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Abstract: A completely decentralised observer-based control scheme for interconnected dyna- 
mical systems is proposed. The scheme requires no information transfer among the subsystems, 
local observers or local controllers and applies equally to systems with known and/or unknown 
disturbances. It is shown that each local observer asymptotically converges to the true state of its 
corresponding subsystem an4 on satisfaction of some mild controllahility and observability 
conditions, local stabilising feedback controllers can be designed in isolation of the local 
observers. A numerical example with simulation results is given to illustrate the effectiveness 
of the new approach. 

1 Introduction 

The ability to control an interconnected system by decen- 
tralised state feedback depends crucially on the availability 
of states at each subsystem. In most practical cases, either 
the states of a subsystem are not completely accessible for 
measurement or the cost of measurement is prohibitively 
high. In sucb cases, a state-estimation scheme may he 
required to estimate local states for local feedback. Thus 
observer-based decentralised control involves the design of 
decentralised observers and controllers. 

Results in the area of decentralised state estimation were 
first reported by Aoki and Li [I]. Later Siljak and Vukcevic 
[2, 31, Sundareshan [4], Arbel and Tse [5], Sundareshan 
and Huang [6 ] ,  Ikeda and Willems [7] ,  Mao and Lin [SI, 
and Sundareshan and Elbanna [9] reported different 
approaches for the synthesis of state estimation schemes. 
However, these schemes require information transfer 
among the local observers. 

To eliminate the need for information transfer among the 
local observers, Viswanadham and Ramakrishna [IO], 
Ficklscherer and Muller I l l ]  and Saif and Guan [I21 
employed the unknown-input observer theory, where inter- 
actions between a given subsystem and the rest of the 
interconnected system are considered as unknown inputs. 
Although the resulting schemes require no information 
transfer among the local observer or subsystems, restric- 
tions regarding the rank of the interconnection matrices 
apply. 
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In the present paper, a totally decentralised state-estima- 
tion-based control scheme for interconnected systems with 
known and/or unknown inputs and/or disturbances is 
proposed. The scheme is based on an association of two 
methodologies, that of Aldeen [I31 and Aldeen and Trinh 
[I41 for system decomposition and decentralised control, 
and that of Hou and Muller [15] for unknown-input-state 
observer design. When combined, these particular metb- 
odologies offer a practical solution, with only mild restric- 
tions, to the problem of decentralised control. 

As shown by Aldeen and Trinb [14], a procedure is 
proposed for decomposition of a global system into its 
basic components. It is shown that, under some mild 
conditions, local control to each subsystem gives decen- 
tralised-control performance which is satisfactorily close to 
that obtained using an equivalent centralised controller. 
With this decomposition, local observers may be designed 
which do not require any form of intersubsystem commu- 
nication. Design for both local controllers and local obser- 
vers are based on the decoupled subsystem descriptions, 
but the two designs may proceed independently, the local 
observers to have arbitrary dynamics and the set of local 
controllers to assign arbitrarily selected dynamics to the 
closed-loop system. 

The only restrictions which apply for the local observers 
are that 
(i) the number of unknown inputs must be less than the 
number of local measurements, and 
(ii) the local observers and the global system must not 
share a common eigenvalue. 

Since the dynamics of the observers and the controllers 
are arbitrarily assigned, the second restriction is easily 
avoided. 

Since the method offers a decentralised implementation 
of centrally designed control systems, it is suitable for use 
with any of the well established strategies such as pole 
placement or optimal control. In this paper, a full state- 
feedback optimal controller is projected onto a decentra- 
lised incomplete state-feedback controller using the Moer- 
der and Calise [I61 algorithm. 
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2 Statement of the problem 

Consider the following linear time-invariant interconnected 
dynamical system with unknown inputs: 

X(t) = &(t) + Bu(t) + Bv(t) 

y(t) = Cx(i) + Du(t) 

(1) 

(2) 

where x E R", U E R', v E Rq and y E R" denote the state, 
control input, unknown input and- output vectors, respec- 
tively. Matrices A ,  B, E, C and D are constant and real- 
valued with appropriate dimensions. 

