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Abstract— This paper investigates the relationship between
buffer size and long-term average TCP performance in dense
wavelength division multiplexing (DWDM) networks. By investi-
gating TCP NewReno, we demonstrate that buffer requiremerg
are related to the number of wavelength channels at a bottlezck.
With sufficient wavelengths, high throughput can be obtaind
with a buffer of one packet per channel; furthermore, there may
be situations where an entirely bufferless optical packetwitching
(OPS) will become feasible.

For this study, we develop new evaluation tools. First, we mr-
pose a method based on a two-part analytical model, with a new
“open loop” component which approximates packet discardimy
in a bottleneck DWDM switch, and a “closed loop” fixed point
which reflects the impact of TCP. This analytical method provdes
accurate and scalable approximations of throughput and paket
loss rate that can be used as part of a tool for DWDM network
and switch design. Second, we propose an extrapolation tegique
to allow simulation of TCP over long ultra-high bit rate link s,
avoiding the intractable processing and memory requiremets
of direct simulation. This extrapolation technique enabls us
to validate the analytical model for arbitrarily high bit ra te
scenarios.

Index Terms— TCP, DWDM network, bufferless optical packet
switching (OPS).

I. INTRODUCTION

large buffers results in many queued and hence delayedtgacke
in the network, and these packets delay other packets. It is
therefore advantageous to consider designs that reducegue
ing delay while still maintaining high network utilization
Appenzelleret al. [3] proposed to use the rulB = Cj x
RTT/\/N instead, whereV is the number of simultaneous
TCP flows. As argued in [4], [5], there is interdependence
between small buffers in routers and network stability. ¢fra
escu et al. [6] then suggested that the buffer size need
not be larger tharO(log(WV)), where W is the maximum
window size of the TCP flow control used by the operating
system of the receiver. Based on this rule, Beheshdil. [7]
suggested that optical packet switches may only need 10-20
packet buffers, at the cost of a certain reduction in utiicra
None of these studies has considered the effect of wavélengt
division multiplexing (WDM) or dense WDM (DWDM) [8],
an important feature of present and future networks, in whic
there are multiple wavelength channels on each core trunk.
Eramoet al. [9], [10] showed that switches with highly
symmetric load need only a small number of wavelength
converters to achieve a low packet loss probability. Wong
and Zukerman [11] proposed a queueing model for DWDM
switches and demonstrated that only small, but possibly non
zero, buffers are needed if many wavelength channels pat tru

In the past, it had been widely believed that Interngfnq fuli wavelength conversion are available.

switches need large buffers to achieve high throughput.

AThese early publications indicate limited need for buffers

common rule-of-thumb [1], [2] states that a switch needsfg, Tcp traffic and in DWDM switches. However, the

bitrate-delay product (BDP) of buffering? = Cy x RT'T,

interaction betweerthese two has not been studied previ-

in order to fully utilize bottleneck links. Heref3 is the size oygly. In this paper we consider a “closed-loop” model of a
of the buffer,Co is the capacity of the bottleneck link, andscenario that includes both TCP and core trunks with meltipl
RTT is the average round trip time of the TCP flows runningayelength channels and we provide a scalable and accurate
in the bottleneck link (where “round trip time” is the timegnajytical method for the evaluation of TCP throughput and
between when a packet is sent and when its acknowledgmggtket loss rate for DWDM networks. This method enables
is received, when all queues are empty). Internet desigrguspyractical conclusions on buffer sizing to be drawn and can

) ) lead to a useful tool for network and switch design.
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limit on the maximum window size. We assume that the
TCP sender and receiver buffers are large enough that TCP’s
congestion window determines the transmission rate. Fhis i
a conservativeassumption and is likely to be necessary for
future networks.
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sources transmit packets via access links to edge routers
(ERs) which have large electronic buffers that have negjkygi
probability of overflowing.-The TCP sources are assumed to

be greedy, i.e., they always have data to transmiErom the
ERs, the packets are transmitted to a symmetric core DWDM



DEMUX " Core DWDM switch 'V';JX the buffer size required, we assume for simplicity that this
trunk is the only bottleneck for all the sources sharing it.
Accordingly, we consider only a single subsystem assatiate
with one output trunk and all the sources that transmit pscke
through it, and all the ERs, links and ports that forward the

TCP

sources 1o | B oupur 3 Outbut packets to it.
T T As in previous work [6], [7], we consider switches in which
E:> each individual connection carries a small fraction of thialt
= = Ot ks capacity, allowing us _to neglect the “saw-';oqth”_changes in
n connect to TCP rate due to additive increase and multiplicative desgea
Input Output OC‘,TeSfW'I‘:C“hthSS This is justified by the fact that most traffic in core switches
wavelength wavelength must traverse access links with rates orders of magnitude

smaller than those of the optical links rather than by assgmi
an artificial limit on the receiver's window as done previlyus
Specific networks, such as dedicated high-speed scientific
networks [20], may require different buffer sizing rules.

switch from which they are forwarded to other switches. Note The contribution of this paper is fourfold, with the devel-
that our model is also applicable to topologies that do ngpment of new performance evaluation tools as well as the
involve ERs, but instead allow packets from one or moisuffer-sizing study.

sources to be stored in a router on the customer premises anﬁ_’ihe first contribution, in Sections Il and Ill, is a scalable

transmitted dlrectly to the n.etwo'rk. i “open loop” approximation model for the packet loss prob-
The analysis presented in this paper applies to electroniGiji, as a function of traffic load. Here the traffic load is

packet switches and to optical packet switches, with bsff€fiefined as the rate [packets/s] times the mean packet size

of equal (possibly zero) size at each output port. Howevgis) \we demonstrate that our approximation is accurate i
the demonstration of zero buffering requirementis paliity 5 ide range of scenarios. Although the open loop model is

relevant to optical switching. _ . ~a component of our closed loop model, it has a value on its

This paper also covers the case of hybrid (optical/ele@jonown as it is applicable to dimensioning networks that carry a
switching, where, for instance, buffering and wavelengih-c sjgnificant amount of non-TCP traffic, which are expected to
version are performed electronically but incoming packets pe prevalent [21].

a given wavelength may cut through optically if the same __ . . .
g 9 y gh op y The second contribution, in Section II-B, is a closed-loop

avelength is available at the output [14], [15]. . . )
wav gih 1s avai utput [14], [15] analytical model to estimate bottleneck throughput. Thislet

We will use the following terminology and notation. A con-.PCIudes the open-loop model and also the feedback provided

