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Fig. 2. The structure of the fixed-lag smoother, 5 = 2. 

- - l e t  20 

Fig. 3. Comparison between smoothers, 6 = 2: (a) H,-optimal (b) 
Hz-optimal (c) suboptimal H,, y = 1.3~0 (d) recursive fixed-point. 

IV. EXAMPLE 
In this example we apply fixed-lag smoothing with 5 = 2, on a 

simple system of the type of (2.la)(2.lc) where 

Bk = [:.7094]. 1 

Lk = [3 - 21 and CI, = [-2 31. 

This is a stable, nonminimum-phase system. We assume that the 
measurements have been continuing for a large period of time so that 
(3.4a), (3.4b), (2.14a), and (2.14b) attain constant solutions. Fig. 3 
depicts the Bode plot of the largest singular-value of the transference 
from the disturbances w and U, to the estimation errors that was 
generated by the optimal H, fixed-lag smoother of Section 111. 
The disturbance transference of a standard Hz fixed-lag smoother 
is brought for comparison. It is seen that the H, fixed-lag smoother 
achieves a lower peak of disturbance transference. The decrease in 
the latter peak is paid for by an inferior high frequency filtering. 
The high frequency filtering of the H, smoother can be made more 
acceptable by selecting the design parameter y few percents above 
the critical value. We also examine the disturbance transference of 
the estimation that results by a recursive application of the fixed-point 
algorithm of Section 11, where the estimate %k is recursively obtained 
as the fixed-point estimate of L k 4 X k - 6 ,  at the time instant k .  Unlike 
the Hz case, the recursive application of the H,-optimal fixed-point 
smoother does not lead to an H,-optimal fixed-lag smoother. 

V. CONCLUSIONS 
In this note we have investigated the fixed-point and fixed-lag 

smoothing estimates in the H,-norm sense. It has been found that 
unlike the Hz case, a recursive application of the H, fixed-point 
estimator does not lead to the H, fixed-lag smoothing results. 
The gains of the fixed-point smoother have been obtained in the 
terms of the solution of the Riccati equation that is associated with 

the corresponding Hz problem. A closed form expression has been 
obtained for the optimal H,-performance level of the fixed-point 
estimator. 

An H, fixed-lag smoother has been derived by applying the 
standard H,-filtering theory on a system that was augmented with 
delay states. The properties of the resulting H, fixed-lag smoother 
were illustrated in an example. This method of augmentation is not 
suitable for the continuous-time case. The derivation of continuous- 
time fixed-lag smoother is left for future research. 
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On the Stability of Linear Systems 
with Delayed Perturbations 

H. Trinh and M. Aldeen 

Abstract-This note presents sufficient conditions for delay-independent 
asymptotic stability for linear systems with delayed perturbations. These 
conditions are shown to be less restrictive than those reported in the 
literature. Numerical examples are given to illustrate the results. 

Real vector space of dimension n. 
Real matrix space of dimension n x m. 
Segment of the function x(7) on [t - h, t ] ,  i.e., 
xt: [-h, 01 + R” defined by zt (8)  2 z( t  + e) ,  

Space of continuous functions zt: [-h, 01 -+ R” 
Maximum, minimum eigenvalue of the matrix A, 
respectively. 
Transpose of the matrix A. 
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Matrix norm of A, 

Matrix measure of A ,  p ( A )  = 0.5Xmax(AT + A ) .  
Symmetric part of matrix A. 
For all i .  
Complex number; 
z = exp ( j w )  = cos (w) + j sine (w) Vw E [O 27r] 
then IzI = 1, where j = fl. 
Identity matrix of order n. 

llAll A gmax(A) = [Amax(ATA)I1". 
A 

I. INTRODUCTION 

years, many methods have been reported to test the 
stability of time-delay systems. Criteria for stability of time-delay 
systems, expressed by concise inequalities, have been proposed 
[ I]-[3]. More recently, considerable interest has been shown in the 
problem of robust stability of linear systems subjected to delayed 
time-varying and nonlinear perturbations [3]-[5]. 

In this note, we present improved robust stability criteria for 
linear systems with time-varying delayed perturbations. Bounds on 
such perturbations that guarantee system stability are derived, using 
Lyapunov functional theory. 

Now consider the system 

i ( t )  = Az(t) + E ( t ) z ( t  - h)  (1) 

where z ( t )  E R" is the state vector, h > 0 is a constant, and 
represents the delay duration, A E R"'" is a real constant stable 
matrix, and E ( t )  E R"'" is the time-varying perturbations in the 
delayed state. We consider the following two cases. 

Case I :  Systems with time-varying and unstructured perturbations 
where E ( t )  is assumed to be bounded, i.e., 

and 17 is a positive constant number. Here we show that less 
conservative bounds than those reported in [ 11-[4] can be obtained. 
Further, we show that these bounds are the same as those reported 
for nondelayed perturbations [6]-[7]. 

