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Abstract

This paper considers state estimation of linear systemyyusnalog amplify and forwarding with
multiple sensors, for both multiple access and orthogooe¢ss schemes. Optimal state estimation can
be achieved at the fusion center using a time varying Kalmgar.fWe show that in many situations,
the estimation error covariance decays at a raté/8ff when the number of sensofd is large. We
consider optimal allocation of transmission powers thatni)imizes the sum power usage subject to an
error covariance constraint and 2) minimizes the error Gamae subject to a sum power constraint. In
the case of fading channels with channel state informatienoptimization problems are solved using a
greedy approach, while for fading channels without chastetle information but with channel statistics

available a sub-optimal linear estimator is derived.
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. INTRODUCTION

Wireless sensor networks are collections of sensors whachcommunicate with each other or to a
central node or base station through wireless links. Patiensies include environment and infrastructure
monitoring, healthcare and military applications, to naafew. Often these sensors will have limited en-
ergy and computational ability which imposes severe camgs on system design, and signal processing

algorithms which can efficiently utilise these resourcesehatiracted great interest.
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In recent years there has been a considerable literaturstonagion and detection schemes designed
specifically for use in wireless sensor networks. Work onalaie in wireless sensor networks include [1]
which studies the asymptotic optimality of using identisahsors in the presence of energy constraints,
and [2]-[4] which derives fusion rules for distributed dwten in the presence of fading. Parameter
estimation or estimation of constant signals is studied.in b]-[8] where issues of quantization and
optimization of power usage are addressed. Type based dsefbodetection and estimation of discrete
sources are proposed and analyzed in [9]-[11]. Estimatidielnfs is considered has been considered in
e.g. [12]-[14].

A promising scheme for distributed estimation in sensownéts is analog amplify and forward [15] (in
distributed detection analog forwarding has also beenidered in e.g. [16], [17]), where measurements
from the sensors are transmitted directly (possibly s¢atethe fusion center without any coding, which
is motivated by optimality results on uncoded transmission point-to-point links [18], [19]. (Other
related information theoretic results include [20], [2¥nalog forwarding schemes are attractive due to
their simplicity as well as the possibility of real-time passing since there is no coding delay. In [15]
the asymptotic (large number of sensors) optimality of egdbrwarding for estimating an i.i.d. scalar
Gaussian process was shown, and exact optimality was letgeg for a “symmetric” sensor network
[22]. Analog forwarding with optimal power allocation isusied in [23] and [24] for multi-access
and orthogonal schemes respectively. Lower bounds and asympptimality results for estimating
independent vector processes, is addressed in [25]. Egtimatth correlated data between sensors is
studied in [26], [27]. Other aspects of the analog forwad&ghnique that have been studied include the
use of different network topologies [28], other multiplecass schemes such as slotted ALOHA [29],
and consideration of the impact of channel estimation erf8d] on estimation performance.

Most of the previous work on analog forwarding have dealhvéstimation of processes which are
either constant or i.i.d over time. In this paper we will agkl the estimation aynamical systems using
analog forwarding of measurements. In particular, we wilhgider the problem of state estimation of
discrete-time linear systems using multiple sensors. Ageilt known, optimal state estimation of a linear
system can be achieved using a Kalman filter. Other work on Kalfiftering in sensor networks include
studies of optimal sensor data quantization [31], Kalmaerfily using one bit quantized observations
[32] where performance is shown to lie within a constantdaacif the standard Kalman filter, and
estimation of random fields with reduced order Kalman filter4].[JAnother related area with a rich
history is that of distributed Kalman filtering, where the maijectives include doing local processing

at the individual sensor level to reduce the computatiogsiired at the fusion center [33], [34], or to
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form estimates at each of the individual sensors in a comlglelecentralized fashion without any fusion

center [35]. However in our work we assume that computatioesources available at the sensors are
limited so that they will only take measurements and thensirat them to the fusion center for further

processing, using uncoded analog forwarding.

Summary of Contributions:

In this paper we will mainly focus on estimation of scaldinear dynamical systems using multiple

sensors, as the vector case introduces additional difssustich that only partial results can be obtained.
We will be interested in deriving the asymptotic behaviotithe error covariance with respect to the

number of sensors for these schemes, as well as optimahtisgien power allocation to the sensors

under a constraint on the error covariance at the fusioreceot a sum power constraint at the sensor
transmitters. We consider both static and fading chanrzeld, in the context of fading channels, we

consider various levels of availability of channel statéoimation (CSI) at the transmitters and the

fusion center. More specifically, we make the following keytibutions:

« We show that (for static channels with full CSI) for the muateess scheme, the asymptotic
estimation error covariance can be driven to the processenmvariance (which is the minimum
attainable error) as the number of senséfsgoes to infinity, even when the transmitted signals
from each sensor is scaled by+/M (which implies that total transmission power across all
sensors remains bounded while each sensor’s transmissizer goes to zero). This is a particularly
attractive result since sensor networks operate in a ergmped environment. For the orthogonal
access scheme, this result holds when the transmittedisigreaunscaled, but does not hold when
the transmitted signals are scaled bix/M.

« The convergence rate of these asymptotic results (when ey is shown to be /M, although it
is seen via simulation results that the asymptotic apprations are quite accurate even far = 20
to 30 sensors.

« In the case of a small to moderate number of sensors, we darcamprehensive set of optimal
sensor transmit power allocation schemes for multi-acaeessorthogonal medium access schemes
over both static and fading channels. For static channeéssminimize total transmission power
at the sensors subject to a constraint on the steady stateaadstimation error covariance, and
also solve a corresponding converse problem: minimiziegdt state error covariance subject to

a sum power constraint at the sensor transmitters. For dacl@nnels (with full CSI), we solve

1By scalar linear system we mean that both the states and individual seessurements are scalar.
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similar optimization problems, except that the error c@rmae (either in the objective function or
the constraint) is considered at a per time instant basisedihere is no well defined steady state
error covariance in this case. For the fading channel cadema CSI (either amplitude or phase),
the results are derived for the best linear estimator whaies on channel statistics information
and can be applied to non-zero mean fading channels. It isrstizat these optimization problems
can be posed as convex optimization problems. Moreoverpptienization problems will turn out
to be very similar to problems previously studied in thertitare (albeit in the context of distributed
estimation of a static random source), namely [23], [24}] ean actually be solved in closed form.

« Numerical results demonstrate that for static channel§map power allocation results in more

benefit for the orthogonal medium access scheme compareck tmilti-access scheme, whereas
for fading channels, it is seen that having full CSl is cledrgneficial for both schemes, although
the performance improvement via the optimal power allocaicheme is more substantial for the
orthogonal scheme than the multi-access scheme.

The rest of the paper is organized as follows. Section |l speatiie scalar models and preliminaries,
and gives a number of examples between multi-access anogortal access schemes, which show that
in general one scheme does not always perform better thawottiee. We investigate the asymptotic
behaviour for a large number of sensavs in Section 1ll. Power allocation is considered in Section
IV, where we formulate and solve optimization problems fyrah error covariance constraint and 2)
a sum power constraint. We first do this for static channelfprbefocusing on fading channels. In
the case where we have channel state information (CSI) we gseealy approach by performing the
optimization at each time step. When we don’t have CSI, we délive a sub-optimal linear estimator
similar to [36]-[38], which can be used for non-zero mearirfgdNumerical studies are presented in
Section V. Extensions of our model to vector and MIMO systentissidered in Section VI, where we

formulate the models and optimization problems, and oaitiome of the difficulties involved.

Il. MODELS AND PRELIMINARIES

Throughout this paper, represents the sensor index ahdepresents the time index. Let the scalar

linear system be

Tk4+1 = ATf + W
with the M sensors each observing
Yik = CiTk + Vg, 0 =1,..., M,
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with wy, and v;;, being zero-mean Gaussians having varianggsand o2 respectively, with thev; ;’s
being independent between sensors. Note that the sensolacea different observation matricesand
measurement noise variancel and we allowa ande¢; to take on both positive and negative values. It
is assumed that the parameters;, o2, ando? are knowr? Furthermore, we assume that the system is

stable, i.eja| < 1.