) ; ]
gfefr:'gen Zitc\j,\;i:kt\slvfalr;zdf;lls d(;g\l/?scljei t;ﬁnckri;];ggév?rns%ﬁ TCP, whose throughput is determined by the packet loss
P 9 Y probability [22], [23]. A fixed-point solution of this closge

link IS connected_ to the switch at F.’Ort' Each input link .loop model can be calculated by a binary search algorithm.
terminates on an input port of the switch and each output Iu&

oriai ; g5y comparing it with ns2 [24] simulation results, we show
ginates at an output port of switch. Note that we consid : . . .
the typical case where the number of TCP sources is m ﬁc\wat this analytical model provides an accurate approxanat
. X . 48 'the throughput.
larger than the total number of input links on all input trank
Moreover, since there are multiple trunks, the total nundfer  Third, in Section IV we provide an extrapolation method
input links is larger than the number of output links on anip estimate the performance of high bit rate optical network
single output trunk. Weonsider a non-blocking switchwith Having a high bit rate means that simulations require a large
output buffering and full wavelength conversion. amount of memory to store all the packets which are “in
Note that true electronic output buffering is not feasible flight”. Moreover, current CPUs require a very long time
at high speeds, but it can be exactly emulated at high speed!© Process the large number of packets. Moore's law [25]
using virtual output queues [16]. Moreover, output buffer- cannot alleviate this plight because bit rates are scalipg u
ing can be achieved in optical switches using multiple- @S fast as the volume of memory and speed of CPUs [26].
input single-output buffers consisting of a combination of The extrapolation method simulates a network with the same
space switching and multiple FIFO delay lines [12], [13]. topology but lower bit rates and fewer flows, and then scales
For a switch that is not fully non-blocking, the overall the results up to the desired bit rate [27].
throughput achieved will be lower due to the additional Finally, Section V contains the main numerical study. We
packet discards. show that increasing the number of wavelengths dramaicall
We consider a switch wittL input and output trunks, wherereduces the buffering requirements, and that previous-+ofle
L > 2. Each trunk consists ok links. Consider a subsystemthumb which disregard this effect will be overly conservati
consisting of theK links/ports of an output trunk and all theThe impact ofTCP Pacing [28], [29] is also investigated, and
packets arriving at thé/ = (L — 1)K input ports that aim we demonstrate that it will typically not have a major effect
to access that output trunk. For any output trunk, to evaluain the throughput of high-bandwidth core switches.

Fig. 1. Network topology of an optical network with a bottek symmetric
switch



Open-loop model If all the TCP flows have the same long-term average packet
Traffic Packet loss loss probabilityPp, the effective aggregate rate of all the TCP
load, A probability, Po .
flows is
TCP model N /1.5/ /PD
Rogg = ——= (2)
RTTy

Fig. 2. Interaction between TCP protocol and the bottleri2ékDM switch whereRagg [packets/sec.] is the aggregate rate of TCP flows,

N is the total number of TCP flows aifll'T g is the weighted
harmonic mean round trip time of the3&TCP flows, namely
Il. MODEL =

] ) ] i RTTy = Ragy/ >, (r:/RTT;), wherer; and RT'T; are the
Consider a DWDM switch carrying TCP traffic. Theggie and round trip time of théth flow, and the sum is taken

throughput and packet discard probability of this systerth Wiy, or all flows.

be studied by decoupling the closed-loop TCP-over-DWDM 1pg (q1a] packet arrival rate to the open-loop model is
system and anlyzing two interconnected models: one is alnove

“open-loop” queueing model and the other is a standard TCP _ M ©)
model. This is illustrated in Figure 2. A4t

After introducing the notation, the rest of this sectionlwil,ypare theu~ reflects the reduction in load caused by each
describe the TCP model. The open-loop queueing modeljg; o whether the packet is buffered, discarded or sent
more complex, and will be described in the following SeCt'O'?mmediately, and\ is equal to the aggregate packet arrival rate

that all the TCP sources attempt to transmit, he= Rqgg.

A. Notation From (2) and (3), the relationship betweenand Pp is
Packets arrive at the DWDM switch through any of s A = T'(Pp) where

input ports. For each input port, I&f A [seconds] be the mean Nuvis

. . . puv' 1.

idle time between two consecutive packets, measured frem th T(p) (4)

end of one packet to the start of the next. MuRTTw/p = NV15
The packet timeis the time it takes for an entire packet to When all RTTs are equal, the total bitrate-delay product
be received by an input port. Lé/; [seconds] be the meanis MuRTT. The model (1) from [22] does not consider
packet time. An input port is said to beisyduring the period timeouts, and hence only applies when flows have a window
it receives a packet. of at least four packets, to allow packet discards to be de-
The switch has a buffer consisting B8f buffer spaces. Each tected by three duplicate acknowledgements. The proposed
buffer space can store a single packet indefinitely, andd#-av model should thus only be used whenV/  RTTy > 4N.
able to store a new packet if either it is not currently stgrinActually, for very low RTTs (4) is nonsensical; notice tht i
a packet, or the packet it is storifgps been completely MuRTTy < +/1.5N, the arrival ratel’(p) becomes negative.
received andis currently being output. An incoming packet Note that the model (2) applies to TCP Reno. Most new
will be discarded if there is neither an idle output port noTCP variants achieve higher throughput for a given value of
an available buffer space. The packet loss probabify, Pp, and so can tolerate smaller buffers. This is particularly
estimates the proportion of packets which are discarded fpye of TCP variants specifically designed for small-buffer
the input ports. networks [33]. Designing buffers for Reno is therefore a
The average rate of TCP flow is denoted hy conservative approach.
[packet/second], an®T'T" [seconds] is the round trip time.

C. Closed loop model

B. TCP_ model ~ The foregoing TCP model finds in terms of its input:Pp
MathIS et a.l. [22] pI’Opose'd that the rate Of aTCP ﬂOW (|nand the System parametﬁg”T’ N’ M andu. The Open |00p
packets/second) as a function of the packet loss probatslit gueueing model to be derived in Section 11l will fin, in

m 1.22/\/Pp given its input: A and the system paramete¥s M, u, B and
r= RIT ~ RTT (1) K. Together, these two form a set of fixed-point equations,

which we call the closed loop model. This set of fixed-point
if the flow is dominated by TCP’s “congestion avoidance’ P P

phase [30]. This equation applies to a family of TCP protspolfq;nad“%ns aggovgj'ciﬁ:jgfe'g‘ ostimportantly, the throughputs
called by us "Reno”, including Reno [30], NewReno [31] and “99 '
SACK [32], which are all essentially the same at the level of
abstraction we consider. More accurate expressions hare ba!l: OPEN LOOP MODEL— EVALUATION OF PACKET LOSS
developed (see for example [23]). However if each flow is PROBABILITY

a small fraction of the total throughput, bursts are smabthe As discussed, the open loop model takes as input the traffic
by the access links, and the buffer is sufficiently small fantensity A along with parameterg., M, K and B, and
gueueing delay at this switch to be negligible, then (1) isstimates the packet loss probabilty as output. This section
accurate enough for our purposes, as demonstrated by phevides a detailed description of the open loop model and
simulations in Section V. the method used to evaluate the packet loss probability. It