Let the system described by eqns. 1 and 2 be composed 
of N subsystems. The ith subsystem ( i= 1, 2,. . . , N) may 
then be represented by 

y,(t) = &(t) +B;u;(t) (41 

where x, E Pi, U, E R'z, vi E Rqi and yi E R m ~  denote the 
local state, local control input, local unknown input and 
local output vectors of the itb su@ystem, respectively. 
Matrices A ,  E R"J",, t R"'"5, B; E R"J',, Ej E RniXq,, 

Ci E R"'+n, and D; E Rm.*l are constant and real. Here it 
is assumed that e; and ti have full column and row rank, 
respectively. 

The problem is to design a totally decentralised obser- 
ver-based control scheme comprising N local observers 
and controllers so that 
(a) the closed-loop system has satisfactory dynamics, and 
(b) no information transfer among the subsystems, local 
observers or local controllers takes place. 
A three stage design procedure is proposed. 

Stage 1: derivation of a dynamical model for each 
subsystem; 

Stage 2: design of a local observer for each subsystem; 
Stage 3: design of a local state-feedback controller for 

each subsystem so that satisfactoly global closed-loop 
performance is obtained. 

3 Derivation of subsystem models 

The development of a model for each subsystem is fully 
discussed by Aldeen [13] and Aldeen and Tnnh [14]. A 
summary of the procedure is given in Appendix 1 (Section 
9.1). As a result, a model for the ith subsystem may be 
expressed as 

ti(!) = Airi(!)  +B,u;(t) +E&) ( 5 )  

U;@) = cieict) + W i ( t )  (6) 

t R"r and 0; E Rmi are approximations to xi and yi, where 
respectively. 

4 Decentralised observer 

Define the following transformation: 

(71 
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The (n$nj) transformation matrix T, may be defined as 

Ti = [Qi Ei1 (8) 

where Q; E R"ifi"2-4') is an arbitrarily chosen matrix such 
that T, is nonsingular, and w ; ~  E Rna-4f and wiz E R". The 
nonsingularity of Ti is guaranteed if Qi is chosen as 
Q;=nuIl(E;), since Ei bas full column rank, by assnmp- 
tion. 

Accordingly, the ith subsystem model described by eqns. 
5 and 6 is transformed into 

wi(t) = Hiwi( t )  + Riui(t) + Siv;(t) 

~ i ( t )  = Giwi(t) + Diui(t) 

(9) 

(10) 

The choice of T; in eqn. 7 guarantees that 

where Iqi is an identity matrix of dimension qi. 
Next perform the partitions 

Ci = CiTj = [ Gil G;,] 

where 

H .  

H .  E RUjx(ni-4i) H .  E RV,X% 

Rjl E R(''-'Akr R,  E RqJ' 

Gil RV("i-4,) G, E RmN, 

E R(na-4&(n"("i9$ HiI2 E R(*,-qth4, 
Zll 

ZZI 122 

Define an (mixmi) constant matrix U; as 

U i = [ G  i2 pi1 (12) 

where Pi E RmJ(mj-q,). The matrix U, can be made nonsin- 
gular with an appropriate choice of matrix P,. Provided that 
matrix Giz has full column rank, P; = null(C;.,) guarantees 
that U, is nonsingular. 

Now write 
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In view of eqn. 16, eqns. 14 and 15 can be rewritten as 

Uiiqi = Ui~Cilwjl +wiz + UilDiu; 

Uoqi = Ui2Gilwii + UjzDiui 

Wil = HillwiI  + Hilzwz2 + Rilui 

(17) 

(18) 

Eqn. 9 may be partitioned as follows: 

(19) 

Wiz = Hjzl wil + HjzzWj2 + R,u; + vi (20) 

Note that Uiz and therefore an output measurement in the 
form of eqn. 18 for the system of eqn. 19 exists if and only 
if ini > qi. Therefore a necessary condition for the existence 
of a local observer is that the number of local measure- 
ments be greater than the number of local unknown inputs. 