A. Multi-access scheme

In the (non-orthogonal) multi-access scheme the fusiorecarceives the sum
M
Z= ) Gikhikyik + T 1)

=1
wheref,, is zero-mean complex Gaussian with varialeg, Bivk are the complex-valued channel gains,
and&; j, are the complex-valued multiplicative amplification fastam an amplify and forward scheme.
We assume that all transmitters have access to their consplennel state information (CSi)and the
amplification factors have the form B

hik

Qi = O =
|hi

where a; ;, is real-valued, i.e. we assume distributed transmittermeaning. Definingh;; = |l€i7k|,

zi = R[Zk], ni, = R[Ny, we then have

M
2y = Z a; khi kYi g + Nk (2)
i1

Note that the assumption of CSI at the transmitters is imporia order for the signals to add up
coherently in (2). In principle, it can be achieved by thetriisited synchronization schemes described
in e.g. [39], [40], but may not be feasible for large sensdmoeks. However, in studies such as [16],
[39] it has been shown in slightly different contexts that feoderate amounts of phase error much of
the potential performance gains can still be achieved.

Continuing further, we may write

M M

2 = § o khi kciTy + E o kh kUi g + g = CpTE + Uy
i—1 i—1

2\We assume that these parameters are static or very slowly time-varpithdpeace can be accurately determined beforehand
using appropriate parameter estimation/system identification algorithms.

3The case where the channel gains are unknown but channel statigtiesadlable is addressed in Section IV-E. This can

also be used to model the situation where perfect phase synchronizatiant be achieved [25].
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wherec;, = Zﬁl a; i;hi e; andoy, = Zf‘il o 1:hi Vi i +ny. Hence, we have the following linear system

Tyl = AT} + W, 2k = CxTk + Uk, 3
with @, having variance, = S, o2, h?,0? + o2. Define the state estimate and error covariance as
Tppe = Elrepl{z0,-- 05 21 )]
P, = E[(zp41 — 2 )2{z 21}
k+1|k k+1 k+1|k 0y -1 2k
where againP;., 1, is scalar. Then it is well known that optimal estimation of ghatex;, in the minimum

mean squared error (MMSE) sense can be achieved using a (irggme-varying) Kalman filter [41].

Using the shorthand notatioR; . = Py, the error covariance satisfies the recursion:
G,QP]?Ei 9 GQPkfk 9
S5 w= 35 o T 0w 4)
e Py + 7y e Py + 7y
We also remark that even if the noises are non-Gaussian,dtmeaf filter is still the bedinear estimator.

Py1 = a*Py —

B. Orthogonal access scheme

In the orthogonal access scheme each sensor transmits &sureenent to the fusion center via

orthogonal channels (e.g. using FDMA or CDMA), so that thedusenter receives
Zik = Qighipyig + Rig,i=1,..., M

with the 7; ;’s being independent, zero mean complex Gaussian withneei2o2, vi. We will again
assume CSI at the transmitters and dsg = a; xht,/|hixl, With a; € R. Let hiy = |higl, zig =

R[Zi k], nix, = K[, x]. The situation is then equivalent to the linear system (usfilegsuperscriptd” to

distinguish some quantities in the orthogonal scheme fillmennulti-access scheme):

_, -
Tpy1 = ax + w, 2z = Cpayp + VY,

where
21,k aq ghi ke a1 gh g g + 1k

I . ~O0 _ .
z; = : ,Cp = : ,

<l
Eale)
Il

M.k o kharkem o havr kv g + g
with the covariance o¥? being

af b3 ot +on 0 e 0
2 p2 2 2
RO — 0 o phs o3 + o, - 0
k, =
2 12 2 2
i 0 0 sy h RN o |
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The state estimate and error covariance are now defined as

o = Elowalz,.... 2]

P]g+1|k = E (xk‘H_£z+1\k)2’{28>"-722} :

Optimal estimation ofz; in the orthogonal access scheme can also be achieved usiagpaiK filter,

with the error covariance now satisfying the recursion:
Pl = a®Pf—a®(P)’CY (CLPECY +RY)7'Cl+0l

whereC; andR;}, as defined above are respectively a vector and a matrix. Tdifintige expressions,
note that
Cr Re Ci

Cy (CPYC) +R})ICy = L
1+ PeCy Ry C,

which can be shown using the matrix inversion lemma. Hence

Plg+1 = —— =, T Ouws 5)

where one can also easil @R CO=SM 2 n2 2/(a2 k2,02 +o2). The ad f
y comp@¢ Ry C; =2, a2, h?,.c?/(a?, h?,0? +02). The advantage o

the orthogonal scheme is that we do not need carrier-levedrspnization among all sensors, but only

require synchronization between each individual sensdrthe fusion center [24].

C. Transmit powers

The powery; ;, used at timek by theith sensor in transmitting its measurement to the fusionecent
is defined asy; , = o? E[y?,]. For stable scalar systems, it is well known thafif,} is stationary we
haveE[z2] = 02 /(1 —a?),Vk. In both the multi-access and orthogonal schemes, thentiapswers are

then:

2 2 on 2
R w
Vik = Qi (Ci - &2 +Uz‘> :

D. Seady state error covariance

In this and the next few sections we will Iépk — h; (and hencéh; , = h;) ,Vk be time-invariant,
deferring the discussion of time-varying channels untilt®eclV-D. We will also assume in this case
that o; , = oy, VEk, i.e. the amplification factors don’t vary with time, and wellwdrop the subscript

from quantities such ag, and ;.
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From Kalman filtering theory, we know that the steady staté:(as oo) error covariance’,, (provided

it exists) in the multi-access scheme satisfies (c.f.(4))

_ a?P. 7
C?Py + 7

where7 and ¢ are the time-invariant versions @f, and ¢,.* For stable systems, it is known that the

N

Peo + oy (6)

steady state error covariance always exists [41, p.77]cE60, the solution to this can be easily shown

to be

(a®> = 1)F + 202 + /(a2 — 1) + c202)2 + 4E202 T
262 (7)
C
In the “degenerate” case whete= 0, we haveP,, = 02 /(1 — a?). It will also be usful to write (7) as
a? =1+ 025+ /(a2 =1+ 025)% + 402 S

with S = ¢ /7 regarded as a signal-to-noise ratio (SNR). We have the follpywroperty.

Py =

Lemma 1. P, as defined by (8) is a decreasing functionSof
Proof: See the Appendix. ]
Similarly, in the orthogonal access scheme, the steady etate covarianceP? satisfies (c.f.(5))
po— O
1+PoC° R” C°

+ 02 9)

whereR® and C° are the time-invariant versions & and C2. We can easily comput€® R°  C° =

M a2h2c?/(@2hio? 4 o2) with SO = C°" R? 'C° regarded as a signal-to-noise ratio. The solution to

(2 22 (22

(9) can then be found as

a? —1+025°+ /(a2 — 1+ 025°)2 + 402,5°
25° '
Lemma 2: P¢ as defined by (10) is a decreasing functionSsf

Py =

(10)

The proof is the same as that of Lemma 1 in the Appendix.
Comparing (8) and (10) we see that the functions Ry and P2, are of the same form, except that
in the multi-access scheme we have
M 2
(21:1 aihiCi)

M 9272 2 2
Yomqgochior + o2

S =

=] ]

and in the orthogonal scheme we have

M 279 9

go —: ol =o~ ! —: ) Z ; hz G
a’h?o? + 02’
=1 1174 n

“The assumption of time-invariance is important. For time-varyipgnd ¢, the error covariance usually will not converge

to a steady state value.
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E. Some examples of multi-access vs orthogonal access

A natural question to ask is whether one scheme always pesftietter than the other, e.g. whether
S > 5° given the same values fori,hi,ci,af,afl are used in both expressions. We present below a
number of examples to illustrate that in general this is no¢.t Assume for simplicity that the;’s are
chosen suclw;c; are positive for alk =1,..., M.

1) Consider first the case wher} = 0. Then we have the inequality

which can be shown by applying Theorem 65 of [42]. So whén= 0, S° > S and consequently
P will be smaller thanP,,. The intuitive explanation for this is that if there is no r@isitroduced at
the fusion center, then receiving the individual measurégm&om the sensors is better than receiving a
linear combination of the measurements, see also [43].