also provides information on previous related publicatiand above reduction in load. However, Cohen’s generalized &ngs
several alternative models. model (GEM) is still relevant only to a bufferless switch and
The model makes a mild symmetry assumption: For a giveloes not lend itself to a simple solution [41], [42], [43]. ®n
output port, there is a constant such that the rate of asrivakcently, by using advanced matrix methods [44], has antexac
at each input port of packets destined for this output iseeithnumerical solution for the blocking probability been acieie
zero or that constant. Note that this does not require tteat ttor the bufferless GEM for practical cases of hundreds dddin
load on each output port be equal (as assumed in work sysgT trunk.
as [9], [10]), that the number of TCP flows using each input An attempt to introduce a buffer to the GEM was made in
port be equal, that each TCP flow obtain equal rate, or tHatl], henceforth referred to as the WZ model, which is lidite
all pairs of input/output ports be used. by the assumption that no packet can arrive on an incoming
The model is based on a Markov chain, and implicitiyvavelength channel if a packet from that channel is alrendy i
assumes that both idle time and packet transmission time #te switch. This limiting assumption is relaxed in the model
exponentially distributedThe former is justifiable in our we introduce next which we calPacket Engset with Buffer
case where we consider a large number of greedy flows. (PEB). Afterwards we describe two special cases of the PEB,
The latter, which was made for tractability, is not as limiti and in Section V, we provide numerical results over a wide
as one might expect; for instance, certain bufferless systerange of parameter values that compare between the various
are entirely insensitive to the packet length distributjBd]. modeling approaches.
However, in the case of large buffers, and considering
realistic Internet traffic scenarios [35], [36], [37], [38] i
larger losses may occur than those predicted by our model B- Model: Packet Engset with Buffer
based on these assumptions. The PEB model is a single dimension (“birth-and-death”)
In principle, a multidimensional continuous-time MarkowWarkov chain. The staté of the Markov chain is the number
chain can be defined to yield an exact solution of the abowé packets either in a buffer or being output, and the steady
described model, but because the size of the state space ofstiate probability of being in stateis denotedp;. When we
Markov chain model is exponential in the model parametershoose an approximate model, such as PEB, that aims to
such a solution will be computationally prohibitive. Thatst capture various effects of the real system in a single dimeans
space explosion results from the many possible interastiome must make certain simplifying approximations, which
between input ports, buffers and output ports. Notice timat aompromise on accuracy. The PEB approximations are mainly
input port is busy when it is 1) switching a packet to an outpaissociated with the modeling of the packet arrival process.
port, 2) loading a packet into a buffer space, or 3) discagrdinn the real system, when a packet arrives, it is progressivel
a packet. A prohibitive number of states are required tontecceither directed to the output port, or written to the buffer,
the states of each of the input ports and thé( output ports, or discarded. Each of the processes takes one packet time
and for each logical buffer position to record the identify o be completed. In any of these cases, no new packet can
the input port from which the packet is written to it, if anyarrive at that particular input port until the current packe
Therefore, we aim here to develop a model that will lead ttas completely arrived. In contrast, our Markov chain model
an accurate yet scalable approximation. Given fatind X assumes a state-dependent Poisson arrival process in which
increase with technology advancements, our model should ckets can arrive at any time, and they do so instantaneousl

of a single dimension to achieve scalability. Without these modeling approximations we will need a large
state space to capture all the relevant effects, in which ttees
A. Prior work solution will be computationally prohibitive for large golems

The well-known Engset model [39], [40] which was Origi_and therefore impractical. Although we resort to approxima
' jans, we are able to capture in a single dimension Markov

nally developed for telephony, can be used to evaluate packg

loss probability. However, it does not consider two effect§ha'n moqrer: alllEtge '|mp|(.)rt.ant effects. tot'a high dcfgri:fbm
important for the present case: it assumes,firstly, thaketie accuracy. 1he simplifying approximations are desdfibe

no buffer in the switch and, secondly, that an entire pacléé‘tdeta” in Table 1. L,

arrives instantaneously. This means that the Engset moquThe most su_btle approximation s _that each busy output

allows other packets to arrive at an input port while a pack,@?k causes an input I|nk' tq be busy S|multane0L!st, reflecte

is being discarded, thus neglecting the reduction in trigad " €vents 4 and 5. This is the reason there is no overall

due to discarded packets. Cohen [41] introduced a genedali£"ang€ in arrival rate in the PEB at event 4. The packet that

version of the Engset model in which there is an exponeyltial‘?omplems_the service releases both an Input and an output
distributed delay with meah/D after which a call is blocked 1S reducing the idle time between packet arrivals to allitn

during which the source cannot make another call. Settirqgrt,s' Tlhe new ?aCket th"?‘t COMES from éhe buffer is mogdeI.ed

D = pu, this model is sufficiently versatile to include the?> Simultaneously occupying an input and an output portsor |

entire transmission duration. This means that idle timevbeh
LAlthough TCP traffic is known to be correlated within a TCPséess and  packet arrivals to all input ports is increased (by exadtly t

among TCP Sessions, the simulations in Section V-B denmtesthat the same amount Of the prevn)us decrease) to model the fact that

exponential approximation accurately predicts the queug@erformance, at . . . .. .

least when the link is highly multiplexed and the load is riotet varying the input port is unavailable. Similarly, in event 5, the PEB

(e.g., a fixed number of greedy flows). arrival rate increases when a packet finishes transmissiem,



if the packet which departed was being sent from the buffdreing discarded is the arrival rate in state+ B, namely
This approximation cancels that in event 3, as follows. [M — min(K + B, K)]\*, times the probability of being in
As defined in Table Iy is the time offset between when athat statepy 5. The packet loss probability, given by the rate
packet first arrives and starts entering the buffer, and wherof discards over the mean total arrival rate is thus
starts beipg .trans',mitted through the qutpqt port. For gqﬂack (M = K)Npris
of transmission timen, there is a periodnin(m,7) during Pp = A . 8
which the packet is being transmitted, but not causing aatinp
port to be busy. PEB under-estimates the arrival rate duringNotice that the steady stape . 5 is a function ofA* which
that period. However, in such a case there was an equal tifa@ctually determined by’p. This gives rise to another fixed-
in event 3 during which an input port was assumed to goint relationship. IfA is known, P can be obtained through
idle, while in fact it was busy receiving a packet being veritt an efficient algorithm provided in [11], solving the fixedpb
to the buffer. Thus, the above two effects cancel out eaAuations of (5) and (8). Then, the closed-loop systemisalut
other from the point of view of the arrival rate (see mor&an be obtained by the algorithm provided in Appendix IIl.
details in Appendix I). However, they cause a slight inceead Ne closed-loop system combines (5) and (8) with (4) into
in the discard probability: the arrival rate is over-estieth & larger set of fixed point equations. Appendix Il proves the
in statesi ~ K + B, when a large fraction of packets will €xistence of a unique fixed-point solution for the closeajplo
be discarded, and the corresponding under-estimate oircur§ystem and Appendix IIl proves that our algorithm converges
statesi < K + B when packets will not be discarded. Thido this fixed-point solution.
causes PEB to be conservative and over-estimate the discard
probability slightly. _ . C. Related models
The task is now to find state transition rates dependent ) )
on Pp. In event 2, packets that arrive at the input port are AS Well as the foregoing model, three related models will
discarded. The one-dimensional model cannot keep track&3° be evaluated numerically in Section V.
the number of input ports discarding packets, and so the modeThe first simplified model is thé&ngset with buffe(EB),
allows packets to arrive at the input port immediately aftéferived from PEB by assuming that the mean idle time from
a discarded packet arrives. To compensate, as in [11], {€ Point of view of the switch equals/A. This means that
average time per arrival spent discarding packéls/y, is EB neglects the reduction in traffic load due to the effect of
modelled by increasing theffectivemean idle time, between Progressive packet discarding. The packet loss probgplmiit
when a packet finishes being received and when the n&Xs special case, denotéth (£ B), is obtained by substituting

arrives, from1/X to the approximation
i;#:le@ (5) ANm= ) foral0<i< K+ B
A XA Pp) A

into (6), and after using (6) and (7) to obtai , Pp(EB
As shown in Appendix I, this yields a model whose meag otfta)ined by 96 % Rz, Pp(EDB)

arrival rate is equal toA, the correct rate for the “real”
multidimensional Markov system. (M — K)\pk+B

