEM AND THEPEBMODEL

Event and corresponding switch operation Corresponding PEB model approximation

1. A packet arrives when a free port is available. It is then
progressively directed to the output port.

For the entire duration of the packet, (a) the aggregate service
rate is increased to model the fact that an extra packet is being
served and (b) the mean idle time between packets is increased
to model the unavailability on one input link/port and the fact
that no new packets can arrive at that input port.

2. A packet arrives when all output ports and buffer spaces are
busy. The packet is progressively discarded from the moment
it arrives.

The PEB model decouples the loss of the packet from the effect
of progressive discarding process and assumes independence
between the two. The packet is discarded instantaneously, so
that this event causes no immediate change in the arrival rate.
Instead, the long-run arrival rate of packets to all input ports is
reduced by increasing the mean idle time based on the mean
time to discard a packet and the long-run probability of this
event to occur (i.e., packet loss probability).

3. A packet arrives when all output ports are busy but there is
a vacant buffer space. The packet is then written to the buffer
as it arrives.

The packet is written instantaneously to the buffer.
The required compensation to the arrival rate is made at

events 4 and 5 instead of here.

4. An output port becomes free, and the buffer is not empty.
A packet starts being read from the buffer.

A buffer space is available to store a new packet as
soon as the packet previously in that buffer space has both
(a) been completely written to the buffer and (b) started
to be read from the buffer.

A buffered packet is released instantaneously from the buffer.
The transition rates of the Markov chain are unchanged,
because the number of packets in service remainsK.

Moreover, the packet may start being read before it has been
fully received. The time offset between when the packet first
arrives and when it starts being transmitted isτ .

From timeτ before the packet finishes being transmitted,
the packet does not occupy the input port, and new packets
may arrive.

5. An output port becomes free and the buffer is empty. The
number of busy output ports decreases by one.

The aggregate service rate is decreased to model the fact that
one fewer packet is being served. In addition, the mean idle
time between packets is decreased to model the availabilityto
receive packets of the port on which this packet arrived.

The numerical results for the packet loss probability of the
M/M/K/(K+B) queue in this paper were calculated using the
closed form

PD =
KKAK+B

K!

[

K−1
∑

i=0

(KA)i

i!
+

K+B
∑

i=K

(KA)i

K!Ki−K

]−1

(12)

where, using (3),

A =
Λ

Kµ
=

Mλ

K(λ + µ)
. (13)

Recall thatλ here is the reciprocal of the mean idle time of
an input port, rather than the arrival rate which is its common
meaning in queueing theory. Note that, like PEB, this model
has the correct overall arrival rate. However, unlike the arrival
process of PEB where the arrival rate may decrease when
more packets are in the switch (i increases), the arrival rate
here does not decrease in this case. This causes the arrival
rate in statei = K + B (the highest value thati can take)
to be significantly too high. Since this is the only state in

which packets are discarded, this model will over-estimatethe
discard probability.

The third simplified model is the above-mentioned WZ
model [11]. Since the WZ and PEB models differ only in
the assumptions associated with buffered packets, they revert
to each other for the caseB = 0. This will be demonstrated
numerically in the Section V. The assumption limiting multi-
ple packets from one input port can cause underestimation
of the total arrival rate, and hence the discard probability,
unlessB is negligible compared withM −K. In particular,
if K < M ≤ K + B then WZ predictsPD = 0. In contrast,
PEB correctly predicts thatPD > 0.

Insight into PEB can be gained by considering its behavior
in different asymptotic regimes forM , B, K, λ andPD. One
interesting regime is that in whichK and M become large
with α ≡ K/M , λ andµ fixed, and

p̂ ≡ λ/(λ + µ) < α. (14)

Similar asymptotic regimes have long been studied for
other models, which do not consider the fact that discarded



packets continue to occupy an input port, or the impact
of small buffers [45], [46].

Since p̂ < α, the strong law of large numbers yields
that the fraction of busy servers tends to a constant, and
PD tends to 0. However, we are interested in the rate of
convergence to this limit. Appendix IV shows that in this
regime, the asymptotic behavior ofPD is given by

PD ∼
(

(1 − α)B+1

αB

)(

M

K

)

(p̂)K+B(1 − p̂)M−K−B−1,

(15)
or more explicitly by

PD ∼
√

1− α

2πα

(

λ + µ

µ

)(

λ(1 − α)

µα

)B
e−MDKL (b(α)||b(p̂))

√
M

,

(16)
where x ∼ y denotesx/y → 1, and DKL (b(α)||b(p̂))
is the Kullback-Leibler divergence [47] between the binary
distributionsb(α) and (p̂)) with probabilitiesα, 1 − α and
p̂, 1 − p̂, respectively. In this case, the Kullback-Leibler
divergence becomes

DKL (b(α)||b(p̂)) = α

(

ln
α

p̂

)

+ (1− α)

(

ln
1− α

1− p̂

)

.