2) Next we consider the case when the noise variatjcés large. We can express — S° as

) M 2 M
X a;hic; (aZhio? + o2)
M M 1t
(Xiti oZhio? 4+ 02) [[,2, (afhio? + o2) ( <; > H Y !

=1

M

o212 (3 a2h20? + 02 | T] (a2h20% +02) — ...
i=1 il

M
e, (z 22?1 ) T (e2no? + >)
=1

BiAM

2
The coefficient of the€o2)* term in the numerator i€2£1 aihici) —a2hicd —- - —ak k%3, > 0.

For a?L sufficiently large, this term will dominate, hen&> S° and the multi-access scheme will now
have smaller error covariance than the orthogonal scheme.

3) Now we consider the “symmetric” situation wheti¢ = o, c; = ¢,0? = 02, h; = h,Vi. Then we

2 =
have

M?a?h*c*  Mo?h*c? and S° — Ma?h?c?

S = =
Ma?h?c2 + 02  a2h202+ 02 /M a2h20? + o2

HenceS > S°, with equality only whenr2 = 0 (or M = 1). Thus, in the symmetric case, the multi-access
scheme outperforms the orthogonal access scheme.
4) Suppose 2 # 0. We wish to know whether it is always the case that S° for M sufficiently large.

The following counterexample shows that in general thisréisseis false. Lety; = 1, h; = 1,02 = 1, Vi.

S
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Let M/2 of the sensors havg = 1, and the othel//2 sensors have; = 2. We find that

(M/24+M)* 9 M andgo ~ M 1+4 5 M
M+o02 — 41+402/M 21402 21402

If e.g. 02 = 1/8, then it may be verified that® > S for M < 10, S° = S for M = 10, and S > S° for

S =

M > 10, so eventually the multi-access scheme outperforms th®gonal scheme. On the other hand,

if 5/(2(1+02))>9/4 or g2 < 1/9, we will have S° > S no matter how largé/ is.

[1l. ASYMPTOTIC BEHAVIOUR

Since P, is a decreasing function ¢f (similar comments apply for the orthogonal scheme), irgiren
S will provide an improvement in performance. A — oo, we can see from (8) tha®,, — o2, the
process noise variance. Note that unlike e.g. [15], [24] whithe mean squared error (MSE) can be
driven to zero in situations such as when there is a large pumissensors, here the lower boum@ on
performance is always strictly greater than zero. When timaber of sensors is fixed, then it is not too
difficult to show thatS will be bounded no matter how large (or small) one makesdtf® so getting
arbitrarily close tas? is not possible. On the other hand, if instead the number mg@s M is allowed
to increase, therP,, — 02 as M — oo can be achieved in many situations, as will be shown in the
following. Moreover we will be interested in the rate at whithis convergence occurs.

In this section we will first investigate two simple strategid) a; = 1,Vi, and 2)a; = 1/v/M,Vi.®
For the “symmetric” case (i.e. the parameters are the samedoh sensor) we will obtain explicit
asymptotic expressions. We then use these results to boengerformance in the general asymmetric
case in Section llI-C. Finally, we will also investigate theymptotic performance of a simple equal
power allocation scheme in Section 1lI-D. We note that theulissn this section assume that largé
is possible, e.g. ability to synchronize a large number afsees in the multi-access scheme, or the
availability of a large number of orthogonal channels in ¢ithogonal scheme, which may not always
be the case in practice. On the other hand, in numerical igat®ns we have found that the results

derived in this section are quite accurate even2for- 30 sensors, see Figs. 1 and 2 in Section V.

A. No scaling: «; = 1,Vi
Let o; = 1,Vi, so measurements are forwarded to the fusion center witnouiscaling. Assume for

simplicity the symmetric case, whetg = c,0? = o2, h; = h, Vi.

*These strategies are similar to the case of “equal power constraint”tatal power constraint” in [44] (also [16]), and

various versions have also been considered in the work of [15]-[23], in the context of estimation of i.i.d. processes.
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In the multi-access scheme= M hc, andvy, has varianceé = Mh2?02+02, so thatS = M2h%c?/(Mh% 02+
02). Since S — co as M — oo, we have by the previous discussion that, — o2. The rate of
convergence is given by the following:

Lemma 3: In the symmetric multi-access scheme with= 1, Vi,

2 2
9 a‘oy 1 1
Poofaw‘i‘ 02 M+O<]\42> (11)

asM — oc.
Proof: See the Appendix. ]
Thus the steady state error covariance for the multi-accelssnge converges to the process noise

varianceo?

w?

at a rate ofl/M. This result matches the rate ©f )/ achieved for estimation of i.i.d.
processes using multi-access schemes, e.g. [15], [44].

In the orthogonal scheme we ha$é = Mh?c?/(h?c? + ¢2), s0 S° — oo as M — oo also. By
similar calculations to the proof of Lemma 3 we find thatlds— oo

2(1,2 .2 2 2( .2 2 2
o o  a*(hfog+o;) 1 L\ o  a’(oj+o0,/h%) 1 1
Poe=owt ==yt 9%Ge) =t~ —ut%aez) @2

Therefore, the steady state error covariance again cors/éoge’ at a rate ofl/M, but the constant
a%(o2 + 02 /h?)/c? in front is larger. This agrees with example 3) of Section IH&ttin the symmetric

situation the multi-access scheme will perform better tthenorthogonal scheme.

B. Scaling a; = 1/v/M, Vi

In the previous case with; = 1,Vi, the power received at the fusion center will grow unbounded
as M — oo. Suppose instead we let = 1/v/M, Vi, which will keep the power received at the fusion
center bounded (and is constant in the symmetric case)ewtd transmit power used by each sensor
will tend to zero asM — oo. Again assume for simplicity that = ¢, 0? = o2, h; = h, Vi.

In the multi-access scheme we now hae- Mh%c?/(h?02 + ¢2), so that asM — oo,

20,2 4 52 /p2
o a*(oi+o,/h%) 1 1
Py =0, + =2 i +0 ) (13)

Thus we again have the steady state error covariance congei@ithe process noise varianeg at a
rate of 1 /M. In fact, we see that this is the same expression as (12) iarthegonal scheme, but where
we were usingy; = 1,Vi. The difference here is that this performance can be achieved when the
transmit power used by each individual sensor wdétrease to zero as the number of sensors increases,

which could be quite desirable in power constrained enwremts such as wireless sensor networks. For
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i.i.d. processes, this somewhat surprising behaviour whertotal received power is bounded has also
been observed [25], [44].

In the orthogonal scheme we haté = h%c?/(h?c2/M + o2), and we note that now® is bounded
even asM — oo, SO P2 cannot converge te2 as M — oo. For a more precise expression, we can

show by similar computations to the proof of Lemma 3 that fogdal/,

(a? — 1)o2 + k2?02 + /(a2 — 1)203 + 2(a? + 1)02h2c%02 + hiciod,

P =

2h2c?
(a? —1)0? (a® + 1)h*02c?02 + (a® — 1)%02h%02 1 1
+ AL — 40 (=
2c 2h2c2\/(a% — 1)20L + 2(a% + 1)02h2c202 + hictol | M M
(14)
Noting that

(a® — 1)o2 + 2?02 + /(a2 — 1)204 + 2(a? + 1)02h2c202 + hiciod, 2
2022 w

the steady state error covariance will convergelas— oo to a value strictly greater tham?, though
the convergence is still at a rate /. Analogously, for i.i.d. processes it has been shown thahén

orthogonal scheme the MSE does not go to zerd/as- oo when the total power used is bounded [24].

C. General parameters

The behaviour shown in the two previous cases can still hotttumore general conditions ep o2
andh;. Suppose for instance that they can be bounded from both @malbelow, i.e0 < ¢pin < |¢i| <
Crmaz < 00, 0 < 02, <02 < 02,0 <0, 0< Amin < hi < hmaz < 00,Vi. We have the following:

Lemma 4: In the general multi-access scheme, Ms— oo, using either no scaling of measurements,

or scaling of measurements ly+/ M, results in

P =0%+0 <]\14> :
In the general orthogonal scheme, using no scaling of meamnts results in
P% =02 +0 <1>
M
asM — oo, but P2, does not converge to a limit (in general) &5 — oo when measurements are scaled

by 1/vM.
Proof: See the Appendix. ]
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D. Asymptotic behaviour under equal power allocation

When the parameters are asymmetric, the above rules wilkirer@gl allocate different powers to the
individual sensors. Another simple alternative is to usea¢gower allocation. Recall that the transmit

power used by each sensomis= o7 (c}o2 /(1 — a?) + o2). If we allocate powety to each sensor, i.e.

y(1—a?)
i = . 15
! \/c?cr%u +o7(1—a?) (19)

If instead the total powet,; is to be shared equally amongst sensors, thea v /M, Vi, and

~vi =7, Vi, then

Vtotal 1 - (12)
M (cZo2 + o2(1 —a?))