Under the approximation that there is exactly one busy input Pp(EB) = Anp ©)
port for each busy output port, the number of busy input ports
in statei is simply min(i, k). The number of idle input ports WNere M
is thusM —min(i, K), and the arrival rate in staigequals the Agp = , (10)
number of idle gnput)ports times the reciprocal of the effect 1A+ (1= Pp(EB))/u
mean idle time. Thus, the effective arrival rate in statiss which gives
[M — min(¢, K)]\*. Similarly, the departure rate in state- 1
is the number of busy output ports times the reciprocal of the Pp(EB) = (M = K)prcyp(p+A) . (12)
mean busy time, namelyin(i + 1, K ). The resulting steady Mp+ MM — K)pk+p
state equations are Notice that for the cas® = 0, the EB model reduces to the
NS , classical Engset model.
Pist (M —1) = 0<i<K-1 This over-estimates the arrival rate, and will yield an ever
i = \* ) (6) estimate of the discard probability. This effect is moreaxppt
’ (M~ K) Kpu K<i<K+B-1 in high loading where discard probability is high, making

higher impact om\* as can be seen in (5).

together with the normalization equation The second is the M/M{/(K + B), a “textbook” model

K+B which assumes a state-independent Poisson arrival process
Z pi =1L (7)  and thus ignores the correlation between the arrival rate an
=0

the state of the ports. This approximation will yield acdara
Recall that the mean arrival rate of the PEB model i®sults only when the number of input ports is significantly
equal to A, given by (3). Moreover, since packet loss onlyarger than the number of output ports plus buffer spaces
occurs when the buffer is full, the rate of packets arrivinda (M > K + B).



TAB

LE I

COMPARISON BETWEEN A PHYSICAL SYSTEM AND THEPEBMODEL

Event and corresponding switch operation

Corresponding PEB model approximation

1. A packet arrives when a free port is available. It is th
progressively directed to the output port.

eRkor the entire duration of the packet, (a) the aggregatdcse
rate is increased to model the fact that an extra packet ingh
served and (b) the mean idle time between packets is inae
to model the unavailability on one input link/port and thetfg
that no new packets can arrive at that input port.

2. A packet arrives when all output ports and buffer spaces
busy. The packet is progressively discarded from the mon
it arrives.

arhe PEB model decouples the loss of the packet from the e

between the two. The packet is discarded instantaneousl!
that this event causes no immediate change in the arrival

Instead, the long-run arrival rate of packets to all inputpcs

reduced by increasing the mean idle time based on the n
time to discard a packet and the long-run probability of t
event to occur (i.e., packet loss probability).

3. A packet arrives when all output ports are busy but ther
a vacant buffer space. The packet is then written to the by
as it arrives.

e The packet is written instantaneously to the buffer.
ffe The required compensation to the arrival rate is made
events 4 and 5 instead of here.

ei
ase

ffect

newft progressive discarding process and assumes independenc

Y, S
at

nean
his

¢ at

4. An output port becomes free, and the buffer is not em
A packet starts being read from the buffer.

A buffer space is available to store a new packet ag
soon as the packet previously in that buffer space has both
(a) been completely written to the buffer and (b) started
to be read from the buffer.

Moreover, the packet may start being read before it has K
fully received. The time offset between when the packet f
arrives and when it starts being transmitted-is

From time 7 before the packet finishes being transmittg
the packet does not occupy the input port, and new pac
may arrive.

ptix buffered packet is released instantaneously from theebu
The transition rates of the Markov chain are unchang
because the number of packets in service rem&ins

een
irst

2d,
kets

=3

5. An output port becomes free and the buffer is empty. ]
number of busy output ports decreases by one.

I'HEhe aggregate service rate is decreased to model the fac
one fewer packet is being served. In addition, the mean
time between packets is decreased to model the availatulit
receive packets of the port on which this packet arrived.

tha
idle

The numerical results for the packet loss probability of thehich packets are discarded, this model will over-estintate
M/M/ K/(K+B) queue in this paper were calculated using théiscard probability.

closed form

K+B

KR AR+B [L (K A) (KA
Pp=—5 , o Z KIKi—K (12)
=0 1=K

where, using (3),
A M 13)

T Kp KOtp)

The third simplified model is the above-mentioned WZ

model [11]. Since the WZ and PEB models differ
the assumptions associated with buffered packets, t

only in
heyrtrev

to each other for the casB = 0. This will be demonstrated

numerically in the Section V. The assumption limitin

g multi

ple packets from one input port can cause underestimation
of the total arrival rate, and hence the discard probability
unlessB is negligible compared witthi/ — K. In particular,

if K <M < K + B then WZ predictsPp = 0. In con

Recall that)\ here is the reciprocal of the mean idle time of EB correctly predicts thabp > 0.

an input port, rather than the arrival rate which is its commaq

Insight into PEB can be gained by considering its

trast,

behavior

meaning in queueing theory. Note that, like PEB, this modi different asymptotic regimes fav/, B, K, A and Pp. One
has the correct overall arrival rate. However, unlike thévar

process of PEB where the arrival rate may decrease whiith o =
more packets are in the switch iGcreases), the arrival rate

interesting regime is that in whicik and M become
K/M, X and fixed, and

P=N(A+p) <a

here does not decrease in this case. This causes the arrival
rate in statei = K + B (the highest value that can take) Similar asymptotic regimes have long been studied for
to be significantly too high. Since this is the only state inther models, which do not consider the fact that discarded

large

(14)



packets continue to occupy an input port, or the impact 100

T T T T T T T T T
of small buffers [45], [46]. - %

Since p < «, the strong law of large numbers yields S go |t i
that the fraction of busy servers tends to a constant, and § PSS e S
Pp tends to 0. However, we are interested in the rate of g 60 - Simulation, B=2 + -
convergence to this limit. Appendix IV shows that in this S Simu ﬁttediBB =1%

. : - P imulation, B = X
regime, the asymptotic behavior &%, is given by -§ 40 fitted. B = 10 - i
(1_04)B+1 M A R E t ——+ + t —+
PD ~ (T = (p)K+B(1_p)]W K-B 17 g 20 L |
(5 °
or more explicitly by 0 L1

0 1 2 3 4 5 6 7 8 9 10

P T—a (A+p\ (A1 —a)\" e MDab)][b() Bit rate (Gbl/s)
b 2T« W po vM ’

(16) Fig. 3. Curve fitting of bottleneck utilization? = 2 and 10 [packets]
where z ~ y denotesz/y — 1, and Dk (b(a)||b(p))

is the Kullback-Leibler divergence [47] between the binarE/ . . . ) . . ]
distributionsb(a) and (5)) with probabilitiesa, 1 — o and h_e |mpa_ct of_mcreased mulUpIexmg a_t higher bit rates.c8i
b, 1 — p, respectively. In this case, the Kullback-Leiblefhis multiplexing leads to Poisson arrivals when the number

divergence becomes of flows is large, the throughpuyt tends to a constant in this
) scaling regime, allowing this extrapolation method to wogk
D (b(a)|[b(p)) = « <1n g) +(1-a) <ln - — ?‘) . to very high bit rates.
p -P

B. Example of the extrapolation method

IV. EXTRAPOLATION FOR HIGH BIT RATE SIMULATIONS
Consider a 40 Gbit/s link carrying 4000 TCP connections.

It is difficult to simulate a 40 Gbit/s network, considerin . ) .
that many networks limit TCP packets to no larger thgﬁo determine the throughput for a particular buffer size, we
extrapolate from a range of scenarios involving 0.4, 0.8

. C

1500 kBytes, and thus very many packets must be simulated, . .

this section, we describe a new method based on extrapmlaralo ' 1f6thzob2ttAIf 4 Gk’ fg'tor 1to Gb'tlléhﬂst;rlfe _thethshzzrgggtta/ach
to obtain results for packet loss probability and througtipu ow ot the botlieneck bit rate 1S WS in the s

. ; L : . .. case, the same bottleneck bit rate per flow will be used for
cases where direct simulation is computationally prohvibit ’ . . ;
b yp %})e lower bit rate cases, which will have 40, 80, 120, 160,

The extrapolation is based on curve fitting to obtain resul )

for simulalzions that are run for cases V\?here the capac 0, 240, 400, 6_00’ 800 an(_j 1000 TCP flows respectively.

is sufficiently small that the simulations are computatigna or each scenario, we consider long lasting flows, and we

feasible. In all cases, the curve fitting was done using thge paced TCP NewReno to _refleqt the fact that access links

method of least-squares [48]. very much slower than 40 G'blt/S will space out packets. The
RTTs are assumed to be uniformly distributed between 60 ms

_ _ _ and 180 ms giving a weighted harmonic mean/ofT; =

A. Scaling regime for the extrapolation method (180 — 60)/log, (180/60) = 109.1 ms. The simulations were

Extrapolation is most effective if the known functionaperformed using ns2, making for simplicity the optimistic

dependencies are first removed. (Indeed, extrapolationasf s assumption that a buffer space is available as soon as the

known dependencies is often sufficient [49].) From (2), packet it contains starts transmission.