Substituting eqn. 17 into eqn. 19 gives 

W. - H .  w .  8 1 -  r l l  21 

+Hil2{Uilqi - UilGjl~iI - UilDi~j j  + R i l ~ i  (21) 

or 

W ~ I  = (Hi11 -H~IZU;IG~I)W~I  
+HiizUiiq; + (Rii -Hii2UiiDik (22) 

Eqn. 22 now represents a standard linear system and eqn. 
18 can be considered as its output measurement. If the pair 
{(Hill - Hilz Uil Gil), (Uzz Gil)} is observable, areduced- 
order local observer for the ith subsystem can be designed. 
Using a conventional Luenberger observer-design pro- 
cedure, the following decentralised observer is constructed 

Si1 = (Hi11 -Hi~zUiiGil)Gil +Hi izUi~~ i  

+ (Rii -HinUiiDi)~i 
+Ki(Uizqi - U,G;,Gjl ~ UjzDiui) (23) 

or 

Ei = Hi12Uil + KiUn I Ai = Ril - Hil zU, lDj  - KiUz2Dj 

It is clear from eqn. 23 that, if& is chosen suitably to make ni stable, then dil + wil .  as t +  ca. This implies 
asymptotic tracking and convergence, which may be 
proved by defining the subsystem state estimation error as 

(26) w. - w .  - w .  11-  11 21 

Subtracting eqn. 22 from eqn. 23 yields the following error 
dynamical equation: 

(27) w. - - w. ' 8 1  - w .  - -ni.;l 

From eqn. 27, it is clear that, if matrix ni is stable, then the 
error decays asymptotically to zero. 

Remark I :  The decentralised observer outlined above is 
equally applicable to systems with interdependent inputs 
described by 

In this case, the set of unknown inputs and control inputs 
from the other subsystems must be lumped together as 
follows: 

where 

Eqn. 28 is in the same form as eqn. 3 .  This means that the 
decentralised-observer scheme outlined above is also 
applicable to systems described by eqn. 28. In this case, 
the condition: m i >  r + q  - ri must be satisfied. 

5 Decentralised controller 

Define a set of local state-feedback controllers as 

ui(t) = Fixi(t): i = I, 2, . . . , N (29) 

where F, E R'r".. As only the estimates of xi are available 
for feedback, the control laws of eqn. 29 must be re- 
expressed as 

2, = F;.i?j(t): i = I, 2, . . . , N (30) 

In global representation, eqns. 30 may be expressed as 

i = F i  (31) 

where F = diag(F1, Fz, . . . , FN). Since both t i  and ti are 
approximation to xi ,  matrix Ti in eqn. 7 is used to provide 
the observer transformation 

Using eqn. 17 and replacing ui by G j  and wi by di gives 

WO = Uilqi - UjIGjlGjl - UjlDjGi (33) 

Using eqn. 33 in eqn. 32 and replacing ti by xi yields 

Eqn. 34 may he re-arranged as 

where 
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Using eqn. 35 for I =  1, 2,. . . , N, one can write 

T ~ @ I I  0 0 ?‘la12 0 0 

0 . 0  0 ’  

0 0 TN@NI 0 0 T N @ N ~  

Of 

where 

[il 3 1 = 

TI@,, 0 0 

Substituting eqn 37 into eqn. 31 gives 

i = F(@,x + @,GI) 

(37) 

Substituting eqn. 38 into the global system of eqns. 1 and 2 
gives 

(39) Vt) = (Z+BF@,)X(t) +BF@,Gl(t) +Ev(t) 

+;I = (Hj,, - Hj$2UjlGjJGj1 +Hjl2UiICiXj 

Using eqn. 4 in eqn. 24 gives 

(40) + R j l ~ j  + Kj(Ui,Cj~i - U z ~ G j ~ G j ~ )  

or 

hi, = Hi Gjl + SiCjxi + R j I q  (41) 

where 

Using i =  1, 2,. . . , N, a global representatton of eqn. 41 
can he ohtamed as 

hl = n G 1  +zFx+RRlr i  (431 

where 

Combining eqns 39 and 43 yields 

Eqn. 46 represents the ohserver-based closed-loop system, 
with F being the output-feedback matrix that needs to he 
found so that the system has satisfactoly dynamics. This is 
a standard static output-feedback-control problem, where 
I may be found using pole placement [I71 or optimal- 
control approaches [18]. The existence of such an F is 
guaranteed by the following sufficient conditions: 
Controllability c_onditions: 
(Cl) The pair (A, 8) is completely controllable. 
(C2) The elements of the polynominal matrix 

adj(sZ- n)(E&dj(sI -;i)B+Rldet(sl 4)J 

do not contain a common factor (s - An,); j = I ,  2,.  . . , 
n - q.  
(C3) Either all the eigenvalues of Acomb are simple, or, in 
the event of a multiple-eigenvalue A,, rank(LJ - Acomb) = 
n + q - 1. This implies that the eigenvectors associated 
with each of the repeated eigenvalue are linearly indepen- 
dent. 
(C4) In the event that the rank condition of (C3) is not 
satisfied, then the input matrix 