(16)

Asymptotic results under equal power allocation are quiitélar to Section 11I-C, namely:

Lemma 5: In the general multi-access scheme,Mds— oo, using the equal power allocation (15) or

1
_ 2
poo_aw—i—O(M).

In the general orthogonal scheme, using the equal poweraditm (15) results in

1
Po: 2 -
o 0w+O<M>

as M — oo, but P2 does not converge to a limit &8¢ — oo when using the power allocation (16).

(16) results in

Proof: See the Appendix [ ]

E. Remarks

1) Most of the previous policies in this section give a cogeerce rate ofi /M. We might wonder
whether one can achieve an even better rate (¢4L2) using other choices fot;, though the answer
turns out to be no. To see this, following [15], consider titeal” case where sensor measurements are
received perfectly at the fusion center, and which matheal$t corresponds to the orthogonal scheme
with 02 = 0,a; = 1, h; = 1,Vi. This idealized situation provides a lower bound on the aeitile error
covariance. We will haves® = Zz L ¢2/o2, which can then be used to show tha¢ converges tar2,
at the ratel /M. Hencel/M is the best rate that can be achieved with any coded/uncartenne.

2) In the previous derivations we have not actually used gseimption thata| < 1, so the results in
Sections llI-A - 11I-C will hold even when the system is undatassuming” # 0). However for unstable
systemsE[z?] becomes unbounded &s— oo, so if theq; ;'s are time invariant, then more and more

power is used by the sensors as time passes. If the applidgatiwireless sensor network where power
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is limited, then the question is whether one can choose thgse such thatoth the power used by the
sensors and the error covariances will be bounded for aégirNow if there is no noise at the fusion
center, i.en; = 0, then a simple scaling of the measurements at the indiviseasors will work. But
whenny # 0, as will usually be the case in analog forwarding, we havebeen able to find a scheme
which can achieve this. Note however that for unstable syst@asymptotic results are of mathematical
interest only. In practice, in most cases, we will be inter@sn finite horizon results for unstable systems
where the system states and measurements can take on large bat are still bounded. In such finite
horizon situations, one can perform optimum power all@ratt each time step similar to Section IV-D
but for a finite number of time steps, or use a finite horizon dyingmogramming approach similar to

Section IV-D.4. However these problems will not be addressdtie current paper.

IV. OPTIMAL POWER ALLOCATION

When there are a large number of sensors, one can use simgilsgits such as; = 1/v/M, Vi, or
the equal power allocation (16), which will both give a comence of the steady state error covariance to
o2 at a rate ofl /M in the multi-access scheme, while bounding the total powediby all the sensors.
However when the number of sensors is small, one may pert@apetter with different choices of the
a;'s. In this section we will study some relevant power allamatproblems. These are considered first for
static channels in the multi-access and orthogonal scham&8gctions IV-A and IV-B respectively. Some
features of the solutions to these optimization problenesdiscussed in Section IV-C. These results are
then extended to fading channels with channel state infiom&CSI) and fading channels without CSI

in Sections IV-D and IV-E respectively.

A. Optimization problems for multi-access scheme

1) Minimizing sum power: One possible formulation is to minimize the sum of transnoitvprs used

by the sensors subject to a boufdon the steady state error covariance. More formally, thélpro is

M M 2 92
min E Vi = E o AT B
7 [ 1— a2 1
=1 =1

subject toP,, < D

with P, given by (7). Some straightforward manipulations show thatdonstraint can be simplified to
7 (a®D + 02, — D) + &D(os, — D) <0, 17)
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M M 2
(Z afhio? + 0‘%) (a*D + 02 — D) + (Z aihici> D(o2 — D) <0.
i=1 i=1

Now defines = hyciag + - - - + haseprang. Then the optimization problem becomes

M 9 9

: 2 GOy 2

min o | 7——5 to;

R A 1—a
1=

" (18)

M
subject to <Z o?hio? + ai) (a’D+ 0}, — D) < s’D(D —07,) ands = > _ hicio.
i=1 i=1

Before continuing further, let us first determine some uppet lawer bounds orD. From Section lll,

a lower bound isD > o2, the process noise variance. For an upper bound, sugpese so we don't

have any information about;. Since we are assuming the system is stable, one can stiévachn error
covariance ofr2 /(1 — a?) (e.g. just leti;, = 0,Vk), soD < o2 /(1 — a?). Hence in problem (18) both
D — o2 anda®D + o2 — D are positive quantities.

To reduce the amount of repetition in later sections, canrside slightly more general problem

M
: 2
min ;K
Q1,008 £
=1

M M
subject to <Z a?n + 0,21) z < sz ands = Zaip,-

i=1 =1

(19)

wherex > 0,y > 0,x; > 0,p; € R,7; > 0,4 = 1,..., M are constants. In the context of (18),
v =a’D+ 02 - D,y = DD —02), pi = hici, 7, = h?c? andr; = 202 /(1 — a?) + o2 for
i=1,...,M.

The objective function of problem (19) is clearly convex. Ngtthatr;, o2, 2 andy are all positive, the
set of points satisfying(zz.]\i1 02 + a,%) r = ys? is then a quadric surface that consists of two pieces,
corresponding t@ > 0 ands < 0.8 Furthermore, the set of points SatiSfyilégjf-Vil a2 + aﬁ) r < ys?
ands > 0, and the set of points satisfyir@Zf‘i1 il + oi) x < ys? ands < 0, are both known to be
convex sets, see e.g. Prop. 15.4.7 of [45]. Hence the partseedkasible region corresponding 40> 0
ands < 0 are both convex, and the global solution can be efficienthaiolbd numerically. Furthermore,
following similar steps to [23], a solution in (mostly) ckx form can actually be obtained. We omit the

derivations but shall summarise what is required.

®In three dimensions this surface corresponds to a “hyperboloid of heets”.
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One first solves numerically fok the equation
f: i o1
— kit ATiw oy
Since the left hand side is increasing wittsolutions to this equation will be unique provided it exists
Taking limits asA — oo, we see that a solution exists if and only if
YA (20)
— T Y
=1
Equation (20) thus provides a feasibility check for the oftation problem (19). In the context of (18),
one can easily derive that (20) implies

f: i a’D + 02 — D

o? D(D —o2) ’

which indicates that the sum of the sensor signal to noisesratust be greater than a threshold (dependent
on the error covariance threshal?) for the optimization problem (18) to be feasible. Next, veenpute

u from

M p2lﬁ}' -1
2 _ 2 7Vt
o= O (; ANk + )\TZ‘(E)2> ’
Finally we obtain the optimady;’s (denoted byc))

* Hpi .
=T i=1,....M 21
al 2(%2 + AT,L"L’) ) ? ) ) ) ( )

with the resulting powers

2
*2 *2 2 Oy 2 :
Vi =0 Ky = o <Ci1_a2+0i>’lzl""’M'

Note that depending on whether we chogs® be positive or negative, two different setsaf's will
be obtained, one of which is the negative of the other, thabghy;’s and hence the optimal value of
the objective function remains the same.