IV. EXTRAPOLATION FOR HIGH BIT RATE SIMULATIONS

It is difficult to simulate a 40 Gbit/s network, considering
that many networks limit TCP packets to no larger than
1500 kBytes, and thus very many packets must be simulated. In
this section, we describe a new method based on extrapolation
to obtain results for packet loss probability and throughput for
cases where direct simulation is computationally prohibitive.
The extrapolation is based on curve fitting to obtain results
for simulations that are run for cases where the capacity
is sufficiently small that the simulations are computationally
feasible. In all cases, the curve fitting was done using the
method of least-squares [48].

A. Scaling regime for the extrapolation method

Extrapolation is most effective if the known functional
dependencies are first removed. (Indeed, extrapolation of such
known dependencies is often sufficient [49].) From (2),

ρCO ≈ Ragg = N

√

1.5/PD

RTTH

(17)

whereρ is the bottleneck utilization, andCO is the total output
bit rate.

The relationship between bottleneck utilization and packet
loss probability is thus

ρ ≈
√

1.5/PD

RTTH CO/N
. (18)

We aim to study the trend of bottleneck utilization at
different bit rates. As well as the equilibrium (18), the dy-
namics of a TCP connection are largely dependent on its
bitrate-delay product (BDP). By reducing bothCO and N
in proportion, the distribution of BDPs is maintained in each
scenario. By also maintaining a constant value ofRTTH , the
only functional dependence that needs to be extrapolated is
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the impact of increased multiplexing at higher bit rates. Since
this multiplexing leads to Poisson arrivals when the number
of flows is large, the throughputρ tends to a constant in this
scaling regime, allowing this extrapolation method to workup
to very high bit rates.

B. Example of the extrapolation method

Consider a 40 Gbit/s link carrying 4000 TCP connections.
To determine the throughput for a particular buffer size, we
can extrapolate from a range of scenarios involving 0.4, 0.8,
1.2, 1.6, 2.0, 2.4, 4, 6, 8 or 10 Gbit/s. Since the share of each
flow of the bottleneck bit rate is 10 Mbit/s in the 40 Gbit/s
case, the same bottleneck bit rate per flow will be used for
the lower bit rate cases, which will have 40, 80, 120, 160,
200, 240, 400, 600, 800 and 1000 TCP flows respectively.
For each scenario, we consider long lasting flows, and we
use paced TCP NewReno to reflect the fact that access links
very much slower than 40 Gbit/s will space out packets. The
RTTs are assumed to be uniformly distributed between 60 ms
and 180 ms giving a weighted harmonic mean ofRTTH =
(180−60)/ loge(180/60) = 109.1ms.The simulations were
performed using ns2, making for simplicity the optimistic
assumption that a buffer space is available as soon as the
packet it contains starts transmission.

Figure 3 shows the fitted curves for the cases where the
buffer sizes areB = 2 and 10 packets. ForB = 2, the
points form a straight line so that the extrapolated value for the
utilization at 40 Gbit/s is 31.7%. By comparison, the utilization
whenB = 10 decreases with the available bit rate. The shape
of the fitted curve in this case is close to that of a hyperbola.In
particular, fitting the nine simulated points gives the function
0.702+ 0.0481/(x− 0.126), whose standard error is 0.00673
and correlation coefficient is 0.999. The predicted utilization
at 40 Gbit/s is 70.3%.

We can also predict the packet loss probability using extrap-
olation as illustrated in Figure 4. Instead of extrapolating the
packet loss probabilities directly, we extrapolate their base-10
logarithm.

The points in Figure 4 for a buffer of 2 packets again form
a straight line, giving an extrapolated value for the packetloss
probability at 40 Gbit/s of10−3.04. However, as in the case of
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Figure 3, the shape of the curve whenB = 10 is approximately
a hyperbola and so we find the function−3.712−0.117/(x+
0.327) that fits the points in the figure. The standard error is
0.00698 and correlation coefficient is 0.982. The extrapolated
packet loss probability at 40 Gbit/s is10−3.715.

V. M ODEL VALIDATION

The open-loop and closed-loop models will now be val-
idated. After that, they and the extrapolation technique can
be used to study high bit-rate networks. In the next section,
we use them to investigate the impact of DWDM on buffer
requirements, and the relationship between pacing and low
bit-rate access links.