must have at least the same number of columns as the 
number of eigenvalue multiplicity. 
Observability coydilions: 
(01) The pair (A, Q1) is completely observable. 
(02) The elements of the polynomial matrix 

adj(sZ - n)(3cadj(sZ - X)D1 + @,det(sZ - 2)J 

do not contain a common factor (s - An,); j= 1 ,  2 , .  . , , 
n - q ,  
Proof: The proof of the controllability conditions C 1 4 4  is 
given in Appendix 2 (Section 9.2). The observability 
conditions 0 1  and 0 2  follow by duality, 
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x, = 

- 1.95 -0.91 2 18 0.95 0.07 - 
0.17 0.24 -1.14 1.67 -1.53 

0.10 -0.24 0.08 0.21 0.01 xI 

-5.28 9.26 -3.56 4.20 -10.56 

2.19 3.84 -1.51 1.79 -4.59 

1.45 0.72 -0,17 0.90 1.42 - 
-2 56 -3.00 -3.27 0.38 -0.40 

+ 0.24 -0.15 -0.15 0.18 0.20 

-9.86 -13.99 -20.04 -4.64 -0.12 

--4.14 -5.89 -8.35 -1.68 -1.31- 

Table 1 : Closed-loop eigenvalues with dlfferent 
controllers 

State feedback Output feedback Decentralised output 
feedback 

x, 

‘-2.26 1.21 0.01 -1.05 -0.02- 

0.21 -1.43 0.71 0.29 0.23 

XI = -3.68 0.62 -5.56 -0.84 1.84 

7.88 -12.37 4.19 -3.97 12.21 

_-0.10 -0.35 1.92 -2.73 0.13 - 

”=  10.15 0.83 -0.60 -2.11 0.05 1” 

XI 

The open-loop eigenvalues of this system are: A I  = - 10, 
12= -4.9895, 1,y= - 0.5827+j1.3501, &,6= 
- 1.1971 fj0.4839, A,,*= - 0.2004fj0.2993, 19= 
- 0.5 and ,Ilo= - 1.25. The system step response is 

dominated by the complex pair A7,8 = - 0.20044 j0.2993 
which shows a slow oscillatory response with a frequency of 
about 0.06 Hz. If a faster response is to be desirable, then a 
controller must be designed. In Section 6.4 a decentralised 
controller wili he designed to quicken the response and 
introduce damping into the system. 

+ 

6.2 Derivation of subsystem models 
Following the approach outlined in Appendix 1 (Section 
9.1), the following models have been denved for each 
subsystem: 

r 1.00 - - 0 -  

0.25 0.10 

-1.20 U1 + -0.20 Y1 

-2.13 0 

- 0.82 - 0.05 - 

- 46.08 - 9.56 - 8.69 
- 29.23 - 7.66 - 8.22 
- 26.79 - 3.9f jl.89 - 3.76+j2.34 
- 5.47 - 3.57fj4.35 - 3.73i j3.7 
- 4.5 - 2.34 - 2.33 
-4 - 1.90 - 1.97 
- 3+ j4 - 1.571j3.54 - 1.83fj3.13 
-3 - 1.38 - 1.33 
- 2.5 - 0.97 - 0.97 
- 2fj3 - 0.82fj0.94 - 0.83+j0.74 
- 1.6ijO.36 - 0.66+j1.41 - 0.58fjl.63 
-0.94+j1.10 - 0.41ij0.23 - 0.36i j0.30 
- 0.58fj0.24 
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+ 

- 1.8 - - 0.01 - 
-0.5 0 

1.2 U ]  + 0.12 v,  

-0.32 0 

2.5 - -0.25 - 

0 

-0.05 
-010 

-0.15 

.. - 
h -0.25 

-0.30 

-0.35 

-0.40 

-0.45 

- 

-0.20-2“. .._._._._._._._._._._._._._(_.a .-.. 
- 
- 
- 

- . ~. . 
~~ 



--1.00 0.29 0.45 0.06 -0.09- 

-1.51 -0.04 -0.41 0.06 0 

4,  = 0.23 -0.80 -1.22 0 0.04 

-0.06 -0.71 -0.41 -0.51 0.08 

L 2.60 -2.37 1.24 0.01 -0.53- 

51 

6.3 Design of local observers 
Choose, arbitrarily, the following eigenvalues for observer 
1: ~ I , z =  - 2 i j 2 ,  &= -2.5 and A?= -3 .  Using the 