Another interesting relation that can be shown (see [23{hdt the optimal sum power satisfies

M

7:otal = Z 0‘?2’% = /\UTZLx (22)
=1

This relation will be useful in obtaining an analytic solutito problem (23) next.
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2) Minimizing error covariance: A related problem is to minimize the steady state error danae

subject to a sum power constrait,;. Formally, this is

min Ps

. M co?
subject to» _ o7 (11_;”2 - af) < Yeotal
=1

with P,, again given by (7). For this problem, the feasible regionl&aidy convex, but the objective
function is complicated. To simplify the objective, reclsim Lemma 1 that’,, is a decreasing function
of S = ¢2/r. Thus maximizinge?/7 (or minimizing 7/¢) is equivalent to minimizingP.,, which has
the interpretation that maximizing the SNR minimizBg,. Hence the problem is equivalent to

M
i aphiol 4oy
min 5
Q15 0M S S

M

M 2 2
. C;
subject to E o? <1Z_0aw2 + o?) < Viotal @ANA s = E hicia.
1=1 =1

We again introduce a more general problem

M 2 2
. E S orT+ o
min i=1 1 n

A1y, NS 82

M M (23)
subject toz a%/{i < Viotal @Nd s = Z ;i P;

i=1 =1
with z > 0,y > 0,x; > 0,p; € R, > 0,7 = 1,..., M being constants. The objective function is still
non-convex, however by making use of the properties of tladyéinal solution to problem (19), such as
the relation (22), an analytical solution to problem (23h @dso be obtained. The optimal's can be

shown to satisfy:

-1
M 2 2

Pj P;
*2 J 7
&; " = Vtotal E o o i (24)
Z h j=1 (Hj + Ytotal ;-izL )2 ’ (’%i + Ytotal ;é )2

The details on obtaining this solution are similar to [23] amditted.

B. Optimization problems for orthogonal access scheme

1) Minimizing sum power: The corresponding problem of minimizing the sum power in ttibagonal

scheme is
M M 252
. 2 ; 2
mmZ% = Zai <1 Z_ Z2 —|—O’i>
=1 =1
subject toPS < D

October 20, 2009 DRAFT



18

with PS, now given by (10). By a rearrangement of the constraint, ¢his be shown to be equivalent to

o (25)
azhic? a’D + o2 — D

subject to ) 73 i 5 2 DD — o2
=1 n w

(N2

Note that in contrast to the multi-access scheme, we novewiz minimization over? rather thamny;.

Since each of the functions

21,2 .2 2 2.2/ .2
—aihic;  _ —q 03,6/
212 2 2 2 212 2 2
a;hio; +of o; aihio; +of
is convex ina?, the problem will be a convex optimization problem(in?, ..., a3,). Note that without

further restrictions om; we will get 2V solutions with the same values of the objective function,
corresponding to the different choices of positive and tiegaigns on they;’s. This is in contrast to
the multi-access scheme where there were two sets of swdutitor simplicity we can take the solution
corresponding to aly; > 0.7

An analytical solution can also be obtained. To reduce répetin later sections, consider the more
general problem

M
min E a’k;
VA

2 2
Q75O

= Ny (26)
subject to ) aip; > 2
pat a?rit+o2 Ty
wherex > 0,y > 0,x; > 0,p; € R,7; > 0,i=1,..., M are constants and have similar interpretations as

in Section IV-A.1. Since the derivation of the analytical s is similar to that found in [24] (though
what they regard as;, is o? here), it will be omitted and we will only present the solutio
Firstly, the problem will be feasible if and only if
AL
iz Y
Interestingly, this is the same as the feasibility condit{@0) for problem (19) in the multi-access scheme,

indicating that the total SNR for the sensor measurementd fmiggreater than a certain threshold

“In general this is not possible in the multi-access scheme. For instanee hifive two sensors with being positive and:
negative, the optimal solution will involva; being positive andvo negative, or vice versa. Restricting bath's to be positive

in the multi-access scheme will result in a sub-optimal solution.
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(dependent orD). The optimala;’s satisfy

+
1 \p?o2
A (27)
T Kq

where (z)" is the function that is equal te whenz is positive, and zero otherwise. To determike

now assume that the sensors are ordered such that

2 2
ﬁz .2p7M
K1 KM

Note that in the context of problem (25),
g

ki 02/(1—a?) +o02/c3

Clearly, this ordering favours the sensors with better oké&and higher measurement quality. Then the

optimal values of? (and hencex}) can also be expressed as

1 [Apjo2 2 .
a*z . _77( for — Un) , 1 S M1

0 , otherwise

where

M i
VA = Zi:ll I%I\/ KiO2
oy
=17 Yy

and the number of sensors which are activg, (which can be shown to be unique [6]), satisfies

M1+1 ‘Pz‘
VETh PR o2

M, o Ml lpil /
. €T 1 R0, p

Zp—l Z >0, lMTp 0% >0and M+1p <0.
; 1 i x 1 Pi x

= Y > i Ty FM, =1 7,y My +1

2) Minimizing error covariance: The corresponding problem of minimizing the error covar@amt

the orthogonal scheme is equivalent to

M a2h2c?
min — %
a,...,a3, ; 7,2h7,20—22 —l—O’
subject toZa ( > < Yiotal
which is again a convex problem ifw?,...,a3,). For an analytical solution [24], consider a more
general problem
M 2 92
. e lox:
a?,...a2, = ;T + oy
iy (28)

subject t0 > _ a?ki < Yiotal
=1

October 20, 2009 DRAFT



20

wherez >0,y > 0,k; > 0,p; € R,7; > 0,i =1,..., M are constants. Then the optimal's satisfy

+
1 po?
P=— -] - 29
0 = /A2 (29)

Assuming that the sensors are ordered so that

2
ﬂz...zm

R1 KM

the optimal values ofi? to problem (28) can also be expressed as
s(5—on) i< M

*2
it =

0 , otherwise

where
1 VYtotal + Zz 1 7-‘ 2

f ZMl \f_\ /,{102

and the number of sensors which are activg, (which is again unigue), satisfies

M, &, Mi+1 g,
Veotal T D i o2 le o2 2 _ 0 and Veotal + Yy X 0 pM 4102 2 <o
— 0, — 0, .
M ; /7 n M+1 ; /7 n =
Z 11 |f_| K/l 1 |P | K/Z /<[,M1+1
C. Remarks

1) In the orthogonal scheme, the solutions of the optimizaproblems (26) and (28) take the form
(27) and (29) respectively. These expressions are remirtigéehe “water-filling” solutions in wireless
communications, where only sensors of sufficiently high igpaheasurements will be allocated power,
while sensors with lower quality measurements are turnéd@f the other hand, the solutions for
problems (19) and (23) have the form (21) and (24) respdygtiwich indicates that all sensors will get
allocated some non-zero power when we perform the optiinizat he intuition behind this is that in the
multi-access scheme some “averaging” can be done when reeasuts are added together, which can
reduce the effects of noise and improve performance, whitedan't be done in the orthogonal scheme
so that turning off low quality sensors will save power.

2) The four optimization problems we consider (problems (193), (26) and (28)) have analytical
solutions, and can admit distributed implementations,ctvimay be important in large sensor networks.
For problem (19) the fusion center can calculate the valuasd 1 and broadcast them to all sensors,
and for problem (23) the fusion center can calculate anddwast the quantity

-1
M

p2
Z(. : PV

=1 Ry + VYtotal T /Jn)
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to all sensors. The sensors can then use these quantitidseanid¢al information to compute the optimal
«;'s, see [23]. For problems (26) and (28), the fusion center@anpute and broadcast the quantity

to all sensors, which can then determine their optimé& using A\ and their local information, see [24].

D. Fading channels with CS

We will now consider channel gains that are randomly timesvag. In this section we let both the
sensors and fusion center have channel state informati&@),(So that theh;;’'s are known, while
Section IV-E considers fading channels without CSI. We now al®ow the amplification factors; ; to
be time-varying.

1) Multi-access: Recall from (4) that the Kalman filter recursion for the errorvariances is

2 —
a*P.7y 9
Pi1=——+0
AR NI
M . M
wherec, = Y0, aiphire; andry, = Y00 of b2 o? + o
One way in which we can formulate an optimization problenoisninimize the sum of powers used

at each time instant, subject 1§, < D at all time instanceg. That is, for allk, we want to solve

M M 2 9
. _ 2 G 0w 2
min Yik = Qg g, 5 T 0
5 5 1—a
=1 =1

GQPkfk
Ezpkz + Tk

(30)

subject 0P, = o2 < D.

The constraint can be rearranged to be equivalent to
i, (a*Py + 02, — D) + & Py(op, — D) <0,

which looks rather similar to (17). In fact, once we've salw@e problem (30) at an initial time instance,
e.g.k =1, thenP, = D is satisfied, so that further problems become essentiallyticld to what was
solved in Section IV-A.1. Therefore, the only slight diffecenis in the initial optimization problem,
though this is also covered by the general problem (19).