A. Validation of the open-loop analytical model

In order to evaluate the accuracy of the open-loop model,
its predictions will be compared with Monte Carlo simula-
tion [50] for a wide range of parameter values. Monte Carlo
simulation is used instead of ns2 because TCP is not involved
here.In our simulation here we consider the case described
in Table 1 whereby a new incoming packet can enter a
buffer space at any time after the previous packet has both
completed being inserted into that buffer space and started
being transmitted. When a channel becomes available and
more than one packet is buffered, the packet sent is the one
whose first bit arrived at the buffer earliest. Also, in these
open-loop simulationsboth the packet size and the packet
interval are exponentially distributed, as in the analytical open-
loop model, because the aim here is to test the approximations
to the state-dependent arrival rates. Later, we test the effect
of the exponential assumptions when we compare with ns2
simulations that include TCP where the packet length and
interval are no longer exponentially distributed.

Results are presented here for the packet loss probability
versus the normalized intended offered load [51], defined
by Mλ/[K(λ + µ)]. In all the simulations, the runs were
sufficiently long to keep the widths of the two-sided 95%
confidence intervals, based on the Student-t distribution,within
3% of the average values of packet loss probability shown in
the figures.

We now consider the model predictions for a wide range of
loads, packet loss probabilities and numbers of ports.

Figure 5 compares the predicted packet loss probability with
the simulated values for the case ofM = 2 input ports and
K = 1 output port.All the models overestimate the true
discard probability, with the PEB and WZ model yielding
the highest accuracy.

As mentioned in Section III.C, in Figure 5(a), the WZ
reverts to the PEB model as the buffer is zero. In Figure 5(b)
WZ yields PD = 0 sinceM < K + B, and so it does not
appear in this log-scale figure.

In both subfigures, when the traffic load is low, the packet
loss probability is sufficiently small that EB is indistinguish-
able from PEB. However, it noticeably over-estimates the
discard probability at high load, since its over-estimate of the
total arrival rate becomes significant in that case as discussed
in Section III.C.

The M/M/K/(K+B) model is generally the least accurate.
This is because, as explained previously, it over-estimates the
arrival rate in the statei = K+B in which discards can occur.

For cases withK > 2, such as those in Figure 6, PEB
is again the most accurate,except for the case ofB =
5, and close to the simulated results. At these low packet
loss probabilities, EB is indistinguishable from PEB. The
M/M/K/(K+B) model, while not as accurate, is also quite
close. In fact, when B = 5, the M/M/K/(K +B) model
yields the highest accuracy.The WZ model significantly
under-estimates the true packet loss probability whenB = 10,
sinceB is not negligible compared withM −K.

Figure 7 shows the results for various numbers of input
ports,M , for K = 1 output ports, a buffer ofB = 3 packets
and a normalized intended traffic load ofA = 0.4. The PEB
and EB model remains the most accurate.

Figure 8 shows results when the intended traffic load is
larger than the bottleneck capacity,A > 1. In this case,
the bottleneck is almost fully utilized, and the packet loss
probability is approximately

PD ≈
A− 1

A
=

Mλ−K(µ + λ)

Mλ
. (19)

Models PEB, WZ and M/M/K/K +B take this packet loss
probability into account, and give very similar results, very
close to the simulation results.

Recall that the EB model neglects the reduction in traffic
load due to discarded packets assuming that packets continue
to arrive at an input port while it is discarding a packet. This
means it over-estimates the arrival rateλ when the packet loss
probability is high. Lettingx = Kµ/[(M − K)λ], it can be
shown that forxB ≪ 1 (large buffer or heavy overload), EB
over-estimates (19) by a factor of approximatelyM/(M−K).

The above results, and many additional results not presented
here, show that PEB is quite accurate in a wide range of
scenarios. Since PEB is not computationally prohibitive and
almost as computationally efficient as the other modules, itis
used for the results in the following section.

B. Validation of the closed-loop model

Figure 9 compares the results obtained based on the closed-
loop PEB model with those obtained using the extrapolated
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ns2 simulations. The bit rate of every link is set at 40 Gbit/s.
The number of output ports,K, varies between 1 and 100.
The number of TCP flows is4000K. The payload of each
TCP packet is 1000 Bytes. The bit rate of each access link is
100 Mbit/s.

When the buffer is very small (B = 0 or 1 packet), the PEB
model produces very accurate and slightly conservative results,
predicting slightly lower throughput than the simulations. For
larger buffers (B = 10 packets), the PEB model becomes
increasingly conservative relative to the simulation. However,
the good overall agreement suggests that both approximate
evaluation techniques yield good estimates.

VI. SCALING : INCREASED UTILIZATION FROM DWDM

Having developed the necessary tools, it is now possible to
study ultra-high bitrate networks. Moore’s law [25] statesthat
the number of transistors on an integrated circuit doubles every
18 months, and computing power is increasing at a similar
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rate. Besides CPU computing power, it has been found that the
Internet traffic and switch capacity are scaling up at similar
rates [26]. The following figures demonstrate the effects of
scaling up various network parameters. The payload of TCP
packets in all the simulations is 1000 Bytes. Unless otherwise
specified, the access bit rate per connection is 100 Mbit/s.