- 1.01 - - 0.02 - 
0.60 0.01 

+ -1.33 uI + -0.06 

4.96 -0.20 

4.62 --0.20- 

0.151 

V I  

i o  20 30 40 50 eo 
time, s 

Fig. 2 Open- and closed-loop responses ofy,(l) to a unit step in u2 
- open-loop 

iv -0.20 

-0.25 
-0.300 

closed-loop 
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design method of Section 4, the following observer is 

18.28 1.71 

5.08 u1 + 0.32 vI 

22.72 2.27 

10.86- - 0.96 - 

obtained: 
Observer 1. 

-54.6 

-26.6 

54.1 

-2.1 

-53.6 

-26.9 

51.6 

1 
+I -1.8 

ill = 

-43.3 -67.6 

-22.9 -34.0 

40.5 65.4 

-1 -2.6 

-27.6 47.3 

-14.00 23.7 

26.4 -45.6 

-0.1 1.6 

116.3 

58.4 1 
WII 

-110.8 

2.7 J 
82.6 -100.51 

41.5 -50.6 

-79.5 96.6 

2.7 -3.1 

Similarly, if one chooses, arbitrarily, - 3.5fj4, 
A3 = - 4 and ,I4 = - 4.5 as eigenvalues for observer 2 
then the following is obtained: 
Observer 2: 

449 1147 2645 

i21 = 1 604 
1547 3565 ::: 1 

w2 1 
-338 -862 -1987 -153 

-52 -132 -304 -24 

365 2024 -1028 -1801 155 

492 2729 -1386 -2425 209 

-274 -1521 772 1352 -117 +I -42 -233 118 207 -18 

6.4 Design of controller 
Eqn. 46 shows that has a lower-triangular stmcture. 
Therefore eigenvalu_es of A o m b  are the eigenvalues of the 
open-loop system A and of the two local observers n. 
Since the observer eigenvalues are chosen arbitrarily, i.e. in 
isolation from the controller, they need not be changed. 
This reduces the controller-design problem to that of 
finding so that only the open-loop-system eigenvalues; 
i.e. eig(A), are shifted in the left-half s-plane. This can be 
achieved if the structure of F is chosen as P = [ F ,  01, 
where F I  is an (r x n )  feedback matrix. 

A controller of the structure shown above can easily be 
obtained using a standard LQR algorithm, provided that 
the state-weighting matrix Q is defined as Q= diag(Ql, 0) 
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where Ql is an (n  x n) open-loop state-weighting matrix. In 
this paper the state-weighting matrix Ql is chosen accord- 
ing to the approach reported in [19]. As a result the 
following F I  is obtained 

10.80 -9.66 4.43 9.99 10.05 
. I = [  -5.68 0.28 -2.51 -9.15 7.32 

1 16.06 8.30 15.87 -0.98 6.21 
-5.77 2.45 -8.62 -16.21 2.45 

The state controller F = [FI 01 is then projected to an 
output controller Kusing the Moerder and Calise algorithm 
[16], where K is found to satisfy the relationship 

= Kccomb 

As a result, the following output controller is obtained: 

K =  [ -0.122 0.105 0.187 0.150 -0.032 
0.033 0.001 -0.004 -0.028 0.049 

1 0.011 -0.045 -0.038 -0.013 -0.040 
0.039 -0.254 -0.084 -0.058 0.014 

This output-feedback controller is finally projected into a 
decentralised state feedback using a modified Moerder and 
Calise algorithm. As a result, the following local control- 
lers are obtained 

ui = Kix,; i = 1,2 

where 

K l  = [ -0.122 0.105 0.187 0.150 -0.0321 

K 2  = [ 0.039 -0.254 -0.084 -0.058 0.0141 

Table 1 shows the movement of the closed-loop eigenva- 
lues under state, output and decentralised controllers. Note 
the movement of the complex pair of eigenvalues closest to 
the imaginary axis, as these have a significant role in 
shaping the performance of the system. Under a complete 
global state controller, the dominant eigenvalues are 
- 0.58ij0.24. When the state controller is projected 

to an output controller, these eigenvalues move to the 
locations - 0.41ij0.23. A further movement to 
- 0.36*j0.30 takes place when the output controller is 

projected to a decentralised controller. 
Although the final dominant pair of complex eigenvalues 

is to the right of those of the state controller, they compare 
very favourably with the open-loop case, where the domi- 
nant pair is located at - 0.2ij0.3.  As a result, a marked 
improvement in the output response is achieved. 