Another possible optimization problem is to minimiZg_ |, at each time instant subject to a sum

power constrainty;.;,; at each timek, i.e.

2 —
. a“ Py, 2
Py =——"F
min Py E%Pk e, + oy
M 020_2 (31)
subject to E a?,k (1 — ;”2 + U?) < Ytotal-

i=1
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As we can rewrite the objective as
a? Py /s )
it is clear that minimizing the objective function is equiat to minimizingfk/éi. So at each time step
we essentially solve the same problem (23) considered indBebt-A.2, while updating the value of
P11 every time.
2) Orthogonal access. Recall from (5) that in the orthogonal scheme, the Kalmanrfikeursion for

the error covariance is:
2 po
a Pk

14 PeCy Ry 'C

0 _ 2
Pk+1_ +0'w.

If we wish to minimize the sum power while keepirj‘g’,f+1 < D at all time instances, the constraint

becomes
M 2 2 2
T P e Y i e
k k k — 2 2 2 - 2
o hipoi +op PY(D —o3)

=1 1, 2

If we wish to minimize P¢,, at each time instance subject to a sum power constraint &tadk £,

then this is the same as maximizing

M 2 12 2
ai,khi,kci

— T — -1 _
C° RY C¢= _ LR LR
k NE G E, P 2. 2"
=1 ai,khi,kzai + o5

In both cases, the resulting optimization problems whioh tar be solved at each time instant are
variants of problems (26) and (28), and can be handled ubegame techniques.

3) Remarks. As discussed in Section IV-C, these problems can be solvedlist@buted manner, with
the fusion center broadcasting some global constants #mthen be used by the individual sensors to
computer their optimal power allocation. The main issue withning these optimizations at every time
step is the cost of obtaining channel state informationhéf thannels don't vary too quickly one might
be able to use the same values for the channel gains over aenwhbifferent time steps. However if
the channels vary quickly then estimating the channels @t 8me step may not be feasible or practical.
In this case we propose one possible alternative, whicheisiie of a linear estimator that depends only
on the channel statistics, and which will be derived in Sect\bE.

4) A dynamic programming formulation: The optimization problems we have formulated in this section
follow a “greedy” approach where we have constraints thastnioe satisfied at each time step, which
allows us to use the same techniques as in Sections IV-A arBl I alternative formulation is to

consider constraints on the long term averages of the dstimarror and transmission powers. For
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instance, instead of problem (31), one might consider &ustle infinite horizon problem:

T
1
in lim —> E[P
mlnngoTk_l [Ppt1]

T M

. .1
subject to Tlggo T ; E[; Yik] < Veotal
= 1=

where we wish to determine policies that will minimize thepegted error covariance subject to the
average sum power being less than a threshglgd,;. Solving such problems will require dynamic
programming techniques, and would involve discretizabbrthe optimization variables similar to [46],
where optimal quantizers were designed for HMM state estimaover bandwidth contrained channels
using a stochastic control approach. This approach is howsghly computationally demanding. A

thorough study of these problems is beyond the scope of #psrmpand is currently under investigation.

E. Fading channels without CS

Suppose now that CSl is not available at either the sensorssmmfieenter, though channel statistics
are availablé. The optimal filters in this case will be nonlinear and highly giex, see e.g. [47].
An alternative is to consider the belshear estimator in the minimum mean squared error (MMSE)
sense, based on [37]. In our notation, the situation corsidi [37] would be applicable to the model
Tka1 = axg + wg, 2k = aphipery + vp. While this is not quite the same as the situations that we are

considering in this paper, their techniques can be suitekignded.

1) Multi-access scheme: Since we do not have CSI we cannot do transmitter beamformidgrarst
return to the full complex model (1). We will also restrigf;, = &;, Vk to be time invariant. The main

difference from [37] is that the innovations is now defined as

Rz YL ER@he |
s - M e~ 7 L|k—1-
\S[Zk} Zizl E[\S[Oéihi]]ci
Assuming that the process{aléi,k},z‘ =1,...,M arei.i.d. over time, with real and imaginary components

independent of each other, afd; ;} independent ofwy,} and {v;x},i =1,..., M, the linear MMSE

8We note that this can also be used to model the situation where the seresost erfectly synchronized [25].
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estimator for scalar systems can then be derived followhegnethods of [37] (also see [48]) as follows:

Tpy1k = ATk

2
Prei1r = a” Py

_ = _ —\ -1 _ (32)
Er1phr1 = Btk + PorapCl <CPk+1\kCT + R) ((%[%H], Szra))” - C@k+1|k>
= - N |
Preyigsr1 = Pryae — Pk2+1|kCT (CPkH\kCT + R>
= _ ~ T
whereC = [ > ERldihi]ler 0L E[S[dihille; } and
M ~ 7 1ol 21~.7 2 2 M ~ 7 P2 2
o | S (VarlRlah 5% + ER2laiRo?) + 7] S ERIGRES Gihilo?
S ER(@A)E[S[dih)|o? S, (VarlS (@)% + E[S?dihillo?) + o2

using the shorthan®?[X] = (R[X])? and S%[X] = (S[X])2

These equations look like the Kalman filter equations but wifferent C and R matrices, so much
of our previous analysis will appR.For instance, since the estimator is not using the instaotas
time-varying channel gains but only the channel statigtidsich are assumed to be constant), theri

be a steady state error covariance given by

(> =1)+ 028+ /(a2 —1+0285)2 +402S

Py =
25

with $ = CTR~'C. Note that for circularly symmetric fading channels e.gylRah, we haveC =
[ 0 0], and estimates obtained using this estimator will not bdulid® Thus we will now restrict
ourselves to non-zero mean fading processes. Motivateddmgrhitter beamforming in the case with

CSl, let us use amplification factors of the form

with o; € R. ThenS simplifies to

2

(S, Elfaie)

S = - >
S, (VarlRlaif i 2 + ERRlaihlo?) + o3

)

)

%In fact one can regard it as an “equivalent” linear system (with a staplardics and stationary noise processes) along the
lines of [48].

100ther work where there are difficulties with circularly symmetric fading idely9], [25], [44]. A possible scheme for

estimation of i.i.d. processes and zero-mean channels which carveehi¢ log M scaling has been proposed in [44].
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where we can find

Var[R[@:hi]] = o (EQ[%hi}Var[%Bi]JrEz[ hi]Var[S ﬁ]) (33)

(E2 [RAE[R2Ry] + 2E2[Rh, | E2[Sh

=
+
=
L
(Y
=t
&
&l
no
al
N

using the shorthanB?[X] = (E[X])?, ®2[X] = (R[X])? and3?[X] = (J[X])2. If the real and imaginary
parts are identically distributed, we have the further difications VaiR[d;h]] = o2Var[Rh;] and
B[R (05 = of (BIR?A] + B[R] ).

Power allocation using this sub-optimal estimator can treeddveloped, and the resulting optimization
problems (which are omitted for brevity) will be variants moblems (19) and (23). We note however
that the optimization problems will only need to be rmce sinceC andR are time-invariant quantities,
rather than at each time instance as in the case with CSI.

Since we have a steady state error covariance using thisagstinasymptotic behaviour can also be
analyzed by using the techniques in Sections lll. The detadsomitted for brevity.

2) Orthogonal access scheme: For orthogonal access and no CSI, the equations for the IMBSE

can also be similarly derived and will be of the form (32), stithiting C?in place ofC, R? in place of

_ _ _ _ _ _ T
R, etc. We haveC® = |: E[%[&lhlﬂcl E[%[&lhl]]cl Ce E[%[@MhM]]CM E[%[&Mh]y[“CM and
RS, ... 0
R = ,
0 S
with eachRY, being a block matrix
Bo — Var[R|a D ]]cZ 1i2 > + E[R?[a; l]]oi2 + o2 E[R[ ~Z}~‘LZHE[%[OZZ}N‘LZHO'ZZ
t E[R[dih||E[S[d:hi]]o? Var(Sdhillc? 12 + E[S2[dhillo? + 02

There will be a steady state error covariance given by

(a®> —1)+025° + \/(a2 — 14 025°)% 4+ 402 5°
250

with S° = C°"R° 'C°. If we choose®; = a;(E[h])*/|E[hi]| then S° can be shown to be

Py =

w (E[@%[dihi]]cz-)z

SO—;(

where we also refer to (33) for further simplifications of thegiantities.