As described in Section IV, if the bottleneck bit rate
increases linearly with the number of TCP flows while other
factors such as the numbers of input and output ports and the
buffer size do not change, the bottleneck utilization converges
to a unique limit. This also means that the buffer requirements
will not change under this scaling.

Consider a DWDM system with many wavelengths. If the
number of links per trunk is scaled up in proportion to the
number of TCP flows while the bit rate of each link is
kept constant, the bottleneck utilization will increase, due to
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the increased statistical multiplexing reducing the packet loss
probability. That is, the throughput will increasefasterthan the
rate of increase of capacity. We demonstrate this effect using
ns2 simulations and the extrapolation method for the following
simulation scenario. The bit rate of each link is extrapolated to
40 Gbit/s. The input traffic comes from four trunks, each with
the same number of links as the output trunk. No buffer is
used. The number of TCP flows increases in proportion to the
number of links per trunk to keep each user having 100 Mbit/s,
10 Mbit/s or 2 Mbit/s bottleneck bit rate. Notice that although
the access bit rate is set at 100 Mbit/s, the bottleneck link may
limit the access to a lower rate per user in which case the
access link is not fully utilized. As seen in Figure 10(a), the
bottleneck utilization increases with the number of links per
trunk. If there are 100 output ports and 400,000 TCP flows,
the utilization can be as high as 72%with no buffer.

In some DWDM switches, each output port has its own
buffer. Therefore, the total buffer sizeB in the output trunk
is scaled up with the number of output ports,K. Figure 10(b)
shows the link utilization in this buffered case. All the condi-
tions in the simulations are the same as those in Figure 10(a)
except that each output port possesses a one packet buffer
(B = K). As a result, the bottleneck utilization is significantly
larger than in Figure 10(a). For instance, if there are 16 output
ports and 6400 TCP flows, the utilization is increased from
30% in the bufferless case to 73%. This demonstrates that
even a single packet buffer per output wavelength is sufficient
to give high link utilization.

Note that these results are for core routers carrying large
numbers of flows. The number of flows in progress at any one
time actually depends on the rates achieved by the flows [52],
because achieving a low rate causes flows to last longer. We do
not expect that to affect our main contention that the number
of parallel DWDM channels affects the required buffer size in
a core router.

Fundamentally, as explained in the following, the effect of
scaling up the number of links per trunk is closely related
to the comparison of having full wavelength conversion and
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not having wavelength conversion. Assuming each trunk hasF
optical fibers, and each optical fiber can carryW wavelengths,
we have FW links per trunk. In this case, as in [11],
considering only traffic transmitted in a given wavelength,and
assuming balanced (uniform) use of the wavelengths, the case
of no wavelength conversion can be viewed as a scaled-down
version of the case with full wavelength conversion, where the
number of links per trunk is reduced by a factor ofW . In other
words, in the no-wavelength-conversion case, we consider one
network withF links per trunk. Such a network is one out of
W separate identical networks each of which hasF links per
trunk. Figure 10(a) demonstrates the deterioration of efficiency
as a result of scaling down the number of links per trunk.

If the link bit rate is scaled up while the number of ports and
buffer size do not vary, each TCP connection sends a higher
bit rate over the bottleneck. Consider a case where there are
K = 20 links per trunk, 4 input trunks givingM = 4K = 80
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links, and1000K = 20, 000 TCP flows, and the bit rate of
each link varies from 1 Gbit/s to 128 Gbit/s. The throughput
for such a system is shown in Figure 11. Notice that although
the bit rate increases, the bottleneck utilizationdecreases. It is
well accepted [1]–[3], [53] that the buffer should be increased
when the bit rate increases to maintain utilization level.

A. The effects of access links and un-paced TCP

The above simulations are all based on paced TCP
NewReno. However, TCP traffic in the Internet is not paced.
TCP without pacing tends to send bursts made up of back-to-
back packets so that the packet loss probability will be higher
at the bottleneck.

Enachescuet al. [6] suggested that having access bit rates
small compared with core link bit rate smooths the bursts
so that traffic that uses regular TCP is not disadvantaged in
comparison to traffic that uses paced TCP. Here we show that
this effect also applies in our case of multiple links per trunk.
To this end, we ran simulations for regular TCP based on
our network model. The bit rate of each core link was set at
1 Gbit/s and the number of TCP flows was 400. The resulting
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utilization is shown in Figure 12, in whichM is the number of
input ports,K is the number of output ports andB is the buffer
size [packets]. It can be seen that paced TCP outperforms
regular TCP only when the access bit rate is at least of the
same order of magnitude as that of the core link bit rate.