Case 2: Systems with time-varying and structured perturbations, 
where E ( t )  is assumed to take the form 

(3) 

where E, E R"'" are real constant matrices and k,(t) are time- 
varying uncertain parameters. Here we show that our derived bounds 
are comparable to those reported in [8]-[9] for nondelayed pertur- 
bations. 

11. MAIN RESULTS 

In this section, we first present a new sufficient condition for the 
stability of system ( 1 )  where E ( t )  is assumed to be unstructured. 

It is argued by Yedavalli and Liang [7] that more relaxed stability 
bounds may be obtained if a suitable state transformation z ( t )  = 
M z ( t )  can be found. In cases like these, system equation ( l ) ,  may 
be transformed into 

2 ( t )  = A*z(t)  + E*(t)z( t  - h)  

where 

Now we introduce the following theorem which provides sufficient 
condition for the asymptotic stability of system (4). 

Theorem I :  If the condition 

is satisfied, then the time-delay system (1) is asymptotically stable. 

solution to the matrix Lyapunov equation 
In condition (9, Q > 0,  T = IlMll IIM-'ll and P > 0 is the 

(A*)TP + P(A*) = -2Q. (6) 

Proof of Theorem I :  Let us define a quadratic Lyapunov func- 
tional, on the space of continuous function C([-h, 01, R"), as 

V ( Z t )  = z T ( t ) P z ( t )  + E z T ( s ) z , ( e ) d e  (7) L 
where P > 0 is obtained from (6) and E is a positive scalar constant 
c > 0. The derivative of (7) is 

V ( z t )  = i ' ( t )Pz ( t )  + Z'(t)Pi(t) + EZT(t)Z(t) 
- Ezy t  - h ) z ( t  - h)  

- t { z ( t  - h)  - €-1[E*(t)]*pZ(t)}T 
. { z ( t  - h)  - €-'[E*(t)]*PZ(t)} 

= z T ( t ) { c I n  - 2Q + c- 'PE*(t)[E*(t) lTP}z( t )  

5 z T ( t ) { d n  - 2Q + ~ - l P E * ( t ) [ E * ( t ) ] ~ P } z ( t ) .  (8) 

According to Hale [lo, Theorem 2.11, system (4) is stable if 

From (9), it is clear that the term [2d,in(Q) - E'] is maximized 
when E = Amin ( Q )  . If we choose E = Amin ( Q ) ,  then condition (9) 
becomes IlPE*(t)ll < A,;,(&). Using the fact that IIPE*(t)ll 5 
A m a x ( P ) ~ ~ E * ( t ) ~ ~  5 T A ~ ~ ~ ( P ) ~ ~ E ( ~ ) ~ ~  and in view of inequality (2), 
condition ( 5 )  is proven. This completes the proof of Theorem 1. 

Remark I :  By letting Q = I ,  in (5) ,  the bound for the delayed 
perturbations turns out to be the same as that derived by Yedavalli 
and Liang [7] for the nondelayed perturbations. Similarly, by letting 
M = Q = I" ,  the result of Pate1 and Toda [6] is obtained. This 
shows that Theorem 1 provides more relaxed bound conditions than 
previously published. It also shows that Theorem 1 encompasses the 
results of both [6]-[7]. 

Remark 2: Although the results of Cheres et al. [4] apply to 
nonlinear time-varying perturbations, when they are applied to linear 
and time-varying perturbations, as the ones considered in this note, 
the bound for E ( t )  presented in this note is less conservative than 
theirs. This is clear from the following relationship 
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Yedavalli & Liang [7] 
nondelayed perturbations 

qc0.382 
before transformation 

qc0.394 
after transformation 

TABLE I 
COMPARISON TABLE BETWEEN RESULTS OF THIS NOTE AND PREVIOUS ONES 

Cheres et al 141 This note G I n ,  M as 

delayed perturbations suggested in [7] 
delayed perturbations 

qc0.1458 qc0.382 
before transformation before transformation 

qc0.178 qc0.394 
after transformation after transformation 

Mori et al [I] 

where 

Hmamed [2] Shyu and Yan [3] This note 
with Q=L 

Since a is always equal or greater than one, the bound condition 
on the time-varying perturbation, as given in (5), is always less 
conservative than that given in [4]. 

To illustrate the result presented in Theorem 1, let us consider a 
simple example, which is reported in [4], [7]. In the example the 
matrix A is given by 

l y l  < 0.8385 

A =  [i3 

l y l  < 0.8428 l y l  < 1.0123 I y l  < 1.2966 

The following comparison is made in Table I. 
The above comparison shows that the bounds derived in this 

note are i) larger than those derived by Cheres et al. [4] and 
ii) the same as those derived by Yedavalli and Liang [7] for 
nondelayed perturbations. These results demonstrate the robustness 
of the asymptotic stability condition of this note compared to the 
above referenced ones. 