VarR[diha))c? iy + E[R2 [ozihi]]ag) o2
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Fig. 1. Comparison betweeR., and asymptotic expression: Multi-access scheme with= 1/v/ M

Asymptotic behaviour and optimal power allocation can dsoanalyzed using the techniques in

Sections 1ll and IV-B respectively, and the details are aeittor brevity.

V. NUMERICAL STUDIES
A. Satic channels

First we show some plots for the asymptotic results of Sectibrin Fig. 1 (a) we plotP,, vs M
in the multi-access scheme for the symmetric situation with= 1/v/M, anda = 0.8,02 = 1.5,02 =
l,c=1,02 =1,h = 0.8. We compare this with the asymptotic expression

| o) 1
w c? M

g

from (13). Fig. 1 (b) plots the difference betweéy, — o2, and compares this with the term

a*(oy +on/h%) 1
c2 M’

We can see thaP,, is well approximated by the asymptotic expression even @BB@ sensors.

In Fig. 2 we plotP,, vs M in the multi-access scheme with = 1/v/M,a = 0.9,02 = 1,02 = 1
and values fow:i,al?,hi chosen from the rangeb < C; < 1,05 < R; < 1,0.5 < h; < 1. We also plot
the (asymptotic) lower and upper bounds (37) from the prddfesnma 4,

a?(h?, 02. +02) 1 a?(h? .02 +02) 1

2 min” min 2 maz” max
Uw+ h,2 2 M and0w+ h2 5 M
mazCmax minCmin

It can be seen thaP,, does indeed lie between the two bounds, both of which coevierg? at the
rate1/M.
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Fig. 3. Multi-access. Comparison between optimal and equal poweratthacschemes, with (a) an error covariance constraint

and (b) a sum power constraint

Next we look at the numerical results for optimal power afbon. In Fig. 3 we compare between
using optimal power allocation and equal power allocation the multi-access scheme. We use=
0.9,02 =107% 02 = 1,¢; = 1,Vi. The sensor noise variance$ are drawn from a?(1) distribution
to model the differences in sensor measurement quality. ibanel gaing:; are modelled ad;Q, with
d; representing the distance of sensdao the fusion center. We use distances uniformly drawn betwe
20m and 100m. In Fig. 3(a) we kedp = 2, while in Fig. 3(b) we keepy,is; = 1073, Each of the data
points represent the average over 1000 realisations ofeth®os parameters (i.e;, o2, d;). In Fig. 4 the
comparison using the same parameters and parameter wtisinh is shown for the orthogonal scheme.
What can be observed is that as the number of sengbimscreases there is a general trend downwards

for both graphs, though optimal power allocation seems ¢wige more benefits in the orthogonal access
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Fig. 4. Orthogonal access. Comparison between optimal and equalr @dlocation schemes, with (a) an error covariance
constraint and (b) a sum power constraint

scheme than the multi-access scheme.

B. Fading channels

In Fig. 5 we compare between the full CSI and no CSI situationghfermulti-access scheme, using
a=09,02=10"%02 =1,¢; = 1,Vi, ando? drawn from ay?(1) distribution. The complex channel
gains fzivk’s are chosen to be Rician distributed with distance depereleSpecifically, the real and
imaginary parts ofﬁi,k are chosen to be distributed d;Q X N(ui, 1), with d; uniform between 20
and 100, ands; uniform between 1/2 and 1. In Fig. 5(a) we keBp= 2, and in Fig. 5(b) we keep
Yeotar = 1073, In the full CSI case the values are averaged over 1000 tinps $te each set of sensor
parameters (i.ec;,02,d;, ;), and in the no CSI case they are the steady state values tnignear
MMSE estimator (32). The results are then repeated and fuaberaged over 100 realisations of the
sensor parameters. In Fig. 6 we make the same comparisonefartiiogonal scheme. We can see in
Fig. 5 that for the multi-access scheme the performance logke case without CSI is not too great
when compared to the case with full CSI. Thus even if one hasd8ll, but doesn’t want to perform
power allocation at every time step, using the linear MMSHTegbr (32) instead could be an attractive
alternative. On the other hand, for the orthogonal schenkégn6 there is a more significant performance

loss in the situation with no CSI.

VI. EXTENSION TO VECTOR STATES ANDMIMO

In Section VI-A we formulate a possible extension of our wookviector state linear systems. We

outline some of the differences and difficulties that will beeeuntered when compared with the scalar
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case. In Section VI-B we consider a situation similar to a MIMgtem, where the fusion center has
multiple receive antennas (and each sensor operating wathghe transmit antenna), and we show how

they can be written as an equivalent vector linear system.

A. \ector states

We consider a general vector model
Xp+1 = AXg + Wy

with x € R", A € R™*", andw, € R™ being Gaussian with zero-mean and covariance m&kri¥or a

stable system all the eigenvalues of the ma&ixvill have magnitude less than 1. Thé sensors each
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observe

Yir =CiXp +Vip,i=1,...,.M

withy, , € R™, C; € R™*" andv; , € R™ being Gaussian with zero-mean and covariance ma&tyix
We assume that each of the individual components of the measmt vectory, , are amplified and
forwarded to a fusion center via separate orthogonal chish&ve will consider real channel gains for
simplicity.

In the multi-access scheme the fusion center then receives
M

Ze = Hikoiryis + N,
i=1

wherea; ;, € R™*™ is a matrix of amplification factordii; , € R™*™ a matrix of channel gains, and

n, € R™ is Gaussian with zero-mean and covariance mairix\'e can express the situation as
Xit1 = AX + Wy, Z = CpXg + Vg,

whereC;, = Zf‘il Hi o, 1,Ci, Vi, = Z?ﬁl H; rou kVi i + Ng, with v, having covariance matriR;, =

M Hi ko kRiog H]; + N. The error covariance updates as follows:
Per1 = APLAT — AP.C; (C,P:Ch + Ry) 'CrPAT + Q.
The transmit power of sensorat timek is

Yir = Tr(oupElYyilogy)

= Tr(eis(CEXeX{]CT +Ri)ady)
where T¥e) denotes the trace, ari{x,x’] satisfies (see [41, p.71])
E[xxL] — AEXxL]AT = Q.
In the static channel case, the steady state error covariRgcsatisfies
Poo = AP AT — AP .CT(CP..C" + R)!CP. AT + Q.

However, unlike the scalar case where the closed form esimres7) exists, in the vector case no such

formula forP., is available, and thus asymptotic analysis is difficult toedep. For time-varying channels,

" Another possibility is to apply compression on the measured signal [3], §» that the dimensionality of the signal that

the sensor transmits is smaller than the dimension of the measurement battior simplicity we will not consider this here.
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we can pose similar optimization problems as considered ati®@elV. For instance, minimization of

the error covariance subject to a sum power constraint camriten as:

min  Tr(Pg41)

A ks OUM K
M (34)
subject 10> (c; k(CEXeX{1CT + Ri)al}) < Yiotar.
=1
This problem is non-convex, and unlike the scalar case doesppear to be able to be reformulated

into a convex problem. Similar problems have been considprediously in the context of parameter
estimation, and sub-optimal solutions were presentedgusichniques such as deriving bounds on the
error covariance [27], and convex relaxation techniqué&}. [2

In the orthogonal access scheme the fusion center receives
Zi = Hi,kai,kyi’k + ni,k,z’ =1,..., M.
We can express the situation as
Xpp1 = AXp + Wi, 20 = Cpxp + V7,
by defining

Z1k Hq o 1 Cy Hyroo gVig +Nig

z, = : ,(_32
Zy ke Harroor kCur Har koo kVare + Nark

with the covariance o being

Hikon kRiod (HT , +N 0 0
. 0 Ho koo kRoad  Hi  +N ... 0
Rk; = .
i 0 0 HM,kaMkRMaf/[kaf/[’k%—N ]

The error covariance updates as follows:
Py.. = APSAT — APICY (CrPiCL +Ry)TICIPRAT 4 Q.
The termC? (C2PCS + R?)~1CY can be rewritten using the matrix inversion lemma as
C (CIPICY +RY)™ICh =Cy'RY €L —Ci'RY CL (Py +CY'RY CY)TICY'RY €Y

where we have the simplification

M
CzT F_QZ CZ = Z(Hz,kaLkCl)T(HlykaZ,kRZaZkHZk + N)*l(Hi,kai,kCi).
=1
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Minimization of the error covariance subject to a sum powanstraint can be written as:

min  Tr(Py,;)

QY ks UM K

M (35)
subject t0 > _(c; k(CEXeX{1CT + Ri)al},) < Yiotar.
=1

This problem is non-convex and also does not appear to be@abkereformulated into a convex problem.
In the context of parameter estimation with sensors comaatinig to a fusion center via orthogonal
channels, a similar problem was considered in [49], and wafaét shown to be NP-hard, although
sub-optimal methods for solving that problem were latedistdi in [7].