Since in practice the core bit rate is typically much higher
than the access bit rate, and regular TCP achieves similar
throughput to paced TCP in this case, the conclusions drawn
earlier in this section for paced TCP can also be applied to
regular TCP.

VII. C ONCLUSION

We have developed a scalable and accurate analytical
method for the evaluation of TCP throughput and packet loss
rate for networks containing DWDM core switches and low
rate access links with large buffers.Our method is based
on a model that assumes a single network bottleneck and
a fixed number of greedy sources.Using this method, we
have demonstrated the relationship between the throughput
of TCP NewReno and the buffer size at a bottleneck core
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switch considering DWDM-related parameters such as the
number of links per trunk. Based on simulation results, we
have demonstrated that the multiplexing provided by DWDM
allows TCP to achieve utilization of up to 90% with a buffer
of 10 packets, and 70% with no output buffer at all.

As part of our TCP over DWDM model, we have developed
an open-loop model which on its own can provide an accurate
and scalable evaluation ofDWDM packet loss ratesin cases
where TCP is not used.

A thorough validation by simulations of a variety of models
has been presented. We have also proposed an extrapola-
tion method which can predict the bottleneck throughput for
high bit rate switches. This is achieved by extrapolating the
simulation results at smaller bit rates. Good agreement has
been demonstrated between the extrapolated results and the
analytical models.

We have shown that the throughput is not only determined
by the buffer size but also by many other factors including the
number of wavelength channels in the bottleneck trunk and the
properties of the TCP traffic.

Our method can be used as part of a tool for DWDM
network and switch design.

APPENDIX I: DERIVATION OF THE MEAN ARRIVAL RATE OF

THE PEB MODEL

Let λo be the arrival rate at the switch under the PEB model.
Let

λc = λo(1 − PD) (20)

be the corresponding rate at which arrivals are accepted by
the switch. Nowλc/µ is the carried load; by Little’s law [40],
λc/µ is the mean number of busy output wavelengths giving

λc = µ

(

K−1
∑

i=0

ipi +

K+B
∑

i=K

Kpi

)

. (21)

The arrival rateλo is the probability-weighted average of the
state-dependent arrival rates, namely

λo =

K−1
∑

i=0

λ∗(M − i)pi +

K+B
∑

i=K

λ∗(M −K)pi. (22)

Rearranging and substituting (21) gives

λo = λ∗M − λ∗

(

K−1
∑

i=0

ipi +

K+B
∑

i=K

Kpi

)

= λ∗(M − λc/µ). (23)

Substituting (20) into (23) gives

λo = λ∗[M − λo(1− PD)/µ]

Rearranging and substituting1/λ∗ = 1/λ + PD/µ from (5)
gives

λo =
M

1/λ∗ + (1− PD)/µ

=
M

λ−1 + µ−1
(24)

which is the actual arrival rateΛ, given by (3).

One interesting implication of (24) is that the effect on the
arrival rate of the approximation in event 3 cancels out thatof
the approximation in events 4 and 5, namely that each busy
output link causes an input link to be busy. This can be seen by
noting that the other approximations do not change the arrival
rate, as follows.

The PEB approximation of event 1 makes introduces no
error to the arrival rate. The reduction in arrivals due to loss in
event 2 is cancelled by the reduction in load by (5). In a period
T , both add a total expected “unavailable” timeTΛPD/µ to
each of theM input links, reducing the number of arrivals by
TΛPDλ/µ. (The losses add idle time of1/µ for each of the
TΛPD loss events, while (5) adds idle timePD/µ for each of
the TΛ arrival events.)

APPENDIX II: EXISTENCE AND UNIQUENESS OFTCP/PD

EVALUATION FIXED-POINT SOLUTION

In order to find conditions for the existence and uniqueness
of the closed-loop fixed-point solution forPD, let us first
study some properties of the open-loop function fromλ to
PD, denotedPλ(λ).



Making the dependence ofpi on λ∗ explicit in (8), the
average packet loss probability is given by

PD = G(λ∗) ,
(M −K)pK+B(λ∗)

∑K+B

i=0 [M −min(i, K)]pi(λ∗)
. (25)

whereM > K > 0. Clearly G(λ∗) ∈ [0, 1), since all terms
are non-negative, and the denominator contains at least one
positive term (i = 0) not in the numerator.