\/m Figure 3 shows the fitted curves for the cases where the

pCo ~ Rygq = (17) buffer sizes areB = 2 and 10 packets. FoB = 2, the

RITy points form a straight line so that the extrapolated valuéte

wherep is the bottleneck utilization, an@o is the total output utilization at 40 Gbit/s is 31.7%. By comparison, the ugtinn
bit rate. when B = 10 decreases with the available bit rate. The shape

The relationship between bottleneck utilization and packef the fitted curve in this case is close to that of a hyperdala.
loss probability is thus particular, fitting the nine simulated points gives the fimt
J/15/Pp 0.7024 0.0481/(x — 0.126), whose standard error is 0.00673
N (18) and correlation coefficient is 0.999. The predicted utilma
RTTy Co/N at 40 Gbit/s is 70.3%.

We aim to study the trend of bottleneck utilization at We can also predict the packet loss probability using extrap
different bit rates. As well as the equilibrium (18), the dyelation as illustrated in Figure 4. Instead of extrapolgtihe
namics of a TCP connection are largely dependent on facket loss probabilities directly, we extrapolate theisd>10
bitrate-delay product (BDP). By reducing botf\, and N logarithm.
in proportion, the distribution of BDPs is maintained in leac The points in Figure 4 for a buffer of 2 packets again form
scenario. By also maintaining a constant valueRafT ;, the a straight line, giving an extrapolated value for the pattss
only functional dependence that needs to be extrapolatedpi®bability at 40 Gbit/s 0l0—3-%4. However, as in the case of



We now consider the model predictions for a wide range of

e ‘ ‘ E loads, packet loss probabilities and numbers of ports.
+ 7 N N Figure 5 compares the predicted packet loss probability wit
8.2 Simulation, B=2  + + the simulated values for the case bf = 2 input ports and
Simulaggﬁdiaizl(z) N K = 1 output port.All the models overestimate the true
3.4 fitted. B= 10 - 1 discard probability, with the PEB and WZ model yielding

the highest accuracy.

Logarithm of packet loss probability

36 ] As mentioned in Section IIl.C, in Figure 5(a), the WZ
38 L X’X,xx%»ff”x' ****** SO O N reverts to the PEB model as the buffer is zero. In Figure 5(b)
T x WZ yields Pp = 0 sinceM < K + B, and so it does not

4 I S R TR SR TR R S appear in this log-scale figure.
0 1 2 3 4 5 6 7 8 9 10 In both subfigures, when the traffic load is low, the packet
Bit rate (Gbl/s) loss probability is sufficiently small that EB is indistinigh-

able from PEB. However, it noticeably over-estimates the
Fig. 4. Curve fitting of log(packet loss probability) for theffer sizeB = 2,  discard probability at high load, since its over-estimdt¢he
10 [packets] total arrival rate becomes significant in that case as distlis
in Section I11.C.
The M/M/K/(K+B) model is generally the least accurate.
This is because, as explained previously, it over-estisniiie

0.327) that fits the points in the figure. The standard error grrival rate in the state= K + B in which discards can occur.

0.00698 and correlation coefficient is 0.982. The extrapdla . For _castﬁs W'thlt{ > 2, StUCh ai :hostﬁ n F|gurefg, EEB
packet loss probability at 40 Gbit/s i$—3-715, IS again the most accuratexcept lor the case oI5 =

5, and close to the simulated results. At these low packet
loss probabilities, EB is indistinguishable from PEB. The
) M/M/ K/(K + B) model, while not as accurate, is also quite
The open-loop and closed-loop models will now be valigse In fact, when B = 5, the MIM/K/(K + B) model

idated. After that, they and the extrapolation technique Cgje|ds the highest accuracy.The WZ model significantly

be used to study high bit-rate networks. In the next sectiof,der-estimates the true packet loss probability wRea 10,
we use them to investigate the impact of DWDM on buffejnce B is not negligible compared with/ — K.

requirements, and the relationship between pacing and lowkigure 7 shows the results for various numbers of input

Figure 3, the shape of the curve whBn= 10 is approximately
a hyperbola and so we find the functier3.712 — 0.117/(z +

V. MODEL VALIDATION

bit-rate access links. ports, M, for K = 1 output ports, a buffer o3 = 3 packets
and a normalized intended traffic load 4f= 0.4. The PEB
A. Validation of the open-loop analytical model and EB model remains the most accurate.

In order to evaluate the accuracy of the open-loop modeLFigure 8 shows results when the intended tra_tffic load is
its predictions will be compared with Monte Carlo simulalarger than the bottleneck capacith > 1. In this case,
tion [50] for a wide range of parameter values. Monte Carf¢ bottleneck is almost fully utilized, and the packet loss
simulation is used instead of ns2 because TCP is not involv@bability is approximately
here.In our simulation here we consider the case described P~ A—1 MXN—K(u+\) 19
in Table 1 whereby a new incoming packet can enter a D= T M (19)
buffer space at any time after the previous packet has both Models PEB, WZ and M/MK/K + B take this packet loss
completed being inserted into that buffer space and started probability into account, and give very similar resultsywe
being transmitted. When a channel becomes available and close to the simulation results.
more than one packet is buffered, the packet sent is the one  Recall that the EB model neglects the reduction in traffic
whose first bit arrived at the buffer earliest. Also, in these load due to discarded packets assuming that packets centinu
open-loop simulationsboth the packet size and the packeto arrive at an input port while it is discarding a packet.sThi
interval are exponentially distributed, as in the anabjt@pen- means it over-estimates the arrival rat&vhen the packet loss
loop model, because the aim here is to test the approxinsatigmobability is high. Lettingz = Ku/[(M — K)J], it can be
to the state-dependent arrival rates. Later, we test theeteffshown that forz® < 1 (large buffer or heavy overload), EB
of the exponential assumptions when we compare with ne@er-estimates (19) by a factor of approximatdy (M — K).
simulations that include TCP where the packet length andThe above results, and many additional results not pregente
interval are no longer exponentially distributed. here, show that PEB is quite accurate in a wide range of