As the techniques involved are quite different from what ti@sently been presented, a comprehensive

study of optimization problems such as (34) and (35) will legdnd the scope of this paper.

B. MIMO situation

One could also consider a situation resembling the MIMOegystin wireless communications, with
the different sensors (each with a single transmit antenedesenting the multiple transmitters, and
multiple receive antennas at the fusion center. It turnstbat these situations can be expressed as
equivalent vector linear systems. We will show how this is@dor a simple case. Consider the vector

state, scalar measurement system
Xpa1 = AXp +Wg, Yk =CiXp +vip,i=1,..., M,

wherec;, Vi are 1 x n vectors. We will look at the orthogonal access scheme, but with L receive

antennas at the fusion center. The fusion center then rec&ive each sensor
1 1 L LT
Zik = [hi g Qi kYik + Mg M gYie + g i =10, M

Wherehfk is the channel gain from theth sensor to the-th antenna. Defining

21k
- . ~ — [pl T L T 1 T L T 1T
Zk = : ,Ck = [hlkaéchl ’ e ‘hl’k.O[chl ...... ‘hM7kOéM,kCM| e ’hM,kaM,kCM] 5
Z)Mk
g — 1 1 L L 1 1 L L T
Vi = [hl’ka17kvl7k+n1’k, ey hl’kOZLkULk—’—nl,k, e gy hM7kaM’k-'Um7k+nM’k, ooy hM7kam,kvm,k)+nM7k}

we may then write the situation as the vector system:
Xp+1 = AXp +Wg, 2 = CpXy, + Vi,
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Other variations of the MIMO setup, e.g. vector sensor megseants, can be similarly transformed into
equivalent vector linear systems. Note that for scalaesaat scalar measurements per sensor, one could
use similar techniques to Section II-B for problem formwatand those of Sections IV-B and IV-D for
the optimal power allocation results. However, as desdriimeSection VI-A, difficulties in analyzing

general vector systems will still remain.

VII. CONCLUSION

This paper has investigated the use of analog amplify andafiaiwg in the distributed estimation of
stable scalar linear systems. We have showii/d scaling behaviour of the error covariance in a number
of different situations, and formulated and solved somégdtpower allocation problems for both static
and fading channels. We have also outlined extensions twénear systems and MIMO systems.

Further study of these extensions and related problems avith the topics of future investigations.

APPENDIX

A. Proof of Lemma 1

Rewrite (8) as

(a®—=1)1 o2 \/(a2 —1)21  (a2+1)021 o
p.= - Cw = o - " Ty Tw
> 2 52" i st 2 st

Taking the derivative with respect 1§ we get

dPs. a?—-11 (a®> = 1)2% + (a®> +1)02, 45
dS - 2 ? B 4\/(112;1)2% + (a2+21)a2 % + oj,
To show thatéfe= < 0, it is sufficient to show that
2
(@ —1)2& + (a® + )02 & <a2 ~11 )2
4\/((1221)2%_'_ (a2+21)02%+% - 2 52

1 1 1
(a® — 1)4§ +2(a® - 1)%(a® + 1)03,)? + (a® + 1)2030§
1 1 1
> (a? — 1)4§ +2(a® — 1)%(a* + 1)03@ + (a® — 1)205}0?

or (a® +1)%20% > (a® — 1)252, which is certainly true.
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B. Proof of Lemma 3

We first substitute the simplified expressions foand 7 into (7):
(a? —1)(Mh202 + 02) + M?h3c?
2M?2h2c?
V(a2 = 1)(Mh202 + 02) + M2h2c202)2 + 4M2h2c202 (M h202 + o2)
2M?2h2c2 ’
Regarded as a function @f/, we are interested in the behaviour Bf, as M — oco. Now

Py =

_|_

V(@2 = 1)(Mh202 + 02) + M2h2c202)2 + AMZh2c202 (Mh202 + o2)

= (h*cloy, M* + 2(a® — 1)o2h*Po2 M® + 4h*cPo2,02 M + O(M2))1/2

1/2
122 2742 (a ‘1‘1) 1

12(@2—i—1)02 1
12 2 2 2
—hCO’wM <1+2W}+O W

=122l M? + (a® + 1)h%02M + O(1),
where we have used the expansiant z)'/2 = 1 4 2/2 + O(«?) for |z| < 1 [50, p.15], which is valid

when M is sufficiently large. Hence

2 2
a“cs 1 1
Poo = oy + ca”M“)()‘

C. Proof of Lemma 4

We first prove the statements for the multi-access scheme. a¥e M h,,inCmin < Zf‘fl hic; <
MPmazCmaz @nd Mh2, 2. < M h262 < Mh?

min mzn maxr maac

Recall from Lemma 1 thaf’,, is a

decreasing function of = ¢?/7. If we choosea; € {+1,—1} such thata;c; is positive for alli, we

have
2 = 2 2 2
Mh‘mzn mzn + U < L < Mhmaxamax + Un
2h2 — 72 — 21,2 )
M hmaw max C M hmzn mzn

and by a similar calculation to (36) we can show thatMés— oo,

0_2 + 2h?n'm mzn1_|_0< 1 ><P <O’2 + 2h%naac maa:1_|_0< 1 >
> oo >
v thna;r Cinax M M? b h72nm Crmin M M?

If instead we choose; € {1/vM,—1/v M} such thatw;c; is positive for alli, we can similarly show

that asM — oo,

h2 1 1 h2 1 1
0_51—1_ (mm mm—l—d) —|—O< >§POO§0_12U+ (ma:r: maac+0)+0< ) (37)

2 2 2
hmax max M M h‘mln min M

In either case, as the upper and lower bounds both convergg & a rate ofl /M, P, itself will also

do so.
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For the orthogonal scheme, a similar argument to the abawessthat choosingy; € {+1, —1} gives
convergence o2 to o2 at the ratel /M for general parameters.

To show thatP?, in general does not converge to a limit &6 — oo, when using the scaling/v/M in
the orthogonal scheme, consider the following example. 8spthere are two distinct sets of “symmetric”
parameters with behaviour as in (14), such that if all thessenhad the first set of parameters the error
covariance would converge t57, ;, and if all the sensors had the second set of parameters rthie er
covariance would converge 83, ,, with P, , # P35, . Then let the firstM; sensors have the first set
of parameters, the next/, (with M2 >> M) sensors the second set, the nékt (with M3 >> M>)
sensors the first set, the nek, (with M, >> Ms3) sensors the second set, etc... Thefh would

alternate between approachifty, ; and 3, ,, and will not converge to a limit a8/ — oo.

D. Proof of Lemma 5

With the multi-access scheme and the allocation (15), by ihgfin

2 2
2 (1 —a?) (1 —a?)
Xmaz = 1 2 and O‘mm - 2 2 2 1—a2)’
mzn Tw + Umzn( —a ) Crmaz%w + Uma:p( a )
we can show similar to the proof of Lemma 4 that
M mznhgmn mzn + U < i < M mazh?nax mam + U
M2a%naxh2nax ma:r B N M2 m’mhgmn mln
Hence asM — oo we have
h? 1 < 1 ) h? 1 < 1 )
2 mzn min mzn maz max max
o —I— + 0 <P,< 0 + +0|-—]).
v mawh?’nax max M M2 mznh%un mzn M M2

The other cases can be treated similarly as in the proof of Lethma
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