Remark 3: For the case where the delayed perturbation is time- 
invariant, i.e., E ( t )  = E ,  by letting A4 = I,, it can be easily shown, 
from the proof of Theorem 1, that system (1) is stable if the following 
condition is satisfied 

This is in contrast to the conditions derived in [1]-[3], which are 

i) p ( A )  + IlEll < 0;  Mori et al. [ l ]  
ii) p ( A )  + p ( z E )  < 0,  VlzI = 1; Hmamed [2] 

(12a) 
(12b) 
(12c). 

From the above, it is clear that condition (1 1) of this note is i) less 
conservative than that of Shyu and Yan [3] and ii) does not require 
p ( A )  < 0, as in [1]-[2]. 

Let us now consider the numerical example reported in [3]. This 
is given as 

iii) IlPEll < F; Shyu and Yan [3] 

where the parameter y is assumed to be nonzero, i.e., y # 0. 
We now determine the stability bound conditions in terms of y, 

using the conditions (1 1) and (12a)-( 12c). These bounds are obtained 
as shown in Table 11. 

Table I1 illustrates quite clearly that the sufficient condition of 
this note is less conservative than those reported by Mori et al. [ 11, 
Hmamed [2], and Shyu and Yan [3]. 

1 I I I I 

Now we tum our attention to the case where the perturbations are 
time-varying and structured, as expressed in (3). In this regard we 
present the following Theorem. 

Theorem 2: Let P > 0 be the solution to the matrix Lyapunov 
equation (6). Define real constant matrices P, E Rnx" and P, E 
R " x ( " " )  as 

P, = [PlPZ . . . P,]. ( 1 3 ~  

Then system (1) with E ( t )  as defined in (3) is stable if 

or 

or 

Proof of Theorem 2: Consider the Lyapunov functional as de- 
fined in (7). Then after some manipulations, it can be shown that 

From (15), it is clear that V ( z t )  < 0 if 

or 

.-ax{ $kz(t)Pz} < Amin(&). (16b) 

Then by following in the same way as in the proof of Zhou and 
Khargonekar [9], it can be shown that conditions (14a), (14b), and 
(14c) imply (16b). This completes the proof of Theorem 2. 

Remark 4: When M = Q = In, the conditions proposed in 
Theorem 2 are similar to those proposed by Zhou and Khargonekar 
[9] for the nondelayed perturbations, with the only exception being 
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TABLE III 
COMPARISON TABLE BETWEEN RESULTS OF THIS NOTE AND PREVIOUS ONES 

Cheres et al [4] with M=Q=I, 

0.6391k,(t)l + 0.39991k2(t)l c 1. 

This note with M=Q=ln. and using 

that in [9] P, is defined as E = [PE,],. In the case where 

our derived bounds for I<*(t)  ( i  = 1, 2, . . . ,m)  are the same as 
those obtained in [9]. In general, however, the bounds condition of 
this note can be considered to be close to those of [9], since in most 
cases the following condition applies 

To illustrate the results presented in Theorem 2, let us consider 
the numerical example reported by Zhou and Khargonekar [9]. The 
matrix A is given by 

-2 0 
A =  [ 0 -3 il] and 

-1 -1 -4 

1 0 1  0 0 0  
E ( t )  = h ( t )  0 0 0 + k l ( t )  0 1 0 . 

[l 0 J [o 1 0 ]  
Table 111 shows that the bound derived in [4] is the most conservative 
of all the others. This may be attributed to the fact that when deriving 
the bound condition the structure of the delayed perturbations is 
ignored. Table 111 also shows that despite the fact that the bound 
condition of this note accounts for delayed perturbations i) it is still 
less conservative than those derived for nondelayed perturbations case 
[6], [SI; and ii) it is comparable to that of Zhou and Khargonekar [9] 
for nondelayed perturbations. 

111. CONCLUSION 
In this note, new robust stability bounds for systems with delayed 

structured and unstructured perturbations have been derived. In doing 
so, the following results have been established: i) when the delayed 
perturbations are time-varying and unstructured, the derived bounds 
are the same as the ones derived for nondelayed perturbations [6]-[7], 
ii) the derived bounds are less conservative than those derived in 
[3]-[4], as stated in Remarks 2 and 3, iii) the derived bounds are 
less conservatives than those of [1]-[2], as shown in Table I1 and 

iv) when the delayed perturbations are time-varying and structured, 
the derived bounds are close to those derived for the nondelayed 
perturbations [SI-[9]. 
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