Results are presented here for the packet loss probabitenarios. Since PEB is not computationally prohibitivel an
versus the normalized intended offered load [51], definedmost as computationally efficient as the other modulés, it
by MA/[K (A + p)]. In all the simulations, the runs wereused for the results in the following section.
sufficiently long to keep the widths of the two-sided 95%
confidence intervals, based on the Student-t distributisthjn  B- Validation of the closed-loop model
3% of the average values of packet loss probability shown inFigure 9 compares the results obtained based on the closed-
the figures. loop PEB model with those obtained using the extrapolated
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ns2 simulations. The bit rate of every link is set at 40 Gbit/s
The number of output portd(, varies between 1 and 100.
The number of TCP flows i4000K. The payload of each rate. Besides CPU computing power, it has been found that the
TCP packet is 1000 Bytes. The bit rate of each access linkligernet traffic and switch capacity are scaling up at simila
100 Mbit/s. rates [26]. The following figures demonstrate the effects of
When the buffer is very small{ = 0 or 1 packet), the PEB scaling up various network parameters. The payload of TCP
model produces very accurate and slightly conservativétees packets in all the simulations is 1000 Bytes. Unless othegwi
predicting slightly lower throughput than the simulatiofer specified, the access bit rate per connection is 100 Mbit/s.
larger buffers § = 10 packets), the PEB model becomes as described in Section IV, if the bottleneck bit rate
increasingly conservative relative to the simulation. l4o@r, jncreases linearly with the number of TCP flows while other
the good overall agreement suggests that both approximgfgiors such as the numbers of input and output ports and the
evaluation techniques yield good estimates. buffer size do not change, the bottleneck utilization coges

to a unique limit. This also means that the buffer requiret:ien
VI. SCALING: INCREASED UTILIZATION FROM DWDM will not change under this scaling.

Having developed the necessary tools, it is now possible toConsider a DWDM system with many wavelengths. If the
study ultra-high bitrate networks. Moore’s law [25] stateat number of links per trunk is scaled up in proportion to the
the number of transistors on an integrated circuit doublesye number of TCP flows while the bit rate of each link is
18 months, and computing power is increasing at a similkept constant, the bottleneck utilization will increaseedo
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the increased statistical multiplexing reducing the padbss
probability. That is, the throughput will increafsesterthan the
rate of increase of capacity. We demonstrate this effectgusi
ns2 simulations and the extrapolation method for the fatgw
simulation scenario. The bit rate of each link is extrapedab
40 Gbit/s. The input traffic comes from four trunks, each witt
the same number of links as the output trunk. No buffer i
used. The number of TCP flows increases in proportion to tt
number of links per trunk to keep each user having 100 Mbit/¢
10 Mbit/s or 2 Mbit/s bottleneck bit rate. Notice that altlgbu
the access bit rate is set at 100 Mbit/s, the bottleneck liak m
limit the access to a lower rate per user in which case th
access link is not fully utilized. As seen in Figure 10(ak th
bottleneck utilization increases with the number of linle p 1 15 2 25
trunk. If there are 100 output ports and 400,000 TCP flows Normalized intended offered load, A
the utilization can be as high as 72%tth no buffer
In some DWDM switches, each output port has its own (b) M = 80 input ports, K' = 20 output ports,5 = 5 packet buffer
buffer. Therefore, the total buffer sizB in the output trunk
is scaled up with the number of output pors, Figure 10(b) Fig. 8. Packet loss probability vs. normalized intendedfitrédoad.
shows the link utilization in this buffered case. All the don
tions in the simulations are the same as those in Figure 10(a)
except that each output port possesses a one packet buftsrthaving wavelength conversion. Assuming each trunkfhas
(B = K). As aresult, the bottleneck utilization is significantlyoptical fibers, and each optical fiber can caffywavelengths,
larger than in Figure 10(a). For instance, if there are 1@uut we have FW links per trunk. In this case, as in [11],
ports and 6400 TCP flows, the utilization is increased frogbnsidering only traffic transmitted in a given wavelengtin
30% in the bufferless case to 73%. This demonstrates thaksuming balanced (uniform) use of the wavelengths, the cas
even a single packet buffer per output wavelength is sufficieof no wavelength conversion can be viewed as a scaled-down
to give high link utilization. version of the case with full wavelength conversion, whaee t
Note that these results are for core routers carrying largember of links per trunk is reduced by a factod@t In other
numbers of flows. The number of flows in progress at any omerds, in the no-wavelength-conversion case, we consiaer o
time actually depends on the rates achieved by the flows [5agtwork with F* links per trunk. Such a network is one out of
because achieving a low rate causes flows to last longer. Weldfoseparate identical networks each of which fanks per
not expect that to affect our main contention that the numbigunk. Figure 10(a) demonstrates the deterioration ofiefficy
of parallel DWDM channels affects the required buffer size ias a result of scaling down the number of links per trunk.
a core router. If the link bit rate is scaled up while the number of ports and
Fundamentally, as explained in the following, the effect djuffer size do not vary, each TCP connection sends a higher
scaling up the number of links per trunk is closely relatebit rate over the bottleneck. Consider a case where there are
to the comparison of having full wavelength conversion anl = 20 links per trunk, 4 input trunks giving/ = 4K = 80
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“fair share” rate per flow of 2Mbit/s (20,000 flows), 10 Mbit/s (4,00&
flows) and 100 Mbit/s (408" flows).

links, and1000K = 20,000 TCP flows, and the bit rate of
each link varies from 1Gbit/s to 128 Gbit/s. The throughpyijization is shown in Figure 12, in which/ is the number of

for sgch a ;ystem is shown in Figure 11 Nc_)tice that alt_houggﬁbut ports,K is the number of output ports arglis the buffer
the bit rate increases, the bottleneck uuhzatdmreasgslt IS size [packets]. It can be seen that paced TCP outperforms
well accepted [1]-[3], [53] that the buffer should be in@ed oq,1ar TCP only when the access bit rate is at least of the
when the bit rate increases to maintain utilization level.  ¢ome order of magnitude as that of the core link bit rate.
Since in practice the core bit rate is typically much higher
A. The effects of access links and un-paced TCP than the access bit rate, and regular TCP achieves similar
The above simulations are all based on paced Tdfroughputto paced TCP in this case, the conclusions drawn
NewReno. However, TCP traffic in the Internet is not pacegarlier in this section for paced TCP can also be applied to
TCP without pacing tends to send bursts made up of back-fegular TCP.
back packets so that the packet loss probability will be &igh
at the bottleneck. VII. CONCLUSION
Enachescuet al. [6] suggested that having access bit rates We have developed a scalable and accurate analytical
small compared with core link bit rate smooths the bursteethod for the evaluation of TCP throughput and packet loss
so that traffic that uses regular TCP is not disadvantagedrate for networks containing DWDM core switches and low
comparison to traffic that uses paced TCP. Here we show thate access links with large buffer®ur method is based
this effect also applies in our case of multiple links penktu on a model that assumes a single network bottleneck and
To this end, we ran simulations for regular TCP based @nfixed number of greedy sourcesUsing this method, we
our network model. The bit rate of each core link was set have demonstrated the relationship between the throughput
1 Gbit/s and the number of TCP flows was 400. The resultimj TCP NewReno and the buffer size at a bottleneck core



100 * ‘
S e
= 0. O
c 80g& © l
-% o g O
S 60 S S N
S 40} buffer=0——
o buffer = 1 - ¢
@ buffer =2 —=—
E 201 puffer=5 O i
m buffer =10 ---©---
0 * :
1 10 100

Bit rate per wavelength (Gb/s)

Fig. 11. Percentage bottleneck utilization as a functiotirdf bit rate (80
input ports, 20 output ports and 20,000 TCP flows).