Obviously, the degree of performance improvement over 
the open-loop case is dependent on the design of the state 
controller, which follows from the decision on placement 
of the closed-loop poles. It is therefore important to point 
out that this example serves to demonstrate the applicabil- 
ity of the proposed design method and how it can be used, 
rather than achieving a measured degree of closed-loop 
performance. 

7 Simulation results 

The decentralised observer has been simulated for step 
responses in the inputs to the two subsystems, taken one at 
a time. Fig. 1 4  show the output responses yl(1) and y1(2) 
of the first subsystem to unit step changes in subsystems 1 
and 2, respectively. Fig. 5-8 show the output responses 
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Fig. 4 Open- and closed-loop responses o/y,(2) to U unit slep in ti2 
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f -0.4 

-0.5 

-0.6 

10 20 30 40 50 80 
time. s 

Fig. 7 Open- and closed-loop respomes of yi(2) to a unit step in uI 
~ open-loop 

closed-loon 

0.05 

-0.10 

10 20 30 40 50 60 
time, s 

Fig. 8 
- ope"-laop 

~~ closed-loop 

Open- ond closed-loop responses of&) to a umr step m u2 

y z ( l )  and y2(2) of the second subsystem to unit step 
changes in subsystems 1 and 2, respectively. 

It is clear from these Figures that the output performance 
of the two subsystems i s  improved using decentralised 
observer-based controllers, despite the fact that the system 
is disturbed by an unknown input and no information 
transfer of any kind takes place. 

7 Conclusions 

A new decentralised state observer-based control scheme 
for interconnected dynamical systems with unknown 
inputs is presented. The scheme is based on derivation of 
models for each component of the interconnected system, 
using singular perturbation and modal analysis. First, local 
observers are designed for each component, based on the 
derived model. Then local controllers are designed for each 
component. It i s  shown that the decentralised observer 
converges to the true state of the original system regardless 
of the initial condition of the observer or of the original 
system. It is also shown that a decentralised controller can 
be designed in isolation of the decentralised observer, In 
addition, it is shown that: 
(i) the decentralised observer-based control scheme does 
not require any form of information transfer among the 
subsystems, local observers or local controllers; and 
(ii) the scheme applies to systems with known and/or 
unknown disturbances. 
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A numerical example of two interconnected subsystems is 
given, where a decentralised observer and a decentralised 
controller are designed in isolation from each other. Simu- 
lation studies show that the proposed scheme can he used 
to stabilise or improve the performance of interconnected 
dynamical systems. 
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9 Appendices 

9.1 Appendix I 
Consider the system described by 

(47) 

y(t) = CX(t) + Du(t) (48) 

Assume that this system comprises N subsystems. An 
approximate model for each of the N subsystems may he 
derived by following the procedure proposed by Aldeen 
and Trinh [14]. The procedure is summarised as follows. 

Partition the state vector into two components. The first 
component, denoted by xl. represents the states of the 
subsystem for which a model is to he derived. The second 
component denoted by xz, represents the states of the 
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remaining N - 1 subsystems, Then eqns. 47 and 48 can be 
partitioned as 

(49) 

Use a similarity transformation x = M z or z = G x, where 
G = M - ' .  Then 

or 

Using the similarity transformation on eqn. 47 gives 

i(t) = ~n + ru( t )  + w t )  (53) 

where 

Partition eqn. 53 to obtain 

Since only the dynamics ofz, one of interest, the dynamics 
of z2 may be ignored. As a result the following static 
solution for z2 is obtained: 

z2 = -&I Tzu ( 5 5 )  

Using this in eqn. 54 and incorporating eqns. 49-53, the ith 
subsystem may be approximated by 

tl(Q = ~ , t , ( ~ ) + ~ l ~ l ( ~ ) + ~ l ~ l ( ~ )  (56) 