For 1 ≤ i ≤ K + B, (6) gives

pi(λ
∗) =

[M −min(i− 1, K)]λ∗

min(i, K)µ
pi−1(λ

∗)

=

(

i
∏

k=1

αk

)

(λ∗)ip0(λ
∗),

whereαi , [M −min(i− 1, K)] /[min(i, K)µ] > 0 does not

depend onλ∗. We write ai = [M − min(i, K)]
(

∏i

k=1 αk

)

and cancelp0(λ
∗) in the numerator and denominator to obtain

G(λ∗) =
aK+Bλ∗K+B

∑K+B

i=0 aiλ∗i

=
1

1 +
∑K+B−1

i=0 (ai/aK+B)(λ∗)i−K−B
. (26)

Since ai/aK+B > 0 for all i, the denominator is strictly
positive. It is clear that the denominator is decreasing inλ∗

and soG(λ∗) is increasing.
We observe that equations (5) to (8) provide an implicit

functional form for PD in terms of λ. SubstitutingPD =
G(λ∗) from (25) into

1

λ∗
=

1

λ
+

PD

µ
, (27)

we can defineH : (0,∞)→ R such that

1

λ
= H(λ∗) ,

1

λ∗
− G(λ∗)

µ
. (28)

Each of the terms on the right side of this equation is well de-
fined, continuous, and strictly decreasing on the domainλ∗ >
0, so that the same is true of the functionH(·). Moreover,
H(λ∗) approaches+∞ as λ∗ → 0+, and approaches−1/µ
asλ∗ → +∞. Thus the inverseH−1 : (−1/µ,∞)→ (0,∞)
is well defined, and

λ∗ = H−1

(

1

λ

)

. (29)

Note thatH−1 is increasing and continuous forλ > 0. To see
that it is continuous, observe thatH(λ∗) is, in fact, continu-
ously differentiable forλ∗ > 0, sinceG(λ∗) is. Moreover, the
derivative ofH(λ∗) is non-vanishing forλ∗ > 0. The one-
dimensional case of the inverse function theorem now yields
that H−1 is also continuously differentiable and, a fortiori,
continuous.

DefinePλ : [0,∞)→ R such that

PD = Pλ(λ) = G(H−1(1/λ)). (30)

This can be evaluated numerically by solving the “open-loop”
fixed point equation. This is defined for allλ > 0, continuous
and increasing, and takes values betweenPλ(0) = 0 and

Pλ(∞) = G(H−1(0)). (31)

Theorem 1:Let P̃ = 1.5(N/(MµRTT ))2. If

Pλ(∞) > P̃ (32)

then there exists a unique solutionP †
D to the closed-loop fixed

point equationPD = Pλ(T (PD)) with T (PD) ≥ 0, and this
solution satisfies

P̃ < P †
D < Pλ(∞) (33)

Otherwise, there is no solution withT (PD) ≥ 0.
Proof: Any solution must with T (PD) > 0 must

satisfy (33), sinceT (P †
D) > 0 only if P †

D > P̃ , while for
all λ, Pλ(λ) < Pλ(∞). This establishes the necessity of (32).

Conversely, if (32) holds then there is aλ̃ such thatPλ(λ̃) =
P̃ . Analogously to (4), definef : (0,∞)→ R by

f(λ) =
Nµ
√

1.5

MµRTT
√

Pλ(λ)−N
√

1.5
− λ. (34)

It remains to prove that the existence ofλ̃ implies there is
a unique solution tof(λ) = 0 with λ > 0. Note thatf(λ)
is continuous forλ > 0 except atλ̃ where the denominator
vanishes. Clearly,f(λ) < 0 for λ ∈ [0, λ̃), and so there is
no solution tof(λ) = 0 in that range. Forλ > λ̃, f(λ) is
well-defined, continuous and strictly decreasing because of the
properties ofPλ(λ). Moreover,f(λ) → +∞ as λ decreases
to λ̃. On the other hand, whenλ becomes very large,f(λ)
becomes negative. To see this, note that the first part of it
is always positive and finite forλ > λ̃ and decreasing inλ.
Thus the second term (−λ) dominates. The intermediate value
theorem now guarantees a solution. The fact thatf is strictly
decreasing in the interval(λ̃, +∞) now yields uniqueness.

It is possible to consider other discard models,Pλ. The
above proof demonstrates that there will always exist a unique
solution to the resulting fixed-point equations provided that
the model satisfies (32) andPλ is continuous and increasing.
As well as PEB, this is also the case for EB, WZ and
M/M/K/(K + B) in this paper.

APPENDIX III: SOLVING THE FIXED-POINT BY BINARY

SEARCH AND PROVING ITS CONVERGENCE

The closed-loop fixed point equation for discard probability
is PD = Γ(PD), where Γ(p) , Pλ(T (p)) for P̃ < p <
Pλ(∞). Note that evaluatingΓ(p) involves a numerical solu-
tion of (30), which will not be exact. Algorithm 1 finds the
unique solution ofp = Γ(p) to within ǫ, provided that each
iteration finds an approximation̂Γ(p) within ǫ/2 of Γ(p).