80 T

70f T Ko
60 B P NN [cRR—— g
. + ,,,,,,,,,,,,,,,,,,,,,, + ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, 4
50 r 3
40 |
30 r
207 "Regular TCP
10 Paced TCP-— R

o 1 1 1
40 80 200 500

Access bit rate (Mb/s)

TR
b by by
o

[E

[EY

oo u

0o X+
L

Bottleneck Utilization (%)

T

1000

Fig. 12. Effect of access bit rate on bottleneck utilizatmfrregular versus
paced TCP over a 1 Gbit/s bottleneck.

APPENDIX|: DERIVATION OF THE MEAN ARRIVAL RATE OF
THE PEBMODEL

Let )\, be the arrival rate at the switch under the PEB model.
Let

Ae = Ao(1 — Pp) (20)

be the corresponding rate at which arrivals are accepted by
the switch. Now\. /. is the carried load; by Little’s law [40],
A/ is the mean number of busy output wavelengths giving

K—-1 K+B
)\c:N<ZiPi+ > Km) :
=0 1=K

The arrival rate), is the probability-weighted average of the
state-dependent arrival rates, namely

(21)

K-1 K+B
Xo= D N(M—i)pi+ Y N(M-EK)p. (22
=0 =K
Rearranging and substituting (21) gives
K-1 K+B
Ao = NM-—-X <Z ip; + Z sz)
=0 =K
= AN(M = Ac/p). (23)

Substituting (20) into (23) gives
Ao =N [M = Xo(1 = Pp)/p]
Rearranging and substituting/\* = 1/\ + Pp/u from (5)
gives
M

/A + (1= Pp)/p
M
A7+ pt

Ao

(24)

switch considering DWDM-related parameters such as tMéich is the actual arrival rata, given by (3).

number of links per trunk. Based on simulation results, we One interesting implication of (24) is that the effect on the
have demonstrated that the multiplexing provided by DWDMrival rate of the approximation in event 3 cancels out tfat
allows TCP to achieve utilization of up to 90% with a bUffe[he approximation in events 4 and 5, namely that each busy

of 10 packets, and 70% with no output buffer at all.

output link causes an input link to be busy. This can be seen by

As part of our TCP over DWDM model, we have developedoting that the other approximations do not change thealrriv
an open-loop model which on its own can provide an accurage, as follows.

and scalable evaluation @WDM packet loss ratesin cases
where TCP is not used.

The PEB approximation of event 1 makes introduces no
error to the arrival rate. The reduction in arrivals due tsslin

A thorough validation by simulations of a variety of model§vent 2 is cancelled by the reduction in load by (5). In a merio
has been presented. We have also proposed an extrapbtaPoth add a total expected “unavailable” tirfe\ Pp /1. to
tion method which can predict the bottleneck throughput f&&ch of theM input links, reducing the number of arrivals by
high bit rate switches. This is achieved by extrapolating til APpA/p. (The losses add idle time df/,. for each of the
simulation results at smaller bit rates. Good agreement ha4F’p 0ss events, while (5) adds idle tinfe, /.. for each of
been demonstrated between the extrapolated results andtigel'A arrival events.)

analytical models.

We have shown that the throughput is not only determinedPPENDIXII: EXISTENCE AND UNIQUENESS OFTCP/Pp

by the buffer size but also by many other factors includirg th

EVALUATION FIXED-POINT SOLUTION

number of wavelength channels in the bottleneck trunk aed th |n order to find conditions for the existence and uniqueness

properties of the TCP traffic.

of the closed-loop fixed-point solution faPp, let us first

Our method can be used as part of a tool for DWDMtudy some properties of the open-loop function framo

network and switch design.

Pp, denotedPy ().



Making the dependence qf; on \* explicit in (8), the This can be evaluated numerically by solving the “open-toop
average packet loss probability is given by fixed point equation. This is defined for all> 0, continuous
. and increasing, and takes values betwé&g(0) = 0 and
(M — K)pr+B(A7) ©)

o= GO0 S S minti, O3 Py(o<) = G(H™'(0)). (31)
Theorem 1:Let P = 1.5(N/(MuRTT))?. If

where M > K > 0. Clearly G(\*) € [0,1), since all terms

are non-negative, and the denominator contains at least one Py(c0) > P (32)
positive term { = 0) not in the numerator. i i ) _
For1<i< K + B, (6) gives thgn there epsts a unique SO|UtI% to the closed-loop f|xgd
point equationPp, = Py(T(Pp)) with T(Pp) > 0, and this
. M —min(i — 1, K)]| A* . solution satisfies
pi(A) = [ mingi K) ) pi—1(A") -
i s P < Pl < Py() (33)
= (H ak> (A)po(A*), Otherwise, there is no solution withi(Pp) > 0.
k=1 Proof: Any solution must withT(Pp) > 0 must
- i t e pt = ;

A o o satisfy (33), sincel'(P;,) > 0 only if P/, > P, while for
wherea; < [M —min(i — 1, K)] /[mm(f’ K)/‘] >0 ?oes MOt all A, P\()) < Py(c0). This establishes the necessity of (32).
depend onm\*. We write a; = [M — min(i, K)] (Hk:l ar ) Conversely, if (32) holds then there is\@uch thatP (\) =
and cancepo(A*) in the numerator and denominator to obtaid®. Analogously to (4), defing : (0,c0) — R by

G\ = ar A ) = Npv1s Y (34)
T Y EEB MuRTT+/Px(\) — NV1.5
— 1 . (26) It remains to prove that the existence oimplies there is
1+ EfiﬁB’l(ai/aKJrB)(/\*)i*K*B a unique solution tof (A\) = 0 with A > 0. Note thatf()\)

. . ) ) ) is continuous for\ > 0 except at\ where the denominator
Since a;/ax+p > 0 for all i, the denominator is strictly vanishes. Clearlyf() < 0 for A € [0 5\)' and so there is
positive. It is clear that the denominator is decreasingin no solution tof(}) = 0 in that rangej Fon > X FON is
and soG(X") is Increasing. i .. well-defined, continuous and strictly decreasing becatifeeo

We observe that equations (5) to (8) provide an implichoperties ofPy (\). Moreover, f(\) — +oc as\ decreases
functional form f_orPD in terms of A\. SubstitutingPp = {5 %\ On the other hand, wheh becomes very largef())
G(A") from (25) into becomes negative. To see this, note that the first part of it

1 1 Pp is always positive and finite fok > X and decreasing in.
> + 7» (27)  Thus the second term-(\) dominates. The intermediate value
theorem now guarantees a solution. The fact fhia strictly
we can defined : (0,00) — R such that decreasing in the intervél, +00) now yields uniquenessm
1 1 GO It is possible to consider other disgard modeﬂ?;,. The.
1= H(\) & Sxin T (28) above proof demonstrates that there will always exist augiq

solution to the resulting fixed-point equations providedtth

Each of the terms on the right side of this equation is well d&1& model satisfies (32) anf, is continuous and increasing.

fined, continuous, and strictly decreasing on the domain- AS well as PEB, this is also the case for EB, WZ and
0, so that the same is true of the functidf(-). Moreover, M/M/K/(K + B) in this paper.