Y I ( ~  = Citi(0 +Diui(t) (57) 

where the state vector 5, is an approximation of the actual 
state vector x,, i.e. e ,  Nx,. Note that, while the transient 
behaviour of subsystem 1 as described in eqns. 49 and 50 
may be slightly different from that of eqns. 56 and 57, the 
static response is exactly the same for both. 
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In eqns. 56 and 57, the following definitions are used: 

9.2 Appendix 2 
Consider the interconnected system 

Let the eigenvalues of A I  he 12,; i =  1, 2,. . . , nA, and the 
eigenvalues of Al he 14,; j = 1, 2, .  . . , nA,. 
Theorem I :  In the event that A I  and A2 have distinct 
eigenvalues, then the system described by eqn. 59 is 
completely controllable iff 
(if {A, ,  B , }  is controllable; 
(ii) the polynomial matrix 

[adj(sI -A2){Al2adj(s1 - A , ) B l  + det(sZ -A1))B2]  

contains no common factor (s - ).Ai); j = 1,2,. . . , nA2 (i.e. 
there is no zero cancellation of the eigenvalues of A,); and 
(iii) all eigenvalues of A and A2 are simple or, if repeated, 
then the repeated eigenvalue must have a simple degen- 
eracy, q = 1 associated with it, i.e. the following condition 
mnst be satisfied 

Theorem 2: In the event that either A I  or A2 or both have a 
repeated eigenvalue 1. with associated degeneracy q. then 
the system described by eqn. 59 is completely controllable 
iff the input matrix 

has at least 9 linearly independent columns which are not 
orthogonal to the eigenvectors associated with 2, where the 
degeneracy q is defined as on page 255 of [20]. 

9 = n - ra&(,, - [ 
: 2 ] )  
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Proof of Theorem 1; The transfer matrix of the system is 
determined as 

adj(s1 - Al)det(d - A 2 )  

adj(sI -A2)AI2adj(sI -Al)  

0 
adj(,rI - A2)det(sl - A 1 ) ]  [ 

1 

X 

where 

A = det(s1 - Al)det(sI - A,) 

For the system to he completely controllable, no zero-pole 
cancellation should be possible. If a zero (s - Ai,) is 
present as a common factor in the transfer matrix, it 
must also he a common factor of adj(s1- Al)Bl. This is 
not possible if {Al, B I }  is controllable. This proves 
condition (i) of the theorem. 

Cancellation of a common factor (s - AA()  implies that 
it must he a common factor of the polynomial matrix 
[adj(sl- A2){A12adj(sl - AI)Bl + det(s1- Al)B2}]. This 
proves condition (ii) of the theorem. The proof of condition 
(iii) follows from the proof of theorem 2 below. 
Proof of Theorem 2: Let us assume that the system has a 
repeated eigenvalue 1, of multiplicity 2 and rank 

This implies that there are q = 2  linearly independent 
eigenvectors associated with 1,. The system defined by 
eqn. 59 then has the following Jordan form: 

$ = Jq + r u  

where 

1 1  

4 1-2 

4 
It follows that the first two rows of (2, I - J) have all zero 
elements, and therefore rank (dl I - J) = n  - 2 .  To satisfy 
the Popov-Belevitch-Hautus controllability test, the 
following rank condition must he satisfied 

rank[(l1I- J )  r] = n 

This can only he satisfied if the input matrix r has at least 
two linearly independent columns which are not orthogo- 
nal to the eigenvectors associated with a l .  This completes 
the proof of Theorem 2. 

To prove condition (iii) of Theorem 1 it can be shown 
that, if 1, has a simple degeneracy ( q =  I), then rank 
(Al I - J) = n  - 1, for all 1,'. Thus the restriction imposed 
on r in Theorem 2 is no longer required and the conditions 
(i) and (ii) of Theorem 1 are sufficient for complete 
controllahility. This proves condition (iii) of Theorem 1. 
Remark 1: The tests which arise from the controllability 
conditions may he carried out at the subsystem level. The 
implied reduction in dimension results in computational 
savings. 
Remark 2: if AI2  = 0 and the eigenvalues are all distinct, 
then the condition for complete controllability is reduced 
to having the pairs {Al, B , }  and {A2 ,  B2} controllable, as 
expected. The pathological nature of the condition (ii) 
implies that the likelihood of having an A12 which would 
introduce a zero-pole cancellation is remote. Therefore, in 
practice controllability of the global system of eqn. 59 is 
highly likely if the pairs {AI, B l}  and {A2, B2} are 
controllable. 
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