Since T ′(p) < 0 for p > P̃ and P ′
λ(λ) > 0 for λ > 0,

Γ′(p) < 0 for P̃ < p < Pλ(∞).
By induction,

P †
D ∈ [p− − ǫ/2, p+ + ǫ/2] (35)

after each iteration. The base case follows from Theorem 1.
Consider without loss of generality the case thep < P †

D



Algorithm 1 Calculate solution ofp = Γ(p) to within ǫ

1: p− ← P̃ , p+ ← Pλ(∞) Initial bounds
2: while p+ − p− > ǫ do
3: p← (p+ + p−)/2 Halve the search interval
4: if Γ̂(p) > p then
5: p− ← p Tighten lower bound
6: else
7: p+ ← p Tighten upper bound
8: end if
9: end while

10: return (p+ + p−)/2 ǫ satisfied, thus returnx

at step 4. SinceΓ is decreasing,p < P †
D < Γ(p), whence

Γ̂(p) > P †
D− ǫ/2. Two cases must be considered. IfΓ̂(p) > p

then the algorithm correctly updatesp−, and (35) again holds.
Otherwise,

p > Γ̂(p) > P †
D − ǫ/2 (36)

and the algorithm mistakenly updatesp+. However, addingǫ/2
to each side of (36) shows that the newp+ still satisfies (35).

The algorithm terminates after finitely many steps when
p+ − p− ≤ ǫ. The return value(p+ + p−)/2 is at mostǫ
above the lower boundp−− ǫ/2 on P †

D, and at mostǫ below
the upper boundp+ + ǫ/2.

This argument also applies to errors of up toǫ/2 in the
initial value of p+ in step 1. However, if the initialp− is
below P̃ then the monotonicity ofΓ is no longer guaranteed
and the proof does not apply.

This algorithm can be used by any other open-loop model
Pλ which is continuous and increasing, provided that (32)
is satisfied. Again, this is also the case for EB, WZ and
M/M/K/(K + B) in this paper.

APPENDIX IV: D ERIVATION OF (15) AND (16)

First, consider the explicit expression for the occupancy
probabilities,pi, under PEB. By (6) and (7),

pi = p0

(

M

i

)(

λ∗

µ

)i

for i = 0, 1, . . . , K − 1

(37a)

pK+i = p0

(

M

K

)(

λ∗

µ

)K

(V λ∗)i for i = 0, 1, . . . , B

(37b)

where

V =
(M −K)

Kµ
(37c)

1/p0 = S1(λ
∗) + S2(λ

∗) (37d)

S1(λ
∗) =

K−1
∑

i=0

(

M

i

)(

λ∗

µ

)i

(37e)

S2(λ
∗) =

B
∑

i=0

(

M

K

)(

λ∗

µ

)K

(V λ∗)i

=

(

M

K

)(

λ∗

µ

)K
V λ∗ − (V λ∗)B+1

1− V λ∗
. (37f)

Let pK+B(·) be the function fromλ∗ to pK+B, given by

pK+B(λ∗) =

(

M
K

)

(λ∗/µ)K (V λ∗)B

S1(λ∗) + S2(λ∗)
. (38)

Note that, sincepK+B(·) is a positive multiple of(·)K+B

divided by a positive-coefficient polynomial of degreeK +B,
it is increasing on(0,∞). As λ > λ∗ by (5), pK+B(λ) >
pK+B(λ∗).

Evaluating of (38) atλ and dividing numerator and denom-
inator by (1 + λ/µ)M gives, after some algebra,

pK+B(λ) =

(

M

K

)

p̂K(1 − p̂)M−K(V λ)B

D1(λ) + D2(λ)
(39)

wherep̂ is defined in (14),

D1(λ) =
K
∑

i=0

(

M

i

)

(p̂)i(1 − p̂)M−i

and

D2(λ) =

(

M

K

)

(p̂)K(1− p̂)M−K V λ− (V λ)B+1

1− V λ
.

Lemma 1:Consider the limit asK → ∞ and M → ∞
with α = K/M , λ andµ fixed, andp̂ < α. Then

pK+B(λ∗) ∼
(

M

K

)

(p̂)K(1− p̂)M−K(V λ)B .

∼ exp(−MDKL (b(α)||b(p̂)))
√

2πMα(1− α)
.

(40)

Proof: Notice that D1(λ) is the probability that a
binomial random variable, sayX , with meanp̂M and standard
deviation

√

p̂(1− p̂)M satisfiesP [X ≤ K], whereK = αM
for some fixedα, and p̂ < α. By Tchebycheff’s inequality

P [X ≤ K] > P [|X − p̂M | ≤ K −Mp̂]

> 1− Mp̂(1 − p̂)

(K −Mp̂)2
= 1− 1

M
.
p̂(1 − p̂)

(α− p̂)2
.