H(\*) approaches-oo as A* — 0%, and approaches 1/
as\* — +oo. Thus the inversé? ! : (—1/u,00) — (0,00)  APPENDIXIII: SOLVING THE FIXED-POINT BY BINARY

is well defined, and SEARCH AND PROVING ITS CONVERGENCE
1 The closed-loop fixed point equation for discard probapilit
N=H"1 (X) (29) is Pp = I'(Pp), where'(p) £ P\(T(p)) for P < p <

Py (c0). Note that evaluatind'(p) involves a numerical solu-

Note thatH ~! is increasing and continuous far> 0. To see tion of (30), which will not be exact. Algorithm 1 finds the
that it is continuous, observe that(\*) is, in fact, continu- Unique solution ofp = I'(p) to within ¢, provided that each
ously differentiable fon\* > 0, sinceG(\*) is. Moreover, the iteration finds an approximation(p) within €/2 of I'(p).
derivative of H(\*) is non-vanishing for\* > 0. The one- _ SinceT’(p) < 0 for p > P and P5(A) > 0 for A > 0,
dimensional case of the inverse function theorem now yields(r) < 0 for P <p < Py(c0).
that H—! is also continuously differentiable and, a fortiori, BY induction,
continuous. pf - _ +

Define Py : [0,00) — R such that b €l = /207 F /2] (35)

after each iteration. The base case follows from Theorem 1.

Pp = P\(\) = G(HY(1/)\)). (30) Consider without loss of generality the case the< PLT_)



Algorithm 1 Calculate solution op = I'(p) to within e Let px45(-) be the function from\* to px 5, given by

1 p~ « P, pt « P\(c0) Initial bounds MY (yx 7, \E *\B
2: while p* —p~ > e do pr+p(N*) = () /)" (VX) (38)
3 pe— (@ +p7)/2 Halve the search interval S1(A7) + S2(A)
4. if T'(p) > p then Note that, sincevx . (+) is a positive multiple of(-)%+5
5: P —p Tighten lower bound divided by a positive-coefficient polynomial of degrie+ B,
6: else it is increasing on(0,00). As A > A\* by (5), px+p(A) >
7: pT—p Tighten upper bound pg, 5(\*).
8 end if Evaluating of (38) at\ and dividing numerator and denom-
9: end Wh"e+ inator by (1 + A/u)M gives, after some algebra,
10: return +p7)/2 e satisfied, thus retura

(p p7)/ pen() = (1\}21)131((1 _ﬁ)M—K(V)\)B (39)

o Dy(N) + Da(N)

at step 4. Sincd’ is decreasingp < PLT-, < T'(p), whence wherep is defined in (14),
I(p) > PZ) —¢/2. Two cases must be consideredl'lp) > p K /0
then the algorithm correctly updates, and (35) again holds. Di(\) = ( )(ﬁ)i(l —p)M—
Otherwise, R =0

p>T(p) > Pl —¢/2 (36) and

and the algorithm mistakenly updates. However, adding/2 M\ .k g VA= (V) BFE
to each side of (36) shows that the ngw still satisfies (35). Dy() = (K) (p)* (1~ p) T 1-va

The algorithm terminates after finitely many steps when
pt — p~ < e. The return valuglp™ + p~)/2 is at moste
above the lower boung™ —¢/2 on sz, and at most below

Lemma 1:Consider the limit asK — oo and M — oo
with a = K/M, A andy fixed, andp < «. Then

the upper boungh® + ¢/2. . M\ .k MoK B

This argument also applies to errors of upd® in the P+~ e |7 =) (V)7 (40)
initial value of p* in step 1. However, if the initiap~ is exp(—M Dy (b()|[b(p)))
below P then the monotonicity of' is no longer guaranteed ~ 2 Ma(l - a) ‘

and the proof does not apply.

This algorithm can be used by any other open-loop model Proof: Notice that D;()\) is the probability that a
Py which is continuous and increasing, provided that (3®inomial random variable, say, with meanp/ and standard
is satisfied. Again, this is also the case for EB, WZ andeviation/p(1 — p)M satisfiesP[X < K], whereK = oM
M/M/ K /(K + B) in this paper. for some fixeda, andp < «. By Tchebycheff’s inequality

P[X < K] > P[|X — pM| < K — Mp| (41)

APPENDIXIV: DERIVATION OF (15) AND (16) . . " .
. : N _ Mp(1 - p) 1 p(1—p)
First, consider the explicit expression for the occupancy >1- (K — Mp2 L— M (a—p2

probabilities,p;, under PEB. By (6) and (7),

Similarly, Do()\) and the numerator opxp(A\) are just

i = Po (M> (ﬁ)l for i —=0.1 K _1  constant (ind/) multiples of P[X = K] < P[X > K] and so
! i L T tend to0 asO(1/M) by Tchebycheff’s inequality. It follows
(37a) that )
\ K . N =0(=—), 42
PKH:Po(]\I/;[) <)\—) (VA*)? fori=0,1,...,B pr+5(3) (M) (42)
W

(37b) and sincepxip(A) > pr+p(A*) > 0, it follows that
pr+B(N) = O(1/M).

where To obtain more precise estimates of the probabilities, we
(M - K) will need some estimates of the binomial terms that we have
V= Kpu (37¢) been unable to find in the literature. Specifically, we are
1 _ * * interested in
/Po = S1(A*) + 52(A") (37d) M\ ey ek 23
K=1 /0N 7 aey? )P (-5 (43)
S =3 ( . ) (—) (37¢) |
—o \? K where K = aM and p < «. We compare (43) with
B /K 4 (") ak (1 — a) =K, which, being the central term in the
Sa(N*) = Z ( (—) (V¥ binomial distribution, is asymptotically//27r M a(1 — «) by
— \ K I o : Ve
i=0 the central limit theorem. Their quotient is
K

_ M - VA — (V)‘*)BJrl K 1— M—-K
() e om o,




We rewrite this as Since - o p
D
a®(l —a)t=o\M ~=1- 5 (54)
(Fa==) @ - e
the final factor in (53) tends td (exponentially fast) and can

Evidently the behaviour of the quotient ¢ — oo depends pe jgnored. The remainder of (53) can be rewritten as
on the value of the quantity in brackets. We take the logarith

and rearrange to obtain (11/15 )M((l/ﬁ*) _11)M_K. (55)
A% 1/9) —
a[lna—Inp| + (1 —a)[In(l —a) —In(1 —p)].  (46) B . & . 1o
y equation (52), this can be expressed as
This is the Kullback-Leibler divergencBy (b(a)||b(p)) be- p MoK
tween the two distribution$(a) and b(p), where b(q) is (1-p*Pp)™ (1 + 7[)) (56)
the binary distribution which takes two values with proba- (1/p) -1

bility ¢ and 1 — ¢. It is well-known [47] that the Kullback- Taking log of each factor, usinigg(1 + ) < z and substitut-
Leibler divergence is always non-negative and zero only iiig (52) yields
the two distributions are the same, though in this case the . T e—MDr ()] b(3)
result can be achieved by a simple calculus argument. Thus Mlog(1 —p"Pp) > —CvV Me (57)
Dyr (b()|b(p)) > 0 for p < «. This gives that (44) is g5pq
asymptoticallye™ P (()[16(P)) - and so that P
v . A M(1—a) log(l + 713) < '/ Me—MPr (b()][[b(5)
( )ﬁK(l MK o LMD @), (1/p) —1

K e ha(l = o) | y . (°8)

(47) Wwhere againC' and ¢’ are positive constants in/. Each of

As a result the right hand sides tends to 0 &8 — oo. This yields that
1 VI X the quotient tends té and, together with (47), completes the
e ke ( (Q)Hb(P)). proof of (40) ]
(48) Combining Lemma 1 and (8) with the fact th&t/\ — 1 as
By (8) and (3), we have M — oo gives (15) and (16).
o The careful analysis above makes it relatively easy to
(M — K)(A + p)X\*

Pp = VA s\, (49) obtain second order asymptotics if necessary.
ol

pr+B(A) ~ (VAP NI
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