(41)

Similarly, D2(λ) and the numerator ofpK+B(λ) are just
constant (inM ) multiples ofP [X = K] ≤ P [X ≥ K] and so
tend to0 asO(1/M) by Tchebycheff’s inequality. It follows
that

pK+B(λ) = O
( 1

M

)

, (42)

and sincepK+B(λ) > pK+B(λ∗) ≥ 0, it follows that
pK+B(λ∗) = O(1/M).

To obtain more precise estimates of the probabilities, we
will need some estimates of the binomial terms that we have
been unable to find in the literature. Specifically, we are
interested in

(

M

K

)

p̂K(1 − p̂)M−K (43)

where K = αM and p̂ < α. We compare (43) with
(

M
K

)

αK(1 − α)M−K , which, being the central term in the
binomial distribution, is asymptotically1/

√

2πMα(1− α) by
the central limit theorem. Their quotient is

αK(1 − α)M−K

p̂K(1 − p̂)M−K
(44)



We rewrite this as
(αα(1− α)1−α

p̂α(1− p̂)1−α

)M

(45)

Evidently the behaviour of the quotient asM → ∞ depends
on the value of the quantity in brackets. We take the logarithm
and rearrange to obtain

α
[

lnα− ln p̂
]

+ (1− α)
[

ln(1 − α)− ln(1− p̂)
]

. (46)

This is the Kullback-Leibler divergenceDKL (b(α)||b(p̂)) be-
tween the two distributionsb(α) and b(p̂), where b(q) is
the binary distribution which takes two values with proba-
bility q and 1 − q. It is well-known [47] that the Kullback-
Leibler divergence is always non-negative and zero only if
the two distributions are the same, though in this case the
result can be achieved by a simple calculus argument. Thus
DKL (b(α)||b(p̂)) > 0 for p̂ < α. This gives that (44) is
asymptoticallyeMDKL (b(α)||b(p̂)), and so that
(

M

K

)

p̂K(1− p̂)M−K ∼ 1
√

2πMα(1 − α)
e−MDKL (b(α)||b(p̂)).

(47)
As a result

pK+B(λ) ∼ (V λ)B 1
√

2πMα(1− α)
e−MDKL (b(α)||b(p̂)).

(48)
By (8) and (3), we have

PD =
(M −K)(λ + µ)λ∗

Mλµ
pK+B(λ∗), (49)

so that

PD < C1(1 − α)
(λ + µ)λ∗

λµ
(V λ)B

(

e−MDKL (b(α)||b(p̂))

√

2πMα(1− α)

)

,

(50)
for some positive constantC1 Now recall that

1

λ∗
=

1

λ
+

PD

µ
, (51)

so that if we writep̂∗ = λ∗/(λ∗ + µ),

1

p̂∗
− 1

p̂
=

µ

λ∗
− µ

λ

= PD < C2
1√
M

e−MDKL (b(α)||b(p̂)),

(52)

for some positive constantC2, where the inequality follows
from (50) and the fact thatλ∗ is bounded above by the constant
λ.

Now to complete the proof we need to comparepK+B(λ)
and pK+B(λ∗). Although λ∗/λ → 1 as M → ∞, it is not
immediately obvious thatpK+B(λ∗)/pK+B(λ) also tends to
1. To see that it does, first note that in the light of (52),
if K/M > p̂ then K/M > p̂∗ for large enoughM , so
that another Tchebycheff calculation yields thatD1(λ

∗) +
D2(λ

∗) → 1 as M → ∞. It follows that the quotient is
asymptotically,

( p̂∗

p̂

)K(1− p̂∗

1− p̂

)M−K(λ∗

λ

)B

. (53)

Since
λ∗

λ
= 1− λ∗PD

µ
, (54)

the final factor in (53) tends to1 (exponentially fast) and can
be ignored. The remainder of (53) can be rewritten as

( 1/p̂

1/p̂∗

)M((1/p̂∗)− 1

(1/p̂)− 1

)M−K

. (55)

By equation (52), this can be expressed as

(1− p̂∗PD)M
(

1 +
PD

(1/p̂)− 1

)M−K

. (56)

Taking log of each factor, usinglog(1+x) ≤ x and substitut-
ing (52) yields

M log(1 − p̂∗PD) ≥ −C
√

Me−MDKL (b(α)||b(p̂)) (57)

and

M(1− α) log
(

1 +
PD

(1/p̂)− 1

)

≤ C′
√

Me−MDKL (b(α)||b(p̂))

(58)
where againC and C′ are positive constants inM . Each of
the right hand sides tends to 0 asM → ∞. This yields that
the quotient tends to1 and, together with (47), completes the
proof of (40).
Combining Lemma 1 and (8) with the fact thatλ∗/λ→ 1 as
M →∞ gives (15) and (16).

• The careful analysis above makes it relatively easy to
obtain second order asymptotics if necessary.
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